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The present paper is a continuation and further development of Bershtein’s work on the 
natural line width, and Gorelik’s work’? on the “‘technical’’ width of a vacuum tube generator. 


ip any actual vacuum tube generator there are 
always fluctuations of the frequency (or phase ) 
which produce a smearing of the spectral line. If 
we consider fluctuations arising from shot or 
thermal noise (i.e., from “‘natural’’ causes), then 
we speak of the natural line width. If on the 
other hand we consider ‘‘technical’’ causes of 
fluctuation, such as ‘‘microscopic’’ effects, then 
we speak of the technical line width. It is of 
interest to consider the general question of the 
relation of the shape of the spectral line of a 
generator to various characteristics of the fre- 
quency fluctuations, which depend on the method 
of generation of the fluctuations. The present 
paper treats this problem. 


1. THE GENERAL EXPRESSION FOR THE SPECTRAL 
DENSITY OF THE OSCILLATION 


We consider an oscillation whose frequency 


fluctuates: 


24 = Acos (Ot + 97), | (1) 
t 

ae \ Aw: dé. (2) 
to 


A is the anplitude, «, is the average value ofthe 
frequency, ¢, is the phase of the oscillation and 
Aw, is the frequency fluctuation, whose average 
value is zero. 

The spectral density S_(@) is equal to 
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Bs 
S,(@) = a ( @, (t) cos wt de, - (3) 
0 
where 
# 
®, (t) = lim 7\ 242442 dl 
z tot t2t4+7 (4) 


is the correlation function for the quantity z. 
Substituting (1) in (4), we obtain, after some simple 
transformations: 


p oe 
: A2 
Pe(t) = lim TF \ COS (@)t + Ag) dé, 
0 
where 
it 
Ae = O4.— = \ Awe dé. (5) 


t 


We shall assume that the frequency fluctuations 
represat a stationary random process andare a 
superposition of a large number of random, 
statistically independent, disturbances. In this: 
case, Aqalso describes a stationary process and, 
in addition, has a normal distribution around zero 
value. Consequently, on the basis of the quasi- 
ergodic theorem®, the time average of a function 
of Agee be identified with the statistical average 
over the corresponding ensemble (which we shall 
denote by a bar over the symbol which is averaged ). 


Thus, 


BA 


Ee = 


nJ = 
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@, (t)=1/, A? cos (wot + Ag) (6) 
= 1/, A? cos wt cos Ag, 
since 
sinAg =0. 
To find the average value of the cosine we use 
the well-known formula 
= ears 
\ e—** cos gx dx = Vea Ca 
and obtain 
cos Ag = exp (— 1/2 Ay’). (7) 
Combining (7) and (6), we find ee 
OD, (<) = ae A? cos Wo v exp (— As Ag’). (8) 
To get Ag? we square both sides of (5) and aver- 


age them: 
the thr 


JON ies 


Aw; Aw, dé dy 


tt t4r 
= \ \ @ (E — 4) dé dy, 
fe 
where ®(7) is the correlation function of the fre- 
quency fluctuations, which we shall assume to be 
given. If we change variables in the double 
integral and use the fact that the correlation func- 


tion iseven, weget 
7 


Ag? = 2 \ (s — §) ® (2) di. (0) 
0 

We write the correlation function in the form 

® (t) = Aw? R(r), (10) 
where R(7) is the correlation coefficient of the 
frequency fluctuation Aw, and Aw? is the mean 
square deviation of the frequency. 

Combining (10), (9) and (7), we get the final 

expression for the correlation function: 


®; (t) (11) 


= 1/2 A® cos, = exp [— Auk | («— 8) R(t) dé]. 


J 


We shall discuss some of the feautes of this 
result. Formula (9) shows that A@ does not 
depend on the time coordinate t, but depends only 
on the time interval 7, i.e., the distribution of Ag 
actually does not depend on the time, but is 
Stationary. However, this is not the case for the 
phase ¢ itself or the quantity PP » which do de- 
pend on the time. This means that the distribution of 
the phase, though normal, is not stationary. 

The problem of finding the spectrum of the os- 
cillations in the presence of frequency fluctuations 
has also been considered by Middleton’. For ex- 


ample, he treated the case where the spectral 
density of the frequency fluctuations has a 
Gaussian shape. However, in our opinion, Middle- 
ton made the mistake in his calculations of setting 


Dee e 
G= Actually, one can show that even for 


small 7, a 


eae eee =) (2) di $=0. 
0 

Ry finding the parameters of the normal proba- 
bility distribution for the quantity 4, one can show 
that the phase fluctuations follow a diffusion 
law, which clearly should be the case, since the 
phase shifts due to frequency fluctuations pile 
up [ because of the time integral in Eq. (2)]. This 
diffusion law for the phase fluctuations was con- 
sidered in more detail earlier by Bershtein in the 
papers mentioned, in which he investigated the 
phase fluctuations of a tube generator arising from 
shot and thermal noise*. 

Substituting the value (11) for the correlation 
function in Eq. (3), we find the spectral density 

Sz(w) = S(@) + S(—®), 


where 


A2 et . 
S(o) = £\ cos (o — 0) < (12) 
9 Tw 
x exp [— Bot | (¢ — 8) RG) dé] de. 
0 
The spectral density in the neighborhood of the 
average frequency @, is determined mainly by the 
first term S(@), since it had a singularity just 
at the point @ = @,). The second integral S(~w) 


produces no essential change in the spectral 


density S (a) at w = Or 


Thus Eq. (12) gives the “‘shape”’ of the spec- 
tral line. 
2. GENERAL INVESTIGATION OF THE SHAPE OF THE 
SPECTRAL LINE 
Let the frequency fluctuation Aw, be character- 


ized by its correlation time To, defined so that 
for T > 7) the quantities Aw, and Aw, , may be 
treated as practically independent. 

Let us first consider the limiting case when the 
frequency fluctuations are slow or large, i.e., the 
case when Aw” sas > 1. To find the spectral 
density for this case, we consider the expression 


\ (c—§) R(@) dé. 


If 7 is taken outside the integral, then after 
changing variables, we get 


SHAPE OF SPECTRAL LINE OF A GENERATOR 


G4 1 


\@—)ROd =a \ (1 —&) R (sé) dé. 


0 
In this case the spectral density (12) is given by 
Age 
Qn 


5 (a) = ( COS (Wy — @) ¢ (13) 


0 


1 
x exp[— Aa? <? \( — &) R (c8) dt] de. 
0 


It can be shown that for Aw? su > 1, the 
quantity R (7 €) in Eq. (13) can be set equal to 
unity without significant error. As a result, we 
get 


co 


oi) = \ cos (W) — w) texp [— 5 Aol] dt. 


ny 
Calculating this integral, we get finally, 


A? a= 2 
S(o) = © (2n Aa®)' eh etal 
Thus if there are slow or large fluctuations of 


the frequency, so that Aw? ps > 1, the line is 


broadened and coincides in shape with a Doppler 
broadened line, with “‘line width’’ equal to 

% 
2(2Ac3)". 

Wenow consider a second limiting case, opposite 
to the first. Suppose that there are rapid or small 
fluctuaions of the oscillation frequency, so that 
Aw? T <1. To find S(@), we introduce the 
auxiliary quantity k =k(7,), such that 

co 
k(m) \ RG) =1 (15) 
for all values of T,. Since for 7) + Othe quantity 
R(1r) differs from zero only for small values of 7 
[we recall that R‘{0) =1], it is obvious that 


lims,—s9 & (9) R(t) = 6 (*), 


where 5(7T) is the delta function. 
We write (13) in the form 


S(o) = = cos (@) —©)t 
i} 


——— 1 
x exp [— =o 28 | (1 — 8) AR (8) dil ae. 


it) 


One can show that for Aw? 72 <1, the quantity 
kR(7€) in this expression can be set eqid to 
5( 7 €) without serious error, so that 


* The validity of the diffusion law for the phase fluc- 
tuations of a tube generator for arbitrary T is also 


shown by the werk of Rytov®*? 
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fore) Rot 
S(«) aK 60s (G2 20)Sexpl = 7 «] dt. 


— or 
0 


Computing this integral, we get finally 
ae ler a a eG 
2x (Aw? / 2k)? + (@9 — @)? 

This spectral density coincides in shape with 
that obtained by Rershtein for the natural broaden- 
ing of the line. 

Thus if there are rapid or small frequency fluctua- 
tions, so that Aw? ai <1, the line emitted by the 
oscillator suffers a broadening, and has a line 
shape identical with that for natural broadening 
with a ‘‘line width” equal to Aw2/k. 

We note that from Eqs. (14) and (16) it follows 
that the Doppler and natural broadening may, in 
general, represent different special cases of the 
same process of “‘smearing’’ of the line emitted 
by an oscillator. 


3. EXAMPLE 


We consider the special case where the fluctua- 
tion of the generator frequency has a correlation 
coefficient equal to 


Rix) = e-* et 4) — Iya. 


The first limiting case, where Aw? > a”, leads 
without change to Eq. (14). To consider the 
second limiting case, where Aw? « a?, we de- 
termined the auxiliary quantity k(7,). From the 
definition (15) we find that k( Ty) =a/2. Thus, 


for the second limiting case, 


Pe Fs Aw?/a : 
SON De (Aleta (ons ae ate 


Now suppose that there is some arbitrary ratio 


between Ac” and o”. Returning to Eq. (12) and 
computing the integral in the argument of the ex 
ponential, we get: 


S(o) = 


=e" | cos (wo —_— @) c exp [— Br as, Ce-“t ] dz, 
tt) 


where C = Aw?/a?, B = aC. Computing this in- 
tegral by expanding in series, we get the general 
expression for the spectral density for our ex- 
ample in the form 


PRE oy Peters ghee AN gre 


ia 

it 
> 
. 
c 
5 

te 


? 


tee ere er weer 
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(8) 


(Aa? a) + am 


{(A@?/a) + am]? + (@y— oe)? : 


=a Sele (=) _ 
a 


If Aw? « «2, then only the first terms in the ser 
ies (18) are important: 


S (@) 


-_ Aw?! & ee 
a+ (a@-- a)? © 


where, as expected, the first term of the series co- 
incides with Fq. (17). 


Li. i. Bershtein, Dokl. Aked. Neak SSSR 20, 12 
(1938). 
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The vibration spectrum of a disordered crystal is studied. 


1956) 


Calculations are made for 


an isotopic mixture, although the method could be applied under more general conditions, 
The mass of each atom.is taken to be a random variable, and the deviation of the mass from 


its average value is not assumed to be small. 


The spectral density and the vibrational 


part of the free energy of the mixed crystal are determined. 


Ec HE determination of the vibration spectrum of 
a disordered system, for example a mixed 
solid, is a highly interesting problem. A similar 
problem was considered by one of the authors! 

in connection with the optical properties of mixed 
solids; at that time we investigated thoroughly 
only those aspects of the problem which are direct- 
ly relevant to infra-red spectroscopy, (in particular 
the question of the existence of impurity fre- 
quencies). Dyson” considered the same problem 
for the special case of a disordered linear chain 
with nearest-neighbor interactions. But Dyson’s 
method is by its very nature not capable of ex- 
tension to three-dimensional systems. 

In the present paper we describe a method which 
is free from these limitations. The method is an 
extension of earlier work by one of us.3-® We 
apply the method here to the case in which the 
atoms in the system differ only in mass (a mixture 


of isotopes). For the sake of clarity and simplicity 
of exposition, we consider only an idealized lattice 
in which all vibrations take place in one direction. 
This shortens the analysis considerably, without 
changing the essential nature of the problem. 

There exists a deep-lying similarity in the 
effects of the destruction of translational invari- 
ance upon the energy spectra of phonons and of 
electrons. Hence the results of this investigation 
should be qualitatively valid also for electronic 
spectra. 


1. THE METHOD OF TRACES 


The equation for the vibrations of a lattice com- 


posed of a mixture of isotopes of a single element 
has the form 
( Mediet 
S = x(e') — 08 x (x) = 0. 
— ee 


r 


Q) 


= ™ 


a 
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Here yx (r) is the displacement of an atom from its 
equilibrium position, and A __, is an interaction 
coefficient; r=n,a, tn, an n, a, , where the 
n,; are integers and the a, are the periods of the 
lattice. In what follows we take the periods to 
be the unit of length. The masses m_ are random 
variables taking two values (for a binary mixture) 
with probabilities equal to the corresponding 
isotopic abundances. The quantity to be deter- 
mined is the expectation value of the spectral 
density, or of the number of energy levels in a 
given interval. For a sufficiently large crystal, 
the actual value of the spectral density will 
coincide with its expectation value. 

Considering the difference between m anda 
constant mass m as a perturbation, we may write 
equation (1) in the form 


(L + sL)7~—o%y =0, (2) 
with 


Lee =Lpe = Ar—r/M; (3) 


ea = order, er = (m — Mr) /Me. (4) 


To make the operators Hermitian, we write 
Equation (2) in the symmetrized form 


(L + A)y’ =02y’, (5) 


Ra Bi, y= ty, 
In future we drop the primes and write yx for x’. 
The eigenfurctions of the unperturbed operator L 
are the plane waves san =e? kr The corre- 
sponding eigenvalues are the squares of the unper- 
turbed frequencies 


w2 (k) = Da L e727 kr, 
r 


4 : 0 
In the representation defined by the states x” , 
the perturbation A has matrix elements given by 


Po Pe APU, aE 
Aye = (L'? eh "y9, 9) = GL x9, Bh 9) 


as (k) @ (k’) >; | 627i (KK) 


We shall calculate the difference in vibrational 


free energy between the unperturbed and perturbed 
crystals, namely 


F—F,=Sp{e(k + A)—e(L)},_ 
o (2) = Oln(1 —e-*Y2/8) + 1/,hVz. (8) 


Here © is the temperature and A is Planck’s con- 
stant. In principle we could equally well carry 
through the calculation with some other function 
@, but this choice has the advantage of yielding 
directly the free energy which is a physically 
interesting quantity. 

The quantity (7) is related to the difference 
between the spectral densities by the equation 


F—F,=N\ ¢(2) [v (z) — % (z)] dz (9) 


=— iV \ dz¢'(2) [v (+) — vo (¥)] dp. 


Here and henceforth, the letter z denotes the square 
of a frequency, z= w” . N is the number of atoms 
if the lattice and Nv(z) is the spectral density. 


For the unperturbed lattice, 
yale) = \ao/ive", (10) 


the integration being over the surface w” (k) =z 
in k-space; dQ is an element of area on the surface, 
and V w* means the gradient of w2 in k-space. 


2, EXPANSION IN POWERS OF CONCENTRATION 


We set the ‘‘ unperturbed mass’’ m equal to the 


mass m , of one isotope, and consider as a perturba- 
2 of the 
other isotope at certain lattice-points. Asymptoti- 
cally for large NV, the expansion of the vibrational 
free energy in powers of the concentration c of 

the second isotope has the form 


2 
F—F,=Nef\t+NFZht+--- 


tion the replacement of m, by the mass m 


ULE) 


Nf, = (OF /0c) Jomo =N (Fi — Fo), (12) 


Nf = (°F /0c*) |o=o = N?(F, — 2F, +- Fo).(13) 


Here F, is the free energy of a lattice con- 
taining precisely n impurity atoms, averaged over 
the possible positions of these atoms. Let 
Yr ae Ae, (be the addition to the unper- 
turbed free energy, in the case when the impurity 
atoms are at the positionsr_, ... ,7 


is 
Clearly v, (r= vw, is independent of r, and 


Wo ca To )= W(t) —72), while Ws ae 
2y ,asr +0, Further, let Wryotys 
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be the correlation function defining the probability 
P for finding n impurity atoms at the 
r T 


ee aie 
positions fF, , - + +5Ty> 


iP. =C, Pris, — C2 Wise pene 


In the absence of long-range order, W. 1 as 
r ~®, If there is no correlation between the 
positions of impurity atoms, then W = 1] for all 
r. In any case, 


Uae ire Calese Dye Yalh) 2s) 4) 
r+0 
and therefore 
10 ar (15) 


=WN {or oe ACR — 20). . | . 


r+0 


If there is no correlation (W = 1), then 


F—F, 
(16) 
= N {os + aS [Ye (r) — 20] +.. A, 
r#0 


Thus, to determine the free energy of the mixture 
correctly to terms of the order c”, it is sufficient 
to calculate the addition to the free energy pro- 
duced by inserting not more than n impurity atoms 
into the lattice. When n atoms are inserted, the 
contribution to the free energy is 


Vn (r1, Case) i) 


iam. Plea 
= Sp fo(£ +An (ry, -.-st2)) — 9 (E)} 


with 


17) 


(epee (Kk) ou) ge ms eee ee) 
p=1 


e’ = (m, — m,)/m,. (19) 


In our problem, the perturbation operator is 
finite-dimensional, the number of dimensions being 
equal to the number of impurity atoms. The anal- 
ysis of such perturbation operators in the physics 
of crystal lattices has been carried out earlier.*~® 
The problem of calculating the trace of a difference 
of two operators of the form (7) has been solved ®’” 
quite generally. Using the results of the earlier 
papers, we have 


(20) 
‘Un (r,, Dsisis vy) SS oh (z, Tase: sper rn) oF (Z) dz; 
En (Z, ry eT) ee ary D (21) 
fed on o() 
opr, \U 
x (354+ ez \ wot di] (psk =1,.s.. <M); 
0 
(22) 
€ = (Mm, — m,)/m, 
dQ mikr 
Jr (pe) = \ | yo? | CHa, (23) 


w?(K)==v. 


Here D(a. ) means the determinant whose ele- 
ments are a, . For z > z°., the determinant D 
is real, and é takes the Palue zero or one accord- 
ing as D is positive or negative. The contribu- 
tion to yw, supplied by the function ee in this 
range is 


Di(e (2) = 9 (2) 


(24) 
where the z_ are the roots of the equation 
L 
0) 
; pe pee, (25) 
D (3in +2 \ - dy) = 
0 


In the region of the continuous spectrum 
CQ << oe ) we have 


Y page (v) Je, (4) ‘ 
(de = |e be + inde, ny @ 
where {’ means a principal value integral, and so 
the argument of the determinant may take any 
value from —7 to 7. In the special case of one 
impurity atom, with z in the continuous spectrum 
range, 

(26) 
1 ’ = 
ee (Zi= = arctg {F£2% (2) F + e2\ fe dy] “ 

To make the meaning of the above equations 
clear, we now carry through the calculations of 
Ref. 6 for the simplest case, in which there is 
only one impurity atom. Without loss of generality 
we suppose this atom to be placed at the coordi- 
nate origin. Then the perturbation operator be- 
comes 
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(Ay)ice: = e’@ (k) w(k’). 


We introduce a sequence of operators L.,, having 


the same eigenfunctionsX ? = e274" as 1, 

but with eigenvalues p= © [w?(k)/a] , where 
[q] denotes the integer part of areal number q. 
Each eigenvalue p,= an of L., is infinitely de- 
generate, the crystal being supposed infinite. It 
was proved previously 3 that, i an operator with 


a degenerate spectrum, the addition of a one-dimen- 
sional operator A, produces a decrease by one 
unit in the multiplicity of each eigenvalue, the 
multiple eigenvalues maintaining their positions 
unchanged. One eigenvalue is split off from each 
multiplet and takes a displaced position between 
BH, andy, 4 ,- Thus the new eigenvalues of 


f 
(L,, + A) may be written in the form 


Zn = Pn = Oey (fn). (27) 


with an error small compared with a. The equation 
for the eigenfunctions corresponding to the new 
eigenvalues is 


f(r) = — (LZ, — z)*Ajf (r) 


== 


n en an<a%(k) <a(n+1) 


ai, \ dQ 


—p, | yo? | 


(28) 


(Aaf, x) Li dk 


e2rtkr | 


o(k)=-n 


Putting r = 0 on both sides of this equation and 
dividing by f (0) , we obtain 


fae Seta 


zZ—Uw, (29) 


n 
We now write 22 = ln + %51 (tn) , and go to the 


limit « ~0. After a few transforamtions,® , we 
obtain 


, Lv (w) 
z—y OM 


— 


a2"2vy (2) ctg x8, (2) +8" | (30) 


Remembering that \dk = lands = ’/(1 + ¢’), 

we find that (30) reduces to the desired result (26). 
These displaced eigenvalues tend to a continuous 
spectrum as «0. If there exist other eigenvalues 
in the range z < z° of the discrete spectrum, 
they are solutions si the limiting equation 
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(31) 


29 
(= o "Uo (14) 

\ a dp. 
0 


In our case, such discrete eigenvalues can exist 
only if “is positive and sufficiently large, i.e., 
if the impurity atom is much lighter than the 
others. In what follows, except in Sec. 4, we 
assume that such discrete eigenvalues are absent. 
From the foregoing expressions for the eigen- 


values of the perturbed operator, we deduce the 
value of the difference of traces. 


(32) 


= lim Sp {9 (La + Ay) — 9 (L.)} 
= lim 3) [9 (Ha + a8 (Hn) — 9 (n)] 


=la (ue! (H) dp, 


in agreement with Eq. (20). 
Turning now to the evaluation of the free energy 


(15) and using Eq. (20), we find 


F —Fy= NV dee! (2) {0% (2) + (33) 


xD) We its (51) 26; (eee h 


LO 


The sum over r in Eq. (33) is convergent. In fact, 
the quantity Kah (r)— 26, ) is according to Eq. 
(21 


(34) 


ee J(u) \ A ee ve 
| 2 \G aged wu’ —z— 10 z } 


( | bee \ ee au") 


wu” — z— iO 


= “arg ( 


and decreases rapidly for large r by virtue of the 
decrease of the integrands J, (1) which contain 
exponential factors. If there is no correlation, the 
sum in Eq. (33) becomes 


ie th) 42). = ~ arg II 


r 


(35) 


J_, (v’) 
uw’ — z—i0 


=) 
a’) 


x (1 af E ( 


(10 ( oe) 
we” —z—i0 


du! 
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We used the fact that the argument of a product 

is equal to the sum of the arguments of the factors. 
Within the interval of unperturbed frequencies 

Os ), the vibrational spectrum density 

v (z) of thé mixed crystal is obtained by a com- 

parison of Eq. (9) with (33), 


(2) (2) = — Geyca 2) + F (G6) 


x >We [Es (2) —28(2)] +. .: 


F#A0 


Near the end-frequency z° 
Indeed, the endpoints of the continuous spectrum 
of the perturbed and unperturbed crystals will not 
be identical. In Sec. 4 we determine the per- 
turbation of the end-points, and the spectral density 
throughout the whole range of perturbed frequen- 
cies, 


3. EXPANSION IN POWERS OF «¢ 


When the mass-differences are small (e << 1), 


the foregoing results simplify greatly. Retaining 
terms up to the order ¢€ 2 , we find 


, (z) = ez, (z) [1 —ez , mol) du], 87) 


es (2, F) — 28 (2) -) 
Df 
= — 282? Re J_,(z) \ ae dis. 


Substituting Eqs (37) and (38) into the expressions 
(33) for the free energy and (36) for the vibration 
spectrum density, we obtain to the same accuracy, 
assuming no correlations exist, 


F—Fy=N {ec \ 20" (2) v9 (2) dz (39) 


+02 [c? | 29’ (z) v9 (z) de + 2%" (2) %0 (2) d2 


c(1—c) 
Ss 


26 — 2’ 
x | Zz“? ee (4) ¥%9 (2) 


¥ (2) — Yo (2) 
a —< fecev (z) —e2 E (1 —c) 2%y, (z) \ vo 


this formula is incorrect. 
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In the derivation we have used the identity 


\ a ak Fk, k’) 


J. | yo?l 
@ (k)=z 


i \dkdk’ 3 (a? (k) — 2) f (k, k’). 


Equations (39) and (40), considered as expansions 
in powers of ¢, are valid for any value of the 
concentration c. This is because the higher terms 
in the expansion in powers of c all carry higher 
powers of e. 

Equation (39) could have been derived directly 
from Equations (2)— (6) by making an expansion in 
powers of «. If we apply the analogs of Equations 
(7), (20) and (21)) to the entire perturbation 
operator A (Equation 6) and expand &(z) in 
powers of €, we find* 


F—F,= Dyer) ze" (2) % (2) de 


r 


(41) 


Payer! 
+ Dee \ oe Jn (2) Jpr—e (p) dz dp. 

sh nd 
Here ¢, = (m— m,)/Mr is treated as a random 
variable, and the bar means a statistical average. 
The € appear in Equation (41) in place of the 
€’, which appear in Eg (6). because we changedfrom 
integrals of the égrm by (4) to integrals 
of the forn\ <8 \" + —2 The same thing 
happened in passing from Eq. (30) to (26). If the 


original unperturbed mass was m, , then 


ep = C(m, — m:)/M, = ce, 


er == (OE, Sper yp SS c*W s*, 
and Eigs. (39) and (40) follow. 
If € is small, it is convenient to choose for 
the unperturbed mass the mean mass m=m , 
(l—e«). In this case Equation (41) should be 


used with 
ass oa ae 
er = 0, er =C (1 = C) e2, Ep/Sp te = 0 


if there are no correlations. The correction to 
the free energy is then quadratic ine. The un- 
perturbed spectrum density in this case will be 


v? (z) = vo[z/(1 — ec)]. 


_ *To justify the use of these equations, we should 
imagine that we have an infinite crystal composed of 
identical atoms of mass m, with a finite perturbed 
region cle N lattice -sites at which the perturba- 
tion operator /\ is different from zero. Afterwards the 
value of N can be made as large as we please. 
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Finally, we shall state without proof the for- the range of frequencies of the monoisotopic crys- 
mula for the correction to the free energy fore <<], tal). The difficulty arises mathematically from 
in a real crystal where the vibrations have several the singularities of the derivatives v 2 (z) at the 


modes a polarization. The unperturbed mass is point z°. In the neighborhood of z° , the spectrum 
again the mean mass m. usually has the shape Vo (z) ~ ( £0 —z)}/2 : 
2 ers 1229! (2) 4 and the expansion (40) containing the v(m) (z) is 
0 24) 1 hat aes uw 2) . . “pre 0 . 
se meaningless. It is not difficult to express v(z) in 
. a form free from divergences, and to determine the 
x Sy A hae Gye (») dz dp, displacement of the end-point. For this purpose 
6B! we consider first the case ¢« << 1. Then Eq. (39) 
a may be written in the form 
Jr” (2) (43) 
F = N\v9(2) {0 (2) a2 
“ dad; - ALTE Sa Voy pens We Wane le’ 
= >; \ [yoy 48 (k) us, (k’) Sale Se |ecz =e CC aia c(1 c)z \ Z— Ue dy. Se (z) 
i oF (k) =z : 


ua e2z2%2 
Here the index j denotes a particular mode of Sia ee ee +} dz. 
polarization of the unperturbed crystal vibration, 
and u! (w), : uJ, 3 ul ) is the corresponding 
normalized polarization vector. The eigenfunctions 
of the unperturbed system are now of the form 

ul (k) e2"‘*"). . It is more convenient to write 
Equation (42) as an integral over k-space, the 


The point z° isnot a singularity ofthe function 
¢ (z), and the coefficients of cp tka), DY (ez) ae ce 
in the curly bracket are finite at z° . Therefore 
we may regard the whole expression in the curly 
bracket as an expansion in powers of e of the 


integration volume being one cell of the reciprocal quantity 
4 wan arr iekac wel BL St Then a simple change of variable in the integral 
gives 
; (45) Ze 
® k, k’) = Ye LTRS Ip , 
ween UP ED F=(wWettetten@d 650 
4(k) 9" («7 (k)) — @j-(k’) 9! (a9, (k’)) f 
x QO; ® oF ma 1) oy f a dt 
oF (k) — 0, (k) \ Yo (E (2) Ge? (2) de, 
If there is no correlation, then ; 
1 (46) a (51) 
ei Ne (1c) 2° | dk dk’ ® (k, k’). 
4g = 22 + 2028 + on (20, 
4. STRUCTURE OF THE SPECTRUM Hence 
Equations (36) and (40), obtained formally from v (2) = Yo (t (z)) (dt/dz). (52) 


the difference of traces, are incorrect near the 
0 0 3 
end-points z©, of the unperturbed spectrum. This nat , 
the case when we 
is connected with the fact that the range of A similar method applies 22 a re 
eigenvalues of the perturbed operator L + A does make an expansion in powers ol the concentration 
not coincide with the range (0, z° ) of the con- of one isotope. The result, correct to terms of 


tinuous spectrum of the unperturbed operator ib (i.e., order c, is then 
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vomvleeBB i ee(BQIT. © 


ACY AC} (54 
Up to now we assumed that there were no 

discrete eigenvalues of the perturbed operator. 

If such eigenvalues exist, then terms of the form 

(24) must be added to the expression (33) for the 

free energy. Let z be the j’ th discrete 

eigenvalue for a ne with n impurity atoms. The 

value of z‘") is determined by Equation (25). 

Then the relevant difference between free energies 

becomes 


F—F,=N \\? (z) [és (2)=- & (55) 


az 


x > Ws (5 (2, ©) — 2&1 (Z)) + 


r+0 
1 oe 
escent le) Naat 
x Melee yt Ble) Bee ii 
Since z ae i a asr ~ ©, the terms in 


square brackets decrease rapidly, and the sum 
over r converges. 

From equation (21), or from a consideration 
of the eee meaning of theeigenvalues, the 
value z is the limit of a sequence of values 
z eel ave in the terms of order c 


Each value z 
(3) 


is in turn the limit of a sequence 
of values z‘°’ , belonging to the crystal with 
three impurity atoms and appearing in terms of 
order c® . And so on. 
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I. STEPANOVA 


The correction to the free energy arising 
from the discrete eigenvalues van be expanded 
in powers of the concentration c, and this ex- 
pansion formally corresponds to a spectrum with 
the peculiar structure which we have described. 
However, an expression for the expectation 
value of the spectral density cannot be immediate- 
ly obtained. A formal expansion of the density 
function gives a meaningless and divergent sum 
of d6— functions. We are always interested physi- 
cally, not in the spectral density itself, but only in 
expectation values of the form (7) constructed from 
the spectral density. For example, the vibrational 
energy of the crystal is given by Eq. 7 with 


o(2) =hV2z|(e* —1)44 5), 


Thus the expansion in powers of the concentration 
provides in principle the solution of our problem. 


11, M. Lifshitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 12, 
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Two plutonium samples, peter 2 different amounts of Pu??? Pu749, and Pu24!, have 


been analyzed on a 180 magnetic 


-spectrometer, 


Using thin celluloid films and radio- 


active sources, spectra were taken in an energy range beginning at ~ ] kev. 
From the conversion lines it was possible to determine the following energies for 


-transitions in U 
236 _ 44.6 kev. 


$5 and U6; for U225 —3 (7), 12.5, 38.3, 50.8, 117 (2) kev and for 


The Pu241 $-spectrum has the allowed shape with end point E, = 20.8 kev. 


INTRODUCTION 


daa data about the energy levels of 
radioactive nuclei can be obtained both from 
their electron spectra and their « and y spectra. 
Thus, by observing the spectra of conversion 
electrons from a-active isotopes of plutonium, 

one can obtain information about y-transitions in 
the uranium isotopes. However, up to the present 
time, no investigations of the electron spectra 
from Pu22°, Pu?*°, or Pu24! have been published. 

We summarize briefly the published work on the 
decay of Pu229, Pu24°, and Pu24!. The fact 
that Pu239 is a-active was first apparent in the 
years 1944—1946. The results of Ghiorso, Sulli- 
van et al, and Rosenblum, Valadares and Gold- 
schmidt 7 indicate that the «spectrum is compli- 
cated. According to their results, pe "the 
daughter nucleus of Pu?39, should emit y-rays 
of energies about 0.05, 0.2 (weak), 0.3 (weak) and 
0.42 (weak) mev. According to Skaggs et al®, 
the half life of Pu2?*° is about 24,400 years. 

The only information available about Pu**° 
was that it was o-active, with a half life of about 
6000 years. 4 

Seaborg, James and Morgan® showed tha Pu 
is mostly B-active (the o-activity amounting to 
only 0.002% of the total) with a half life of about 
10 years. The electron energy is 10 to 20 kev. 

It was with the above scarcity of information 
about the radiations from these isotopes in mind, 
that the present work was undertaken.* The 
results of several other investigations, carried 
out concurrently with the one described here, and 
also in the last year, agree with ours. 

Albouy and Teillac® , and Dunlavey and Seaborg 
used electron sensitive emulsions to detect the ,., 
conversion electrons, and found transitions in U 
(obtained by the o-decay of Pu239 ) at energies 
about 35, 50, 115.and 200 kev. Using a propor- 


tional counter, West and Dawson® found o-rays 


241 


7 


*The work was done in 1951. 
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of energies 38.5,51.8, 101 (?) and 115 (very weak) 
kev for U2%5 and another at 45.1 kev belonging, 
apparently, to U?%° ( from the a-decay of Pie) 
The ospectra of Pu239 and Pu24° have been 


_ examined with a magnetic a-spectrometer by 


Asaro and Perlman® and also by Gol’din, Tretiakov 
and Novikov.'°. Their results confirm the fact 
that these spectra are very complicated, and point 
to the possibility that U?*° a have y-rays 

at about 13, 38, and 51 kev, while U23° might 
have a y-ray at about 45 kev. 

The only work besides ours, on the electron 
spectra of Pu?39 | py240 , and Pu*4! was carried 
out by Freedman, Wagner and Engelkemeir,!! on 
a magnetic lens B-spectrometer. These authors 
also investigated the y-rays, using a proportional 
counter and a scintillation spectrometer. y- tran- 


sitions were found at 39, 53, 100 and 120 kev for 
U?35, 46.9 kev for U?%°, and 100 and 145 kev for 
U?37 (from the decay of Pu?4!). The @-spectrum 
of Pu‘? taken by these authors is strongly dis- 
torted. According to their data, the upper limit 

of the B-spectrum is at 20.5 kev. The electron 
spectrum is not shown in their paper. 

There are great experimental difficulties in the 
study of the soft B-radiations from the decay of 
plutonium, which might explain why so little 
work has been done on them. 


1, EXPERIMENTAL TECHNIQUE 
a) B-SPECTROMETER 


The electron spectra reported in this paper 
were taken on a conventional, magnetic B-spec- 
trometer with 180° focussing. The middle electron 
orbit had a radius of curvature of 15 cm. The spectro- 
meter resolution, as measured by the relative half width 
of the He 2° conversion line (E, =411.2 kev Au!98) 
was about 2% in one experiment and about 1% in 


the other. The same conversion line was used to 
calibrate the spectrometer. The relative solid 


angle was about 0.06% of 47. A mercury diffusion 
pump, with a liquid air trap, gave a vacuum of about 


3 
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Fic. 1. Electron spectrum of sample No. 1 (source on film) 
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i w/a 
ra if 4 
My 
5 / 
i ee 
2r4 
ia A 
spectrum of} 
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Fic. 2. Electron spectrum of sample No. 2 (source on film) 
n/Hp| (~ 3000 amp-hr). The field was measured to 1% 
by a search coil and ballistic galvanometer. 
3 A Geiger-Muller counter, with a slit to admit 
2 electrons, was used as a detector. The celluloid 
window was 5 g/cm? thick, and was supported by 
; a wolfram wire net (wire thickness 0.04 mm, separ- 
| eee siete hy Oss ’ ation 0.3 mm) giving about 80% transmission. The 
De 20 28 28 32 "36 YW Yoo WBEKV counter was filled with a gaseous mixture of argon 


Fic. 3. Superposition of spectra from 
samples No. | and 2 


10°° mm Hg in the spectrometer. A constant current 
electromagnet, made of ‘‘ Armco’’ soft iron, gener- 
ated the magnetic field. The electromagnet current 
was supplied by high capacity storage batteries 


(90%) and ethyl alcohol (10%) at a pressure of 20 
to 40 mm. Hg. The counter pulses were recorded 
by a conventional electronic circuit. 


b) PREPARATION OF SOURCES 


Plutonium is usually prepared oy irradiating 
uranium with slow neutrons. Pu?%9 is formed by 
the reaction 


ELECTRON SPECTRA 


10 


6 8 i ft 
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4G 
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Fic. 4. Electron spectra: 4—sample No. 1, B—sample 
No. 2; sources on aluminum foil. Spectrometer resolution Y 1%. 


8 
U288 (n, 7) U289 —& __> Np 
8 
ie Pu®*® (T ~ 24400 yr). 


Further neutron irradiation of Pu??° leads to the 
formation of Pu249 and Pu 24!: 


Pu289 (n, 7) Pu249(T ~ 6000 yr ); 
Pures, () Pett (Te 13 ae}: 


Two plutoniun: samples, No. 1 and No. 2, were 
used in the present experiment. They differed in 
the relative amounts of Pu23°, Pu24°, and Pu?4? 
contained, sample No. 2 being richer in the Pu?4° 
and Pu?4! isotopes than sample No. 1. The plu- 


tonium samples were carefully purefied chemically 


to rid them of products from the fission of uranium 


and plutonium. The radioactive source (in the 


form of a strip 1 to 2 x 30 mm 
out from an aqueous solution of plutonium nitrate 


a celluloid film 10 pg/ cm? thick. To avoid 
charging, a layer of aluminum (about Lug/ cm? 


2) was precipitated 


on 


thick) was evaporated in vacuum on the radioactive 


source. The surface density of the sources was 
measured by their o-activity and was ~ 3 to 10 
pe/em2, Fach run was long because the sources 
were weak. 


2. RESULTS 


Figures 1 and 2 show the electron spectra from 
samples No. 1 (surface density “6g / cm”) and 
No. 2 (surface density ~ 3g/ cm?) taken on the 
spectrometer with 2% resolution. Part of the 


* 


that of Pu24 


spectrum from No. 2, starting from 18 kev, is 
shown in Fig. 2 on an enlarged scale (curve B). In 
the energy interval from 1 to 50 kev, the figures 

show a f-spectrum and several conversion lines.* 

In order to interpret lines 10, 11, 13, 14, 15, 
17, the electron spectra were superposed in the 
energy region from 18 to 50 kev (Fig. 3). 

From a knowledge of the concentrations of the 
various plutonium isotopes in the samples used, 
together with the intensities and positions of the 
lines in the B-spectra, it was possible to estab- 
lish the following: 

a) lines No. 1, 3, 4, 6, 13, 14, 17 are conver- 
sion lines from U235, 

b) lines 10, 11, 15 are conversion lines of 
y236 


c) the pen shown in Figs. 1 and 2 is 

It was difficult to determine the y-transition 
energies accurately from the conversion lines in 
Figs. 1 and 2, because these lines were poorly 
resolved. Because of this, we took the spectra 
of the same samples (Nos. 1 and 2) again, this 
time with better resolution (~ 1%). Figure 4 
shows these spectra (curve A for sample No. 1, 
curve L for sample No. 2), using sources with 
surface densities ~ 10 g/ cm.? An aluminum foil 
was used as source backing. 

In addition to the earlier,intense lines, several 
new, weak lines appear in the spectra of Fig. 4. 
The results of measurements on the conversion 
lines of the Pu??? and Pu?*® isotopes are shown 
in the table. Inthe spectra of all the figures, 


*The electron spectrum of Pu4° does not appear in 
Fig. 1 because little of this isotope was present, 
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TABLE 


Interpretation of lines in the electron spectra of plutonium samples Nos. | and 2. 
ee ee eee 


Line number 


HOES Electron . : Transition Pine 
fore | pugelies @| Cosceies | snare 0 een erat 
Ces) isotope 
Line Curve 
1 A AG 
N oD K 14 Very weak 
se ead \ a OSC) eet 17) | PuBe | radiation 
an aee wae ell TR MOn get Ave) | Pus 
2 A | 6.7 M, ees 
3 A Ue My 12.4 — 
4 A 8,3 Mu ASG hoes he acs 
5 A 8.8 a 12.4 
6 A 11.4 ; 12.5 
7 A 1 Ly 38.5 iy : 
2 ery wea 
8 A 17.4 lore 33,3 38.3 Pus sadioieee 
9 A 20.9 De 38.1 
10 A 23 ie 44.8 
10 B 23.8 Dy, 44.7 
1 B 27.3 Bie 44.5 er 
1 A 27.4 ie 44.3 44.6 
15 B 40,4 M.z-y ~45 
15 A 40.4 My ~A5 
16 B 44,2 N,O ~45 
ale 28.8 ji: 50.6 
13 A 29,8 is, 50.7 
13 B 29.9 lee 50.8 
14 A 33,6 Lin 50,8 
14 B 33.9 bn 51 50.8 
I7 B 46,5 M-+y ~51 Pu 
I7 A 49.5 My ~51 
18 A BOeT O ~51 
a8 A 50.9 O ~ 5A 
ou 
Pu ‘ 
1—4, identical conversion lines are labeled by 
the same indices, v 
In the energy region 0.05 to 2 mev, none of the Rau y/iI 
electron lines from Pu2?°, Pu24° or Pu24!, nor Key q, | 
any of the B-spectra, were more than a factor 2 {17 signe ae p. A 
above the background. 5 a I 
The most intense line, 1 (see Fig. 1 at electron He / x 3h | 
energy about 2 kev), is difficult to interpret because 508 baa ae A / he 
it is somewhat different from the nearest conver- Fras] ny 
sion lines. If we take line 1 to be a K-conversion | 50a 83 | 
line, then the corresponding y-ray energy, as cal- Ba) ie, a4 
culated from the energy of the conversion electrons, A — + Je 
is about 117 kev. The presence of a weak L-con- 
version line (electron energy ~ 95 kev, intensity Fic, 9, Decay scheme 


ELECTRON SPECTRA 


~ 1.5 times the background) lends some support 

to this view. Approximate calculations indicate 
that the intensity of the K-conversion line should 
be considerably less than the observed intensity 

of line 1. Hence, we cannot take line 1 as due 
only to K-conversion electrons. Similarly, we are 
not justified in considering line 1 to be due only to 
Auger-electrons. Similar Auger-lines should appear 
at energies > 3 kev, but are not observed on the 
experimental spectra. 

Hence, it is difficult to explain the large inten- 
sity* of line 1, except as due to K-conversion and 
Auger-electrons combined. 

We cannot exclude the possibility that line 1 is 


due to conversion electrons from the N andO shells. 


In this case, the y-ray energy would have to be 
about 3 kev. If such a ray is actually present in 
the y-decay of Pu239, we would have to assume 
that one of the excited levels in U?*5 lies ~ 3 kev 
above the ground state. Another effect that might 
contribute significantly is the ionization of plu- 
tonium when it decays by aemission. These con- 
jectures need confirmation. 

The data in the table show that the observed 
conversion lines are associated with the following 

-transitions in U_?°5 (fran the a-decay of Pu??”): 
3 (2), 12.5, 38.3, 50.8, 117 (?) kev and in U236 
(from the o-decay of Pu**® ) — 44.6 kev. The 12.5 
kev y-ray in U 235 , which certainly exists, is 
reported here for the firsttime. The 3 and 117 kev 
transitions need to be checked. Figure 5 shows 
the proposed a-decay scheme of Pu 7°°. A Kurie 
plot of the Pu2*! 6-spectrum shows that this 
spectrum has the allowed shape.* The experimental 
points in this graph lie close to a straight line in 
the energy interval 3 to 19 kev. The upper limit 
of the B-spectrum is at 20.8 + 0.2 kev. 

In conclusion it is my pleasant duty to express 
my gratitutde to G. N. Iakovlev and G. A. Chistia- 
kova for preparing the chemically pure plutonium 
samples. 


*The observed line intensity is considerably lessened 
by electron absorption in the source itself and in the 
window of the Geiger-Muller counter. 


** A more detailed discussion of the Pu24} B-decay will 
be given in another paper. 
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Note added in proof: The level sequence 0, 50.8 
and 117 kev can be described by the well known theore- 
tical formula of Bohr and Mottelson*® for the rotational 
energy levels of nuclei. Assuming that the ground 
state of U 235 is the first rotational level, with spin 
7/2 +,14 then the spins of the first and second levels 
will be 9/2 tand 11/2 + In our case, the ratio E. :E 
for these levels is 117: 50.8 = 2.3, which agrees With 4 
the value 2.22 given by the Bohr—Mottelson formula. 
Better agreement is obtained by taking the spin of the 
first rotational level to be 5/2 + 
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The results of measurements of € and tand at a wavelength of 3 cm are given for 
magnesium, zinc, calcium, strontium and bismuth titanates, barium tetratitanate and 
steatite. A cylindrical resonator was used. The frequency dependences of € and tanO 
were determined for these materials over a wide range of frequencies, and the temper- 


atures were determined at frequencies of 10, 10° and 10 cps. The results are dis- 


cussed from the point of view of present ideas concerning the dielectric constant. 


1, STATEMENT OF THE PROBLEM 


T is known!>? that the dielectric constant of 

polycrystalline dielectrics of the ceramic type 
may have different values, lying in a wide range 
(from 6 to several thousand), depending on their 
composition and structure. High values of ¢ for 
nonpiezoelectric titanates of the perovskite and 
rutile structure depend on a favorable internal 
field. On introducing weakly bound ions into 
such dielectrics, in a manner dependent on the 
structural defects, for example, a thermal ionic re- 
laxation polarization is produced which strongly 
increases the dielectric constant (up to 1000)° 
and leads to a rather strong frequency and temper- 
ature dependence of ¢ and tan 6. 

The indicated dependence agrees satisfactorily 
with the results of relaxation theory, provided the 
internal field is taken into account correctly* In 
the further development of the theory of polarization 
of solid dielectrics, the in vestigation of their di- 
electric properties in ultrahigh frequency region 
and in the long wavelength part of the infrared 
region of the spectrum will be of very great signifi- 
cance. Actually, in dielectrics with purely elastic 
polarization the dielectric constant should not de- 
pend on the frequency until the frequency of the 
ions in the crystal lattice (10!2 — 1913 sec“!), 

In dielectrics with relaxation polarization a de- 
crease in € with frequency should take place at lower 
frequencies and can arise at room temperature in 
the centimeter wavelength region. Suggestions 

as to the existence of a suitable dispersion for 
piezoelectrics, for example, are to be found in the 
literature5 

In the nfrared region of the spectrum all crystals, 


as is well known, display anomalous dispersion 
and absorption. The lower the frequency corre- 
sponding to maximum absorption, the greater must 
be the elastic ionic polarizability. Generally 


speaking, a high value of the dielectric constant 
can depend not only on a suitable internal field 
and, in the case of dielectrics with relaxation 
polarization, increased thermal ionic (or dipole) 
polarizability, but also on a high value of elastic 
polarizability. 

Dielectric losses in solid dielectrics have been 
investigated by many authors. In the most recent 
works®’”, it has been shown that more or less 
clearly manisfested dielectric losses are superim- 
posed on the loss of conductivity even in simple 
ionic crystals. In these dielectrics, in which relaxa- 
tion polarization leads to a high value of the die- 
lectric constant, dielectric losses are ordinarily 
comparatively large, and the loss angle has tem- 
perature and frequency maxima in the region of 
electrotechnical and radio frequencies. Dielectrics 
with elastic polarization ordinarily have small losses. 
In a rather wide frequency interval the loss angle 
of these dielectrics does not depend on the fre- 
quency and begins to increase with temperature 
only in the region of comparatively high tempera- 
tures. The mechanism of these small dielectric 
losses is still insufficiently clear. On going to 
ultrahigh frequencies, the loss angle of solid die- 
lectrics with elastic polarization may increase if 
the region of resonance absorption corresponds to 
the long wavelength part of the infrared region of 
the spectrum. 

The investigation of dielectrics in the centi- 


meter wavelength region also has a practical value 
in connection with their use in high frequency tech- 
niques. 

As a rule, the works mentioned involve great 
procedural difficulties, the surmounting of which is 
possible only by use of good ultrahigh frequency 
and special optical apparatus, and development and 
utilization of new methods are needed. 

In the present work, ultrahigh procedures pub- 
lished in the literature® are used with certain small 
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but essential improvements, allowing the measure- 
ment of the dielectric constant of solid dielectrics 
over arather wide range of values (from 1.5 to 
200) at a wavelength of 3.1 cm. 

For the measurements at audio and radio fre- 
quencies an audio bridge of type 716-V and Q 
meters of types KV-1 and UK-1 were used. 


2. METHODS OF MEASUREMENT AT 3.1 CM 
WAVELENGTH 


The basic pat of the ultrahigh frequency appara- 
tus is the circular cylindrical resonator, operating 
in the H », mde This mode is excited through 
two openings in the end wall of the cavity joined 
to a thin wall of a rectangular waveguide in which 
the wave is propagated®. By a careful choice of 
the dimensions, form and position of the output 
loop in the coupler, we were able, first, to obtain 
a signal in the basic mode H,, exceeding by 200- 
400 times the signals in other modes which were 
unavoidably present in the resonator, and, second, 
to obtain a loaded resonator Q approaching that of 
the resonator itself, that is, to make the energy 
losses in the coupler negligibly small in comparison 
with the energy losses in the walls of the cavity. 
The resonator was constructed of brass and was 
silvered. Its diameter was 45 mm. The Q of the 
empty resonator for the LES mode is 20,000. The 
samples being measured are prepared in the form 
of disks of diameter 1 mm less than that of the 
cylinder, but the optical thickness depends on the 
magnitudes of ¢ and tand. The thickness error in 
the preparation of the disks is not more than 0.01 
mm. The disks are set tightly against the elec- 
trically unconnected movable plunger serving as 
the second end wall of the cavity. For good 
contact of the samples with the plunger, the res- 
onator is positioned vertically. The samples are 
placed in the resonator through a cut in the side 
wall located below the working positions of the 
plunger. The plunger is moved with the aid of a 
micrometric screw with steps of 1 mm and a dis- 
tance of travel of 100 mm. The position of the 
plunger is real on a scale, shown in Fig. 1, with 
an accuracy of 0.01 mm; this accuracy is assured 
by the qudity of the micrometric screw. 

The changes in the resonance length and Q of 
the cavity which occur when a dielectric is placed 
in it allow the calculation of € and tané for the 
sample under investigation. The scheme of the 
calculation is given in detail in reference 5 and 
briefly in reference 8. In the calculation it is 
assumed that the propagation constant of the elec- 
tromagnetic wave in the dielectric under investiga- 
tion y=a+ 7 6 = jf, that is, that «<< B. A block 
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Fic. 1. The cavity resonator. 


diagram of the apparatus is shown in Fig. 2; it 
contains five assemblies: 1, a generator of type 
43-I; 2, the measuring resonator; 3, a wavemeter; 
4, an amplifier-mixer; 5, a cathode ray oscillograph 
of type EO-7. In addition, in order to isolate the 
resonator from the wavemeter, there is introduced 
into the rectangular waveguide 6 an attenuator 7. 
The modulation is fed into the reflex klystron os- 
cillator through a condenser and potentiometer from 
the horizontal sweep of the oscillograph. 

The precision wavemeter is in the form of a cyl- 
indrical cavity resonator, excited, like the measuring 
resonator, through two openings in an end wall and 
operating in the H,, mode. The signal for the 
measurements is taken through an output coupler 
in the side wall, exciting the H,, mode in arec- 
tangular waveguide. The signal taken out through 
the coupler into the rectangular waveguide is de- 
tected and fed to the input of the amplifier-mixer. 
The peak value of the intensity of the signals from 
the resonator ad wave meter applied to the input 
of the amplifier is about 0.2 mv. The amplifier- 
mixer contains three amplifiers in cascade: two 
single 6Zh6 amplifiers, into one of which is fed 
the signal from the resonator and into the other of 
which is fed the signal from the wavemeter, and a 
single 6N9 mixer. The amplification factor is 
about 2000. The pass band includes all of 50- 
20,000 cps and assures the preservation of the 
form of the signals from the resonator and the wave- 
meter. The horizontal sweep of the oscillograph 
(with a frequency of 50 cps) appears as a frequency 
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F1Gc.2. Block diagram of the apparatus: 1, generator; 2, resonator; 
3, wavemeter; 4, amplifier; 5, oscillograph; 6, waveguide; 7, attenu- 


ator. 


in the resultant display; hence with a quadratic 
detector the width of the resonance curve obtained 
on the oscillograph screen gives the width of the 
resonance curve of the resonator, which may be 
measured with the aid of the wavemeter. The wave- 
meter allows increasing the accuracy of the deter- 
mination of the resonance-length setting of the res- 
onator when asample is put into it even with poor 
generator stability, since the wavemeter fixes the 
working frequency with great accuracy. 

In taking the temperature characteristics of the 
samples, experimentally determined corrections 
are applied to the Q of the resonator and to the 
other measurements which are changed by heating. 


The resonator is heated by means of a heating spiral 
surrounding its side walls. The temperature of the 
sample is determined by a thermocouple placed in 

a hole in the plunger next to the lower surface of 
the sample. An estimate of the relative error in the 
determination of ¢€ and tan 6 at room temperature 
gives +] to 1.5% and 115%, respectively, for all the 
values of ¢ and tand mentioned below. The average 
relative errors in € and tan6 found from the experi- 
mental spread in the values of ¢€ and tané for various 
samples did not, as arule, exceed these values. 

At elevated temperatures the error in the determina- 
tion of tand was increased threefold. 


3. RESULTS OF THE MEASUREMENTS 


The values of the dielectric constant and loss 
angle at a wavelength of 3.1 cm are given for a 
number of substances in Tables 1-8. From these 
tables it is clear that for a correct choice of 
sample thickness, results are obtained which are 
reproducible and lie close together for different 
samples. 
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Fic.3. Frequency dependence of € and tan 6 for 
steatite. Curve 1 gives € and curve 2 gives tan 0. 
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Fic.4. Frequency dependence of € and tan8 for 


magnesium titanate to which a small amount of calcium 
titanate and flux has been added. Curve 1 gives € and 


curve 2 gives tand. 


Curves showing the dependence of ¢ and tan 
on frequency over a wide range of frequencies are 
given in Figs. 3-9. Practically complete absence 
of any frequency dependence of the dielectric con- 
stant is found for magnesium titanate, barium 
titanate, zinc titanate and fused strontium titanate 


(Figs. 4,5, 6,9). This fact fully confirms our 
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idea that only elastic polarization occurs in 
these materials (the question as to whether stron- 
tium titanae belongs to the piezoelectrics seems 
open to discussion), 

In the case of the frequency dependence of stea- 
tite and calcium titanate, it is clear from Figs. 
3 and 8 that with increasing frequency a rather 
weak, almost linear decrease in the dielectric 
constant takes place. This could not occur for 
purely elastic polarization. It is possible that 
in these materials weakly expressed relaxation 
processes occur. The dielectric constant of bis- 
muth titanate decreases rather strongly with fre- 
quency in the region of low frequencies (Fig. 7). 
This can be explained only by the presence of re- 
laxation processes with long relaxation times. 
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Fic. 5. Frequency dependence of € and tan 6 for 
fused barium titanae. Curve 1 gives € and curve 2 
gives tand. 
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FIG.6. Frequency dependence of € and tand for zinc 
titanate. Curve 1 gives € and curve 2 gives tand. 
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Fic. 7%: Frequency dependence of € and tan 6 for 
bismuth titanate. Curve 1 gives € and curve 2 gives 
tan 
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Fic. 8. Frequency dependence of € and tand for 
calcium titanate. Curve 1 as € and curve 2 gives 
tan 
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Fic. 9. Frequency dependence of € and tan 0 for 
fused strontium titanate. Curve 1 gives € and curve 2 
gives tan 


The dielectric loss angle of all the dielectrics 
investigaed, with the exception of zinc titanate, 
shows an unsymmetrical but definite minimum in 
the frequency region 10°-108 cps. The increase in 
the loss angle at low frequencies is ordinarily con- 
nected with conductivity losses, for which the loss 
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TABLE l 
lsarete Bb i 
Material Sample/thick-| tand ® ee 
no. ness 5! tan 
in mm < 
| 4 RAO A Osoul |) OeOO2Ze 
2 DAel || yank |! Os OOrar 
3) 2.41 | 6.49 | 0.0025 
Steatite 4 2.40) |e Grodn On OO26M INGE OUR mOROOZG 
3) 2.30 | 6.46 | 0.0028 
6 P50) || Gotil |) WOKOR: 
U 2.60 | 6.48 | 0.0032 
TABLE 2 
| o 
Sample op 
Material ample} thick- e tanO ca pects 
nO- Iness > tan 
in mm = 
4 | 1,79 |} 16.4 | 0.00077 
2 1.79 | 16.2 | 0,00094 
, 3) 1.78 | 16.0 | 0,00099 
Magnesium 4 | 2,37 | 15.9 | 0.00082 | 16.0 | 0.00086 
titanate 5 4.80 | 15,8 | 0.00086 
6 Deo lOm am OROOOMS 
Ul 2.23 | 16,0 | 0.00069 
8 DOB | MSE) | OOOO r/7 
TABLE 3 
Sample | o 
Material nae hacks € | tand @ Average 
: ness 2 w | tan 
inmm <x 
4 1,88 28.1 0.0031 
2; 2,00 PAT 3) 0.0028 
3 2.00 PH oT 0 ,0030 
4 3.76 27.8 0.0028 
; a Aleve PE Al 0.0027 
Barium 6 dello IAL aff 0.0031 | 27.6 | 0.0030 
: tetra- th 1.29 PY Ss 0.0033 
titanate 8 129 PM ff 0.0032 
9 1.29 28.0 0.0033 
10 4,793 Dilger 0.0030 
14 a es 27,9 0.0028 
fi 1.75 Pall 0.0030 
TABLE 4 
; Sample 2 
Material Bample thick- & tanOd ce Average 
no. Mista Pu tan Od 
eens << 
4 4.70 Pall Se. 0.00090 
, Zinc 7 4,70 27,9 0.00064 
titanate 3 4,70 PTS) 0.00078 | 27.9 | 0.00079 
4 1,70 28.0 0.00074 
5 1,80 PACT 0.00090 
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TABLES 
; | Sample is 
Material /Sample  thick- e tand | & Average 
0. | ness Sv | tan 
inmm <x 
1 3.30 452) 0.0020 
; 2 SOO 452 0.0020 
Calcium 3 1.80 154 0.0022 152 0.0020 
titanate 4 4.30 152 0.0015 
5 4,30 454 0.0022 
6 1.81 154 0.0019 
TABLE 6 
a 
Sample 6) 
Material Sew thick- 5 tan 8 @ Average 
ness w 
inmm < \ tan 6 
4 2.82 81.0 0.0031 
a Payewe 81.0 0.0028 
Bi a 3 2 SVE 80.0 0.0026 
5 mee 4 3.95 84.5 0,0034 | 80.8 | 0.0033 
tILeREES 5 2.82 83.0 | 0.0043 
6 3.81 80.3 0.0037 
7 3.80 80.7 0.0033 
8 3.80 79.8 0.0032 
TABLE 7 
| 
Sample Y 
, Sample : s a Average 
Material Na. aes é tan § 5 = uae 
inmm < 
4 3,90 175 0.0023 
73 4.99 177 0 ,0021 
3 1,60 176 0.0031 
4 4.99 176 0.0025 
Strontium ) 4,99 AD 0,0034 176 0,0025 
titanate 
6 Pas 178 0.0024 
qt 4.26 ATS 0.0019 
8 4.26 NG 0.0026 
g Asp ATES — 
TABLE 8 
‘ Sample Sample bp average 
Material No. peg & tan O a ol va 5 
inmm =< 
4 Ad) Bend 0.0084 
2 2.60 5.34 0.0101 
Porcelain 3 Dead jee) 0.0104 | 5.39 | 0.0443 
4 2.39 5.42 0.0142 
is 2,40 Fahy, 0.0135 
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angle is inversely proportional to frequency. How- 
ever,it is possible to consider that in the cases 
where the dielectric constant decreases with fre- 
quency in the region of large values of tand, relaxa- 
tion polarization occurs. This polarization, which 
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there follows the practically important consequence 
that the temperature coefficient of capacity for cera- 
mic condensers based on strontium and calcium ti- 


tanates, canot depend strongly on frequency right 


up to frequencies of ~ 10!° cps. As is well known, 


is especidly strongly manifested in bismuth titanate the temperature coefficient of the dielectric constant 
takes place, perhaps, in calcium titanate and steatite of magnesium titanate and barium tetratitanate 1s 


The loss angle of zinc titanate (see Fig. 6) de- 
creases strongly with increasing frequency, and in 
the region of high frequencies (above 10 cps) it 
has a small frequency-independent value. This 
may be of significance for the practical use of zinc 


titanate in high frequency equipment. | am 
The increase of loss angle with frequency in the region o 


high fre quencies for all the remainingmaterials can be 


connected equally well with high frequency relaxa- 
tion and with resonance absorption in the region 
of long infrared wavelengths. The unambiguous 
decision of this question requires further investi- 
gation in the shorter radio wavelength region and 
in the infrared region of the spectrum. 

The temperature dependence of ¢ and tan6 at 
frequencies of 10°, 10°, and 10° cps is shown in 
Figs. 10-13 for the dielectrics investigated. As is 
clear from Figs. 10 and 11, the temperature depen- 
dence of the dielectric constant of fused strontium 
titanate and calcium titanate at a frequency of 10!° 
cps is completely analogous to the temperature de- 
pendence of ¢ at frequencies of 10° and 10° cps. 
For strontium titanate all three curves practically 
merge into one (Fig. 11). For calcium titanate, in 


Fic. 10. Temperature dependence of € and tan6 for 
calcium titanate. The continuous curve gives € and the 


dashed curve gives tan 6. Points A arg for f = 108 cps, 
O for f= 10° cps, x for f=10°-~ eps. 

connection with the occurrence of some decrease 

in € with freqency (see Fig. 8), the curves € = f(t°) 

(t is in C) do not coincide for different frequencies. 

However, they have the same slope. From this 


comparatively small(1/¢)(de/dT)= (10-49) x 10-° 
degree~!; hence it does not seem possible to show 
the change in € with temperature for these materials 
by means of the measuring apparatus used in the 
present work. The practical constancy of the die- 
lectric constants of magnesium titanate and barium 
tetratitanate with change in temperature (Fig. 12) 
only emphasizes the possibility of temperature mea- 
surements by means of a resonator with a heating 
coil, for changes in € which are not very small. 
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Fic. 11. Temperature dependence of € and tan6 for 
Strontium titanate. The continuous curve gives € and 


the dashed curve gives tan6. Points A are for f = 10° 
eps, © for = LO —-eps, x tor f= 10s eps. 


The increase in ¢ with temperature for bismuth 
titanate (Fig. 13), occurring especially at a fre- 
quency of 10% cps, emphasizes the presence of re- 
laxation polarization with a comparatively large 
relaxation time. The essential thing is that even 
at high frequencies the « of bismuth titanate grows 
with temperature. It should be noted that the bis- 
muth titanate investigated in the present work has 
a complex structure, differing strongly from the 
structure of rutile and perovskite, and hence it is 
very difficult to determine to what extent its struc- 
ture favorsthe polarization. It may clearly be 
asserted that in bismuth titanate there are weakly 
bound ions or groups of ions giving rise to relaxa- 
tion (thermal ionic) polarization. 

The dielectric loss angle of calcium titanate 
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Fic. 12. Temperature dependence: The continuous 
curves give € and the dashed curves tan 6; I and 1’— 


steatite, 2 and 2’’— magnesium titanate, 3 and 3’— 
barium tetratitanate, 4 — zinc titanate. The points of 


curves 1’, 2’ and 3“ give a scatter of (20 — 50)%. 


and fused strontium titanate in the temperature re- 
gion from room temperature to 160° increases 
strongly with temperature only at low frequencies 
(f = 10° cps, Figs. 10 and 11). At frequencies of 
10® and 10!° cps the tan 5 of these dielectrics is 
constant in this temperature interval. The loss 


160 


angle of magnesium titanate and barium tetratitanate 


at a frequency of 10/° cps does not change in the 
temperature interval 20-120° 

It is evident from Fig. 13 that the loss angle of 
bismuth titmate is independent of temperature in 
the interval 20-160° only for a frequency of 101° 
cps. At lower frequencies (10°, 10° cps) the loss 
angle of bismuth titanate incr eases more strongly 
with temperature the lower the frequency. This 
fact is connected with the presence of relaxation 
polarization. The investigation of solid dielectrics 
in the long wavelength part of the infrared region 
of the spectrum will permit our conclusions con- 
cerning the nature of dielectric polarization and 
loss to be developed and made more precise. 
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Fic. 13. Temperature dependence of € and tan6 for 
bismuth titanate. The continuous curve gives €, the 


dashed curve gives tan6. Points A are for f = 103 
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ivi i i i i is shown to be electronic. 
The conductivity of large silver halide crystals in weak fields is s 
In stronger fields the ions start moving through the defects and over the surface, and this 


is accompanied by a growth of dendrites. 


When the crystals are exposed to light, their 


conductivity firstrises and then falls. The result of the exposure depends on the medium 


in which the crystal is located, 


T is customary to assume that the dark conduc- 
I tivity of most ionic crystals, including that of 
silverhalide crystals, is ionic. This conclusion 
; 6 : . 1 
is based principally on experiments by Tubandt, 
who showed that at higher temperatures specimens 
made of compressed powders of many salts obeyed 
the Faraday electrolysis law. 

Tubandt’s determination of the transport numbers 
has shown that the conductivity of all three silver 
halides is caused by the positive silver ions. 
Application of the Frenkel defect theory to these 
crystals has led to the conclusion that in addition 
to the interstitial silver ions the vacant sites of 
these ions also affect the conductivity. The 
Frenkel defect formation hypothesis was confirmed 
by many experiments,” and at the present time 
there is no doubt that no defects are formed in 
silver halides by the Schottky mechanism, with the 
exception of the single case when the crystal _ 
temperature is close to the melting point. Experi- 
ments® with the diffusion of radioactive bromine 
and silver in crystals have shown that the diffusion 
coefficient of the silver ions is considerably higher 
than that of the bromine ions, while bromine atoms 
diffuse with relative ease. Incidentally, pressed 
powders were used in the experiments on the diffu- 


sion of radioactive isotopes, as in the Tubandt 
experiment. 


It was further shown‘ that the conductivity of 
pressed powders at temperatures below 80-100°C 
is proportional to the surface area of the crystals. 
This last dependence indicates that at room 
temperatures the conductivity of pressed powders, 
with which many investigators perform their ex- 
periments, is determined by the motion of the ions 
over the surface. Room-temperature investigation 
of the conductivity of silver halide monocrystals 
is reported only in Ref. 5, and its results make 
it clear that at room temperature the dark cunducti- 
vity of large silver halide monocrystals is elec- 
tronic, At room temperature the surface’ conducti- 
vity of the silver halide crystals is thus determined 
by the silver ions, while only electrons move deep 
within the crystal. 


It is known from the Kirillov and Levi® experi- 
ments that the dark conductivity changes after 
the crystal has been exposed to light, and it was 
shown in that investigation that the observed 
change in conductivity is reversible. The elec- 
trons that were fixed at local levels during the 
crystal exposure become thermally free after the 
conclusion of the exposure. Rarshchevskii 
observed an increase in photoconductivity during 
the exposure of the crystal. 

Investigation of silver halide crystal conductivity 
is made difficult by the formation of so-called 

endrites, i.e., silver filaments that. grow from the 
cathode to the anode and short circuit the crystal. 
At the same time, investigation of the dendrite 
formation process is of importance in the explana- 
tion of the conductivity mechanism. The structure 
of dendrites was studied in reference 8. 

This article reports the results of an investi- 
gation of the dark conductivity and of the electrol- 
ysis of silver halide crystals, and also the effect 
of exposure on these processes. . 


EXPERIMENTAL PROCEDURE 


Specimens were prepared by pouring fused salt 
between two glass plates followed by prolonged 
annealing, as described by Meikliar.? Added pads 
of suitable thickness were placed between the 
plates to obtain thick crystals. During the experi- 
ment the crystals were uncovered by stripping one 
or both glass plates. To check whether the Fara- 
day electrolysis law is obeyed, a setup similar 
to that described in Ref. 5 was assembled. A 
silver bromide crystal, several tenths of a milli- 
meter thick, was placed over a silver plate , serving 
as the anode. A glass tube, into which a solution 
of potassium nitrate was poured, was pressed 
against the upper surface of the crystal through a 
rubber washer. A platinum plate serving as a 
cathode was placed in the solution. The circuit 
was energized and the amount of electricity pass- 
ing through the crystal was measured with a coul- 
omb meter, consisting of a platinum crucible con- 
taining a solution of silver nitrate and a silver 
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plate immersed in this solution. The crucible acted 
as the cathode, and the silver plate as the anode. 
The electrolysis current was several microamperes; 
each experiment lasted as much as several days. 
Whenever a silver filament grew in the crystal 
during the time of the experiment the current in- 
creased sharply and the experiment was discarded 
as a failure. The weights gained by the coulomb- 
meter crucible and lost by the anodes of the coulomb 
meter and the crystal were measured by a precision 
balance accurate to 5 x 10°° grams. It was impos- 
sible to determine the weight gained by the cathode 
immersed in the potassium nitrate solution, for the 
silver was deposited on this cathode as thin fila- 
ments which broke easily. 

We also made observations on the growth of the 
dendrites. For this purpose graphite electrodes 
were coated over the crystal which was placed on 
the flat surface of a small electric furnace. A 
potential difference on the order of several tens of 
volts was applied to the electrodes to raise the 
crystal temperature, and the growth of dendrites 
was examined with the aid of a microscope, oc- 
casional microphotographs being taken. The same 
setup was used to heat the exposed crystal. In 
the latter case graphite, or metal (platinum, copper, 
cadmium or silver) electrodes were used. The 
metal electrodes were deposited on the crystal 
either by evaporation or by cathode spattering. 

The effect of crystal exposure on the value of its 
dark conductivity was then investigated. The 
exposure was made in air, in vacuum,or in various 
gas atmospheres. For this purpose the crystal 
was placed in an evacuated container, the upper 
portion of which had a flange with a quartz plate 
inserted. As required, the exposure was made 
either without evacuation, or after evacuation 
followed by additional admission of some gas. The 
source of light was a PRK-4 mercury tube with a 
set of light filters to separate the spectral lines. 
The thermal conductivity was measured without 
removing the crystal from the container. For this 
purpose, leads passing through the lower portion 
of the glass container were pressed against the 
graphite electrodes of the crystal. These con- 
ductors were used to connect the crystal alternately 
to a mirror galvanometer and to the power source. 

In some cases the photoconductivity was 
measured simultaneously with the dark conducti- 
vity. In such a case the source of light was 
also a mercury tube with light filters. Sometimes 
the crystals were exposed while immersed in a 
solution of caustic potassium of varying concen- 
tration. When convenient, the absorption spectrum 
of the crystals was measured simultaneously, 
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using a dual monochromator made by the experi- 
mental machine shop of the Leningrad State 
University Physics Institute. 


RESULTS OF MEASUREMENTS 


The table gives the results of measurements 
made to verify the applicability of the Faraday 
law. It can be seen here that at arelatively low 
potential difference (less than 4 volts) the weight 
lost by the crystal anode is noticeably less than 
that lost by the coulomb-meter anode and that 
gained by the coulomb-meter crucible, while at 
high potential differences the corresponding 
quantities are of the same order of magnitude. This 
means that if the fields inside the crystal are weak 
its conductivity is purely or predominantly 
electronic, becoming ionic in strong fields. The 
ionic conductivity produced by the increase in the 
field is accompanied by a growth of silver filaments 
at places where the crystal is inhomogeneous. The 
more perfect the crystal, i.e., the smaller the num- 
ber of defects in which ions can move and form 
metallic filaments, the higher the potential differ- 
ence at which the conductivity becomes ionic. 

Figures 1 and 2 show microphotographs of a 
silver filament growing on the surface of the crys- 
tal from the cathode. Examination under the micro- 
scope shows how the filament grows. Measure- 
ments have shown that at a temperature of 100°C 
and an electric field intensity of 50v/cm the fila- 
ment grows at an approximate rate of 10g 10, 
mm/sec. Reversing the electric field causes the 
length of the filaments at the electrode (which 
now becomes an anode) to diminish until it 
vanishes completely. At the same time filaments 
begin to grow from the second electrode ( now the 
cathode). Treating such a crystal with its silver 
filaments in a hydrogen sulfide atmosphere forms 
silver sulfide onthe surface of the crystal with the 
exception of the places that are directly adjacent 
to the filaments. This can be seen from Fig. 3. 
The growth of silver filaments during electrolysis 
of silver halide crystals was reported in Ref. 8. 
However, this work was previously unknown to us 
and our observations were made independently. 
Heating an exposed crystal in an electric field 
causes resorption of the photolytic silver near the 
anode. Figure 4 is a photograph of a crystal uni- 
formly exposed over the entire surface and shows 
such brightening at the anode. F'igure 5 shows a 
crystal first dusted with silver. When an alter- 
nating electric field is applied, the brightening 
forms at both electrodes, although at a slower rate. 
We observed this brightening only with graphite 
and platinum electrodes. When the crystal was 
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TABLE 


Results of Electrolysis Experiments 


Weight, milligrams 


Crystal No. 1 
Coulomb-meter crucible 


Coulomb-meter anode 


Crystal anode 


Crystal No. 2 


Coulomb-meter crucible 


Coulomb-meter anode 


Crystal anode 


Fic. 1. Microphotograph of silver 


Second Experiment with the 
Same Crystal 


Before After A ; Before (After | Difterenc | Difference 
ee eineei Rxperiment ene IExp erimentIE xperimen 


potential — 2 volts potential — 30 volts 


First Experiment with Crystal 


6465 ,40 | 6467.60 |] +2.20 | 6465.40 | 6466,50 |] +1.10 
2115.80 | 2413,55 | —2,25 | 2113,55 | 2112.50 | —1,05 
3571.70 | 3571.70 0.00 | 3570,00 | 3568.90 | —1,10 


potential — 2 volts | potential — 20 volts 
6346 .80 | 6349.50 | +2,70 | 6346.40 | 6347.60 | +1,20 
2227,95 | 2225,10 | —2,85 | 2222,90 | 2221.80) —1.10 
3423 ,70 | 3423.60 | —0,10 | 3422,85 | 3421.80 | —1,05 


filament growing from the cathode in 
the electrolysis of silver bromide. ' : 
Magnification 40 x, field intensity FG. 2. Microphotograph of portion 


60 v/cm, temperature 100-150. ° 


of the silver filament shown in Fig. 1; 
magnification 160 x. 


coated with silver or copper electrodes, no bright to which silver sulfide was added, and we con- 
areas were observed near the anode and the flow sider this phenomenon to occur only with such 
of current caused a gradual breakdown of the mixed crystals. Our experiments, performed in- 


anode itself. 


Figure 6 shows the increments of the optical 


density of the exposed crystal before 
this brightening. 


We learned recently that thermal resorption of 


the photolytic silver near the anode is 


dependently, were carried out with silver bromide 
crystals without any admixtures. 

We next investigated the effect of the exposure 
on the value of the dark conductivity. We ob- 
served there that the separation of the photolytic 


and after 


reported 


also in Ref. 10. However, in that investigation silver depends to a large extent on the nature of 
the experiments were with silver bromide crystals the medium in which the crystalis placed during 
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FIG. 3. Microphotograph of a por- 
tion of a crystal with a silver filament, 
treated in hydrogen sulfide; magnifi- 
cation 400 x. 


anode cathode 


Fic. 4. Regression of photolitic 
silver in the electric field at the 
anode. Potential difference 70 v, 
interelectrode distance 25 mm, ex- 
periment temperature 210. 


anode cathode 


Fic. 5. Regression of silver 
dusted on the surface of the crys- 
tal at the anode, under the same 
conditions as in Fig. 4. 


the exposure. Experiments show that the photo- 
lytic silver is separated most intensely when the 
crystal is exposed in a hydrogen sulfide stmos- 
phere or in a vacuum. Exposure in a hydrogen or 
an oxygen atmosphere produces approximately the 
same results as in air. This is illustrated by 


ae Oe greweibe increments of the optical 
portions of the same crystal 
exposed in different gaseous media. 
_ The photochemical sensitivity of the crystals 
increases noticeably also when the crystals are 
immersed in a solution of potassium hydroxide; as 
the concentration of the potassium hydroxide in- 
creases, the photochemical sensitivity first rises, 
and then stays constant as the concentration 
reaches approximately 5%. This is illustrated 
by Fig. 8, showing the increments of the optical 
density of crystals exposed in air and in 5% potas- 
sium hydroxide. 

The effect of crystal exposure on the value of its 
dark conductivity is quite complicated in charac- 
ter. With respect to this, crystals can be divided 
into two types: 1) those with high dark resisti- 
vity and low photoconductivity and 2) those with 
low dark resistivity and high photoconductivity. 

Exposed crystals of the first type exhibit a 
gradual and irreversible decrease in the dark con- 
ductivity and their photoconductivity at first 
increases somewhat and then also decreases. This 
is seen from the curves of Fig. 9. When crystals 
of the second type are exposed, an increase is 
observed in the dark conductivity and in the photo- 
conductivity followed, starting with a certain ex- 
posure ‘time, by a decrease in both (Fig. 10). If the 
crystal exposure is stopped at a time when its 
conductivity is on the rise, both the dark conduc- 
tivity and the photoconductivity return after a cer- 
tain time to their initial values, i.e., to the values 
before the start of the exposure; this is in agree- 
ment withthedata obtained by Kirillov and Levi. 
But if the exposure is interrupted while the con- 
ductivity decreases, the latter does not return to 


its initial value; the changes occurring in the crys- 
tal in this case appear to be irreversible. 


In certain cases the variation of crystal photo- 
conductivity with exposure time is even more com- 
plicated and passes through several minima and 
maxima. However, spectral measurements of the 
crystal light absorption have shown in all cases 
that the PRSEE RSS nay vs. exposure time curve 
has a minimum corresponding to light absorption in 
the spectral interval 400-460 millimicrons, and, 
conversely, the maximum of this curve corresponds 
to a lower absorption of light in the above region 
of the spectrum. Further experiments have shown 
that the first group of crystals, characterized by 
low photoconductivity, has a noticeably higher 
photochemical sensitivity than the second group 
of crystals with the higher photoconductivity. This 
is illustrated by Fig. 11, which shows incremental 
optical density curves of crystals of the first 
(curve a) and second type (curve b) exposed under 
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FIG. 6. Curves showing increments of crystal 
optical density: ]— after exposure, 2— after ex- 
posure and anode brightening. 
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Fic. 7. Curves showing increment of 
optical density after exposing the crystal 
for 30 minutes with a mercury-arc lamp in: 
1— oxygen, 2—hydrogen, 3— air, 4— 
vacuum. Also curves obtained by exposing 
the crystal: 5—ten minutes in hydrogen 


sulfide, 6— three minutes in potassium 
hydroxide. 


identical conditions. Measurements of the absorp- 
tion spectra of these crystals have shown that in 
the 400-460 millimicron spectral region the crys- 
tals of the first group have a noticeably higher 
absorption than those of the secondtype. This is 
illustrated in Fig. 12, where curves refer to crys- 
tals of the first and second type respectively. 
Both curves were obtained by comparison with a 
crystal having an average photoconductivity. 


DISCUSSION OF RESULTS 


It follws from the data given that the dark con- 
ductivity of large silver halide crystals is elec- 
tronic. The conductivity becomes ionic when the 
electric field in the crystal is increased, because 
of the motion of the ions over the defects of the 
crystal, in which the field reduces the activation 
energy for the motion of the ions. Such a hypo- 
thesis is corroborated by the fact that silver den- 
drites grow out of the defects as the electric field 
is increased. The silver ions move over the sur- 


face of the crystal. When an electric field is 
superposed these ions move to the cathode where 


they absorb electrons and turn into atoms. This 

is how silver filaments grow at the cathode. Sub- 
sequent silver ions reachthe sharp point of the 
filament, where they are discharged and the fila- 
ment continues to grow. When the field direction 
is reversed the filament decomposes. Apparently, 
the silver ions become thermally separated from 
the positively charged filament (anode). During 
the growth of the filament, the crystal surface in 
the direct vicinity of the filaments becomes poor 
in silver ions, and therefore no silver sulfide 

is formed in the vicinity of the filaments when 
such acrystal is developed in hydrogen vapor. The 
thermal decomposition of particles of metallic 
silver near the anodes can be explained by the fact 
that the decomposition starts with the separation 
of electrons, which migrate to the anode, followed 
by thermal decomposition of the positively- 
charged silver particles, as can be seen from the 
absorptioncurves on Fig. 6. The silver ions 
formed move away to the cathode. If the anode 

is made of graphite or platinum, no new ions arrive 
to replace the silver ions that move to the cathode. 
But if the anode is made of another metal, the ions 
of this metal come to replace the silver ion, and 
the anode itself becomes decomposed rather than 
the metal particles. Such a hypothesis concern - 
ing the mechanism of the thermal decomposition 

of silver particles is in agreement with the data 

by Kazantsev and Meikliar! ! on the regression 

of the centers of the latent photographic image. 
The relationship between the dark conductivity 
and the photoconductivity of the crystal, des- 
cribed above, can be explained in the following 
manner. Since a relatively large light absorption is 
observed in the case of crystals of the first type, 
which have a low photoconductivity in the 400-460 
millimicron spectral region (Fig. 12), i.e., in the 
region where light is absorbed by the F-centers!?, 
we must assume that the concentration of such 
centers is relatively high in these crystals. The 
light absorption in such crystals has an exciton 
character,** and no thermal electrons are liberated 
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400 500 pee Br 


FIG. 8. Increment of optical density of crystal after 
exposure of 10 minutes in air (1 ), 10 minutes in 5% 
potassium hydroxide solution (2) and 5 minutes in 
potassium hydroxide solution (3) 


Q 6 0 1% 20 2 DB 35 WY Otmun 


Fic. 9. Dark conductivity (1) and 


photoconductivity (2) vs. exposure 
time for a crystal with high dark 
resistivity (R=2.5x 10 9 ohm) and low 


wl cee eat at Le Ue a ee ee 


photoconductivity (/ ph/ Iy= 5) | 00 § 0 0 OE WO Wiwun 
from the F-centers. This is why the dark conduc- _Fic. 10. Dependence of Shee 
gs ; 7 é time on dark conductivity (a,b) and on 
tivity of such crystals is low and is determined photoconductivity (a,b) for two crys- 


only by the silver ions moving along the surface. talswith low dark resistivity (R=4 x10 2 
When such crystals are exposed the electrons ee : at ee hig photocon- 
liberated by the light are captured by the silver SUNT he goa ened) 

ions and the conductivity of the crystals decreases 
monotonically. 

The crystals of the second type, which have a 
high photoconductivity, are characterized by low 
absorption of light in the 400-460 millimicron 
region(Fig. 12), and consequently, by a low F-center 


concentration. Here the electrons can be thermally 
liberated from the F-centers at the start of the ex- 40 ae AY, ae 


posure and the increase in the number of F-centers 
during exposure first causes an increase in the 


dark conductivity. As the exposure time is in- 
creased the concentration of the F-centers becomes 


greater, the absorption of light assumes an exciton 
character, and this leads to a reduction in the 

dark conductivity and in the photoconductivity. 
This agrees with the data on the determination ofthe 
photochemical sensitivity of crystals. Crystals of 


Fic. 1l. Curves showing increments of optical 
density of crystals exposed under identical condi- 
tions: a— first type, b— second type. 


the first type contain more F’-centers than those of 
the second type, and accordingly their photochemi- 
cal sensitivity is noticeably higher (see Fig. 11). 
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Fic. 12. Comparison of optical density 
of crystals of the first (a) and second (b) 


types with that of a crystal having an 
average photoconductivity (D, = In Ig fi). 
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A new method for the investigation of ionization spectra of cosmic ray particles is 
worked out. Ionization spectra are taken for particles with Pern in the intervals 


2-3, 3-5, 5-9, and 9-15 cm of lead. Conclusions are reac 


ed about the distribution 


of the proton component at sea level among these penetration intervals. 


1. INTRODUCTION 


B Y investigating the ionization spectra of 
cosmic ray particles of known penetration, it 


is possible to determine the composition of cosmic 


rays.! The basic difficulty of this method is the 
poor separation of various mass particles. The 
insufficient resolution is determined by the nature 
of the ionization energy loss fluctuations, which 
for most cosmic ray particles, obey the Landau 


distribution.” The distinguishing characteristic of 


this distribution is the high probability of fluctua- 
tions in the direction of large energy loss. How- 
ever, it is particularly in the region of large ioni- 
zation that the ionization spectra of hyperons, 
protons, or K-mesons of the soft cosmic ray com- 
ponent are located. Since the percentage of these 
particles in the composition of cosmic rays at sea 
level or at mountain altitudes is relatively small, 
it turns out that the ionization spectra of these 
particles can not be successfully separated from 


those parts of the ionization spectra of cosmic ray 


p-mesons and electrons which are caused by 
fluctuations in the direction of large energy loss. 
In the method proposed below, this difficulty is 
overcome to a large extent. 


2. THE BASIC IDEA 


Let each particle of the analyzable particle 
flux pass successively through n layers of matter, 
in each of which it loses some energy by ioniza- 
tion. The basic idea of our method is to measure 


the smallest value of the totality of ionization 
tosses A A,,. --A,. A suitable arrange- 
ment of equipment automatically selects this 


value for measurement, and rejects all others. We 


assume here that the material of all layers is the 
same, and that all layers have the same thick- 


ness.* 


*The selection of the smallest value of ionization 
as an experimental method using two gas proportional 


counters was pyoposed by L. D. Landau and first carried 


out by Nikitin. 


Let us examine, in such a measuring set up, the 


probability of finding a particle in the interval of 
lonization loss A, A + d A. If the ionization 


loss in each of the n identical layers obeys a 
Landau distribution, the desired probability is 


4 (A—A,\T , (A—A\}-2 
nz oe) 9) — (1) 
Bree jkr 
= 7 (5 ) da, 
where we introduce the general function 
Py (2) = 9 (A) [2 (A™, (2) 


in which ¢ and wW are Landaw’ s general functions” 
(see Ref. 2 for remaining definitions). Thus, in- 
stead of an ionization spectrum which can be 
described by Landau’s distribution function 


j(x, A) =49(E), (3) 


the above method of measurement will yield a 
spectrum which obeys the distribution 


jn(x, A)=ZO,(=S"). 


Let us now evaluate the probability of ioniza- 
tion loss larger than a particular value, i.e., we 


calculate the integral 
co 


SA ate Ayaes (5) 


Aa 


Since we are interested in large values of A , we 
shall use the asymptotic expressions for the 
general functions gand w,as developed in Lan- 
dau’s paper. We then easily obtain, for large 
values of A | 


a: 


S(A,) = 1/oa, (6) 


where @ is connected to A | by the equation 
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(A, —A,)/§ =o, + Ine, — 0.37. (7) 


It follows from Eq. 6 that the number of particles 
with ionization higher than the given value A, is 
w ™-1times smaller with the present method of 
meagre ment (i.e., selection of the smallest value) 
than with the ordinary method where the particle 
passes through only a single layer of matter (a 
single proportional counter). For the majority of 
cosmic ray particles and the counters used in the 


work described here, O= 15 if A= 2 No ee uhis 


means that if ionization spectra are taken with 
three counters ( n = 3) the number of p-mesons or 
electrons with more than twice the expected value 
of ionization is some 200 times smaller than for 
ionization spectra taken with a single counter. 
Consequently, with a large enough number of 
counters, it is possible to measure the ionization 
spectra of hyperons or protons of the soft cosmic 
ray component under conditions almost completely 
free of background caused by parts of meson and 
electron ionization spectra. 


3. DESCRIPTION OF THE EQUIPMENT 


We have chosen to use scintillation counters as 
a method of measuring ionization loss. The possi- 
bility of using scintillation counters for this 
purpose, and their superiority to gas proportional 
counters has been proved earlier by Meshkovskii 
and Shebanov’ and other workers.4’> 

The physical arrangements are shown in Fig. 1. 
Here 1 — 5 are five layers of scintillator mater- 
ial. The scintillators, especially prepared for this 
experiment, were polystyrene plastic activated with 
1, 1, 4, 4 — tetraphenylbutadine — 1,3 in a concen- 
tration of 1.8 %. The polymerization of the 
doubly distilled styrene was carried out at 200°C 
in the course of 12— 15 hours. The tetrapheny|- 
butadine was prepared by the method of Valeur.° 
Scintillater size was 1 x 3.5 x 7.5 cm. After 
machining, the scintillater plates were carefully 
polished, mounted in reflecting housings and glued 
to the photocathodes of type FEU — 19 photo- 
multipliers for better optical contact. 

For this experiment, exceptional photomulti- 
pliers were selected in order to give the least 
instrumental line broadening. A scintillation 
y spectrometer based on the Compton effect was 
set up, and photomultipliers selected for least 
line width from a Co ©” source. 

The numbers 6 — 10 on Fig. 1 are lead filters. 
The thickness of filter 6 was chosen such that 
the penetration of particles passing through it was 
greater than 2 cm of lead. The roman numerals 
denote arrays of Geiger-Muller counters. For the 


measurement of ionization spectra of particles with 
2 — 3 cm penetration, a gating pulse due to the 
coincidence of ] + II + II] — IV — IVa — V was 
used; for particles with penetration 3 — 5 cm — 
the coincidence | + I] +I] +IV—IVa— V—Va 

— VI ; for penetration 5—9 cm. —I + II + Ill 

+V — VI — Vla — VII; for penetration 9 — 15 cm.— 
I +I] + II + VI — VII; for penetration greater than 
9cem. ——I +I +I + VI. 


‘So008” 
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Wh [¢,eselate) 


Va aes 
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Fic. 1. Diagram of the apparatus 


In the selected solid angle, path length of par- 
ticles through the scintillaters varied by + 5%. 
Material over the apparatus was kept to a minimum 
(0.5 cm plywood and roofing iron ). The apparatus 


was placed in a thermostatically controlled en- 
closure where the temperature was held con- 


stant to +0.2°. The temperature controlled en- 
closure was found necessary in order to keep the 
photomultiplier gains constant. Voltages on the 
photomultipliers was held constant to +0.1 %. 
Photomultiplier gains were checked once in 24 
hours by the following method. Simultaneously 
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with the measurements described above, integral ters, the high voltage on the aoe a was 
ionization spectra of the cosmic ray hard com- adjusted. Over ee ee esate j ne , 
ponent were taken for all five scintillation coun- Cruupinent showe no sperp Huctuations OF prove 
ters. Using the integral spectra taken in the multiplier gain as long as the temperature and . 
course of twenty four hours, the maxima of the voltage were held constant within the stated limits. 
> . . . 
differential spectra were found by a method des- ; A block diagram Ms the Sees is shown 
cribed in reference 3. In the event of a shift in in Fig. 2. Pcs: rom aa mks ee 1-5 
the position of the maximum for any of the coun- were put through linear amplifiers with negative 


Fic. 2. Block diagram of the electronics: 1 —5— 
scintillationcounters, 6—FEU—19 photomultiplier, 
7— amplifier, 8—integral analyser, 9— 1] 4—coincidence 
circuits, 10—]3 anticoincidence circuits, 15 —circuit 
to select the smallest pulse, 16—20— groups of 25 


registers, 2] — 25 channel pulse height analyser, 
22—24— gating pulses, / — VI] —arrays of Geiger-Muller 


counters, 
feedback. Subsequently, pulses were fed into in- The selected smallest pulee was measured eae 
teeral registers, as well as a circuit which selec- 25 channel differential pulse height ae cS 
ted the smallest pulse. The latter consisted of a hich detuse of two type  Poiitelee rou 
coincidence circuit using crystal diodes. The switches.* Each channel of the pulse height 
linearity of this minimum pulse selection circuit eee | 
was checked with generator in the amplitude Te eediftescotialtanalyzet was Huub REV eKIer 


12 AOL. sov, to be published. 
interval 2 — : | 
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analyser was connected to five mechanical regis- 
ters. Gating pulses, corresponding to particular 
intervals of particle penetration were also fed to 
the registers. The output of the pulse height 
analyser was registered only if the gating pulse 
was present. Thus a single 25 channel analyser 
fed 125 mechanical registers, and made it possible 
to take 5 simultaneous ionization spectra corre- 
sponding to various intervals of particle penetra- 
tion. 

In the interpretation of heavy particle ionization 
spectra it was important to know that events re- 
corded in the region of high ionization were not 
the result of the passage of several particles. To 
eliminate multiple events from the results, we con- 
structed a special system. 

Sets 1 and II of 5 mm diameter Geiger-Muller 
tubes each consisted of two layers, the tube axes 
of one layer being perpendicular to those of the 
other. Thus sets | and II defined a coordinate 
system. A circuit with a neon lamp ( type MTX — 
90) was connected to each counter tube in sets | 
and II in such a way as to light when a charged 
particle passed through the counter tube. A simi- 
lar circuit was connected to each of the sets of 
counters III, IV, IVa, V, VI, Vla, and VII. Neon 
lamps were also connected to each channel of the 
pulse height analyser. All lamps were displayed 
on a single panel. 

During passage of a particle through the 
system (coincidence | + II + III), the corresponding 
neon lamps lit, and the panel was photographed 
by a motion picture camera. In this way it was 
possible to differentiate between the passage of a 
single particle and the passage of several and at 
the same time measure the amount of ionization 
caused by either type of event. A system to regis- 
ter the multiple events could work simultaneously 
with the equipment used to make the basic measure- 
ments. 


4, EXPERIMENTAL RESULTS 


Measurements were carried out during 1300 
hours of equipment operation. During 900 of these 
hours, i.e., about 70% of the total time, multiple 
events were registered in addition to the basic 
measure ments. During the 900 hours, in the soft 
component there was only one case of simultaneous 
passage of two particles through the equipment 
( and 5000 single events). The one multiple event 
was found in the penetration interval 2— 3 cm 
lead and showed twice minimum ionization. ‘The 
measurement of multiple passage events shows 
that this type of background was essentially 
absent in our ionization spectra of the soft com- 
ponent of cosmic rays. 
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The ionization spectra are shown in Figs. 3—6. 
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F'iG.4. Ionization spectrum for 
particles with penetration of 3—5 
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The abscissa is ionization in units of minimum io- 
nization, the ordinate is the relative intensity in a 
particular differential interval of ionization. In the 
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upper portions of Figs. 3 —6 the right portion of 
each spectrum is shown in a larger scale. We note 
that two groups are clearly seen on each drawing. 
As will be shown in Sec. 5, the right group is the 
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Fic. 6. Ionization spectrum for 
particles with penetration of 9—15 
cm Pb. 


ionization spectrum of the proton component of 
cosmic rays. The left group corresponds to mesons 
and electrons of the soft component. 

As has been described above, in our method of 
measuring ionization an electronic circuit auto- 
matically selects the smallest pulse from an array 
of five scintillation counters for measurement. 

This method of measurement can lead to serious 
errors if there are background pulses in a single 
counter which are small compared to the pulse 
magnitude at the maximum of the ionization spec- 
trum, which, according to Landau’s theory, 
decreases very rapidly in the direction of small 
energy losses. It is clear that the appearance of 
such small pulses which have nothing to do with the 
ionization spectrum can strongly distort the results 
of our method of measurement. To investigate this 
possibility we performed a separate experiment in 
which the ionization spectrum of the hard compo- 
nent was measured with a single scintillation coun- 
ter, and the position of the maximum was found in 
the vicinity of the proton maximun( see Fig. 3). 
The results, taken with good statistical accuracy, 
showed the absence of pulses to the left of the 
ionization curve of a single scintillator. 

Another control experiment evaluated the back- 
ground due to possible inefficiencies of the anti- 
coincidence schemes. Results showed that the 
anti-coincidence arrays of our apparatus were at 
least 99.9% efficient, i.e., the number of particles 
which are falsely registered as having been absorbed 
in a particular filter do not exceed 0.1 % of the 
number of particles passing through the filter. 

In the proton spectrum region this anti-coincidence 
inefficiency can give no visible background since a 
majority of the particles passing through a given 
filter of our apparatus are mesons whose background 
in the region Braigh ionization is already elimi- 
nated by the selection of the smallest pulse. An 
insignificant background (order 2—3% ) due to this 
inefficiency applies to the left portion of the 
spectra (Figs. 3—6). 


5. DISCUSSION OF THE RESULTS 


For interpretation of the results the abscissa of 
figures 3—6 were given in units of minimum ioni- 
zation A) Simultaneously with measurements 
of the soft component spectra, measurements were 
made of the hard component (particles with pene- 
tration greater than 9 cm of lead), and the position 
of the ionization maximum A , calculated by 
averaging the values of A, for mesons from a 
momentum spectrum of mesons at sea level. 

The magnitude of the most probable value of 
ionization A, was calculated from the equation: 
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Ay = &[In§ + 2 In (p/p) (8) 
+ In (2m/I?) — 8? + 0.37 —o] 


where 6 is a correction for density ( Eq. 8 without 


the quantity 5 has been given by Landau in Ref. 2). 
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We computed the density correction from data of 
Sternheimer. ’ As in that reference, the ionization 
potential I for styrene was taken as 60 ev. 

For the calculation of A, we used the known 
meson spectrum as given by Rossi,® taking into 
account more recent work. 9-29 The results of 
these workers, together with Rossi’s spectrum are 
plotted in Fig. 7. The results of references 14° 


i oe an Momentum, bev/c 
-8 
Fic. 7. Meson spectrum at sea level. -—Rossi~ , ——Owen and 
Wilson? , Neneh 9, V—Ref. 10, O—Ref. 12, V— Ref. 13, 


+—Ref. 16, O —— Ref. 17, x —— Ref. 18, @——Ref. 19. 


and 15 are not shown because they differed too 
much from all others; results of Glaser et al !} 
are not shown because their spectrum is very 
similar to Rossi’s. We see that notwithstanding 
the large number of papers which came out after 
Rossi’s review, no important modifications need 
be made. We feel, however, that some changes 
should be made in the regions of high and low 
momenta For momenta p > 10000 mev/ c we 
used the exponential law S (p) ~ Da ee anne 
found by Owen and Wilson te! 20, For momenta 
below 1000 mev/c we adopted the spectrum 
given by a dotted line on Fig. 7. For the region 
below 500 mev/c the curve is determined by taking 
S(R) = const, if S is measured in gm” sec~ 
sterad’! and R in gm /cm* of air. The existence 
of a plateau in this momentum region is shown in 
several papers.!2, 18, 19 

The result of averaging the values of A 4 on the 
meson spectrum , for the hard component, was 
Ay l OlyA, 3: Thus the position of the 

aximum in the hard fe 
maximum in the hard component spectra was cali 
brated in units of minimum ionization. The 


closeness of the magnitude of A, to that of 
minimum ionization is explained by our use of 
scintillation counters made of polystyrene, for 
which, as for some other organic scintillators, ~~ 
theory predicts almost no increase of ionization 
with increase of particle energy due to the density 
effect, as expressed in Eq. 8. 

In the calculation of A, for p-mesons of the 
soft component we must take into account that 
in the described method of measuring ionization 
loss, i.e., by selection of the least loss, the 
maximum of the ionization spectrum are shifted 
to smaller values of ionization compared to the 
maxima obtained with a single counter. This 
circumstance follows from the fact that with selec- 
tion of the least pulse the spectrum does not obey 
differential distribution of a single counter, but 
is the result of multiplying the differential curve 
by the ( n—1) power of the integral curve, as has 
been mentioned in Sec. 2. It follows that the new 
position of the maximum depends on the shape of 
the distribution for a single counter. If the single 
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counter obeys the Landau distribution, it is easy 
to derive an expression for the position of the 
ionization curve maximum A _ which would be 
obtained in a system of n counters: 


aes = Ay (1 + Ané / Ao), (9) 


dq} (mev/cf 
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sec stera 
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where A is the number for which the general 
function Y, (A), introduced in Sec. 2, has a 
maximum. F'or example, in our case of five coun- 
ters A, = -1.0. 

Ii follows from equation 9 that the shift of the 
maximum, i.e., the ratio ae iv Ay; varies slowly 
with the speed of the particle since the magnitude 


ao 13 
Momentum in bev/c 


FIG. 8. Proton spectrum of cosmic rays at sea level: @—Ref. 22, 
O— Ref. 24, A — Ref, 18, V— Ref. 25, VW — Ref. 26, A— Ref. 27, 


(J—— Ref. 28, ©—data of this paper. 


of €/A. depends only little on speed, as seen in 
Eq. 8. Numerical calculation shows that, within 
the limits of Landau’s theory, the maximum spread 
of values of A n/ Aq for n =5 is not greater than 
0.5%. Thus the apparatus described above can 
be considered to a sufficient degree of accuracy 
as a linear device with respect to the various 
groups of particles whose ionization losses obey 
the Landau distribution. 

Proceeding from this it is possible to calculate 
the value of A, for p-mesons in the penetration 
intervals we investigated without the use of Eq. 8. 
These values are shown in Figs. 3—6 and are 
labeled with the letter A on" The absence of a 


well defined p-meson maximum in Figs. 3—6 is not 
surprising, since according to the literature 

there are few p-mesons in the soft component of 
cosmic rays. The left ends of the spectra in 

these figures are chiefly caused by electrons. In 
particular these particles are in the penetration 
interval 2—3 cm of lead, in which the number of 
u-mesons is about 15% of the number of electrons. 


It can be seen in Fig. 3 that the maximum of the 
electrons spectrum coincides with the value of 
minimum ionization, as would be expected from 
calculation with Eq 8. 

In calculating the magnitude of A | for protons 
in the measured penetration intervals we can not 
use Eq. 8, which comes from Landau’s theory, 
since for protons of this penetration and for such 
counters as we used the basic condition for appli- 
cability of the theory is not fulfilled: 


(== (6) Eras) eal (10) 


(E is the maximum transferable energy). 
Therefore we made use of Symon’s results, as 
described in Rossi’s book”, where calculations 
are made for more general cases, up to G= 10. 
Using Symon’s results we also calculated the 
shift of the maximum A ,, /A Q for particles with 
various large values of G. It turned out that the 
value of Ay / A for such particles is quite 


n 
close to that of A), / A » for particles obeying a 
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Landau distribution. Variations in this quantity 
of more than0.5% begin only forG 21.5. Since 
the protons in the measured penetration interval 
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have G < 1.4, we may conclude that our equip- 


ment is linear for the position of the proton 
spectra maxima. 


Observed number | 


; of protons 
Penetration 


The number of protons 
in percent 


interval in 


Data of Data from which 
cm of lead 


preliminary |the spectra of 
Figs. 3-6 


in the penetration 


of all particles of all particles 


with penetration 


measure- interval greater than 9 cm lead. 
nrenES were obtained 
rea 47 95 4.34 +0.45 0.193 + 0.017 
Ss 70 109 7,33 + 0.68 0.247 +-0.019 
on 75 166 8.62 + 0.70 0.350 4- 0.023 
9 — 15 — 130 7,90 + 1.26 0.295 + 0.041 


Results of the calculation of A, according 
to Symon are indicated in Figs. 3—6 by the letter 
A op - We see that the positions of the right 
spectrum maxima are quite close to the calculated 
value Ay,,, although still different. In particular 
the experimentally observed position of the maxi- 
ma is smaller than the theoretical value by 4—5%. 
We have not been able to formulate a sufficiently 
convincing hypothesis to explain this discrepancy. 

From the above discussion it follows that the 
right portion of the curves in Figs. 3—6 are the 
ionization spectra of the proton component of 
cosmic radiation. It is then possible to draw 
conclusions about the number of protons in cosmic 
rays at sea level in the measured penetration 
intervals. The results are given in a table, and 
presented as a momentum spectrum of protons 
(Figure 8) where the results of previous work are 
also given’ ®» 22-28 J, drawing our points on 
Fig. 8 and in calculating the statistical errors 
we took into account the data of preliminary ex- 
periments which are not included in the spectra of 
Figs. 3—6, although indicated in the table. With 
regard to the number of protons the results of the 
preliminary experiments are as accurate as the 
results which were used to construct the spectra 
of Figs. 3-6. The absolute intensity of the 
vertical proton flux was evaluated relative to the 
mesons of more than 9 cm lead penetration, whose 
flux was taken as 0.81 x 1072 em-2 sec-! sterad”}, 
in accordance with the spectrum of figure 7 and 
the exponential law et * for p > 10000 mev/c. 

In conclusion we express deep appreciation to 
V. P. Rumiantsev for aid in the work, and to Ju. 
F. Orlov for fruitful discussions of the results. 
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An infinite system of coupled equations is constructed, of which each describes a 
process involving the emission and absorption of a certain number of particles. This 
system is shown to be equivalent to the Tomonaga-Schwinger equation. The solution, 
which is derived by a process of successive substitutions, leadsto results for the 
S-matrix which generalize the.results ofthe theory ofradiation damping. 


ie has often been pointed out that the solution 
ofthe problems ofthe quantum theory of fields 
by means of perturbation theory leads to difficulties 
in a number of cases. In order to eliminate these 
difficulties, and to study the limits of applicability 
of the results obtained by means of perturbation 
theory, one hasto develop a more consistent 
method of solving the equations of field theory. 
The present paper represents an attempt to develop 
amethod of solution which guarantees thatthe 
normalization remains correct, andfrom which one 
obtains as an approximation the results of damping 
theory, and, as a zero-order approximation, per- 
turbation theory. 

We start fromthe usual equation for the scattering 
matrix: 


ihcdU [>] / 8s (x) = # (x) U [3], (1) 


where (x) as usual, is the operator of the inter- 
action Hamiltonian, which, if we limit the discus- 
sion to the case ofthe electron-positron andthe 
electromagnetic fields (we consider these fields 
for definiteness, althoughtheresult can be general- 
ized directly) takes the form 


7 oy = 1,4), (2) 


= — 19 (x) 7,9) — 9 (x) 9 (2) 7, 4, @). 


The operators wW, W, Ay saisfy the equations 
of free fields and therefore, if we write 


d(x) = u(x) $0(x); (x) = u(x) + 0(x)519) 


A, (4) = AM (x) + AV? ), 


we may interpret A‘), wand vas free-particle 
creation operators ( creating photons, electrons 
and positrons, respectively) and A () oy and > 
as absorption operators forthe same free particles. 
This basic equation is quite general, i.e., it 
describes any arbitrary process involving the 
creation and annihilation of particles in arbitrary 
states due totheir mutual interaction. Moreover, 
as has already been pointed out, } Eq. (1) does 
not describe each ofthese processes separately, 
but containsthem all simultaneously. In the proc- 
ess of solving the equation by perturbation theory, 
this connection between different processes is lost 
sight of in practice, and each is considered in 
isolation. We shall try to put forward a method of 
solution which is free from this disadavantage, 
and which uses this connection between different 
processes as a starting-point. 
The physical picture behind this change isthe 
following: As a result of the interactions between 
the particles the probability of the initial state 
decreases in the course of:time, while simulta- 
neously the probabilities of the mutually com- 
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peting transitions into new states are building up; 
the transitions themselves look like the absorption 
of free particles with certain energies and momenta, 
and the creation of particles with others. 

Our task is to construct a solution which corre- 
sponds to this physical picture. One of the simplest 
vays to this end is to put bs 

[it 4 U*, 

2=0 

where (&) stands as a symbol tor the set d 
suffixes (i,j; 2,m; p,a). The operator U (e) 
which we have introduced represents the transi- 
tion matrix for atransition in which i photons, 
n electrons and p positrons present in the 
initial state are absorbed, and j photons, m elec- 
trons, and o positrons emitted (the emitted particles 
belong to thefinal state). In this way we clearly 
take into account the fact that the general scattering 
matrix consists of a sum of the operators of all 
particular types of transition. 

However, the mere “‘splitting’’ of the transition 
matrix U into a sum of partial transition matrices 
U ‘) is not enough. One has to find a set of 
equations which connect all the U (€) “and solve 
these with some or other degree of accuracy. We 
Have previously given such equations! for a 
simplified problem. The method used here of 
“splitting” the equations can be extended to the 
general case. The essence ofthe method isto 
replace the basic equation (10), which, with the 
use of (4), may be written in the form 


SU ‘ 
2 AO ee (5) 


(4) 


by a system of equations which (a) when added 
together replace (5), (b) when taken separately, 
would each describe a process withthe emission 
and absorption of a given number of particles, as 
distinct from (5) which contains the whole set of 
possible processes. The fact that an equation 
describes a process with a fixed number of emitted 
and absorbed particles means that each term in the 
equation must describe the emission and absorp- 
tion of the same number of particles. 

In “‘splitting’’ Eq. (5) one must note that U ‘¢) 
contains i photon absorption operators Ase , 
and j photon creation operators A Similarly, 
it contains n operators wu, m operators 7 , 
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p operators v and og operators v. The system of 
4 wee 99 

equations obtained after this “‘splitting ’ may 

be written schematically in the form 


iheds3U /do = DY He)U®, (6) 


where HS) is an interaction operator which 


‘represents one of the sixteen terms in W(x), and 


where the labels in &’ may differ from the corre- 
sponding labels in €on the left-hand side at 
most be one each ( some of the numbers n, n 
m,m’; p,p’3 9, 0’may also be the same). One 
may show without difficulty that the system of 
equations (6) is consistent, but we shall not give 
the proof here. 

We shall not write out the right-hand side of 
Eq (6) explicitly, because of its unwieldy form 
(it contains 128 terms) but we shall only discuss 
the method of construction of these terms, and 
consider a number of typical examples. 

The values whichthe labels &’may take in a 
term on the right-hand side of (6) depend on which 
of the operators A Gs A‘-}), U, u,v,v occur in 
that term. For terms containing AS). i’=i-]; 
eae ori’=i, j°=j +1. In the terms with 
A), i ’=i, j= jo, ori’=i +1; j=]. In quite a 
similar way one can express the labels n’, m’ 
and p’o” in terms of n, m, p and o according to 
which operators ofthe electron-positron field occur 
inthe term under discussion. The only difference 
is that each term contains two electron-positron 
field operators, which may be grouped in pairs: 
uandu,vandv, wu and v, andw and 7D, whereas - 
the electromagnetic field operator occurs only 
once. This difference reflects the inportant fact 
that photons are absorbed and emitted singly, 
whereas the creation and annihilation of the par- 
ticles ofthe electron-positron field can occur 
only in pairs ( electron and positron). This causes 
no essential complication in the determination of 
the labels n”, m’, p’ and o%, but in writing them 
down one has to remember the effect of the various 
spinor operators. 

Consider a few terms as examples: 


1 arepseu hip reer 
+7 —1, Jf; N—1, m—1; pe, 
uy, A, uU m fo) ga 


This term describes the absorption of a photon, 

and the absorption of an electron in one state, and 
its emission in another; the total number of 

spinor particles therefore remains the same, and the 
process looks likethe transition of an electron 


from one state to another with the absorption of 
a photon. 


2) - Saag, 
Davee wagHen iTS SOs trae e 9) 
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This term corresponds tothe emission of a photon 
in the transition of an electron from one state to 
another. However, in distinction from the case 
considered above, the last transition is connected 
withthe absorption ( and emission) of an electron 
which was previously emitted (absorbed), and 
not withthe absorption or emission of “‘new’”’ 
electrons. 

3) wy, AU (i, j+13 ny M—i ee ee 


This term correspondsto the absorption of a 
previously emitted photon and the simultaneous 
creation of an electron-positron pair. 


4) 07 AP uy (th Fim mts eet) 


This term corresponds to the emission of a photon 
which was previously absorbed, and the absorption 
of a previously emitted electron-positron pair. 


5) vy, Ao j—15 9, m; O— leo) 

This term corresponds tothetransition of a positron 
from one stateto another with the emission of a 
photon. 

These examples will suffice to showthat all kinds 
of possible processes find their expression in the 
equations (6). 

The unwieldy form ofthe equations (6) is no 
unsurmountable obstacle for their analysis. Ina 
number of cases a kind of ‘‘operator dimension 
rule’’ proves convenient: all terms in the equation 
must contain Aft), AC), u, U, v, v to similar de- 
erees; it should, however, be remembered that 
certain bilinear combinations of creation and anni- 
hilation operators of certain fields have “‘zero” 
dimension ( if the operators relate to the same 
particles) in other words they are c-numbers. 

It is easy to see that the sum of all the equations 
(6) gives the original Eq (5) , as it should do. 
Indeed, the sum of the left-hand sides of (6) 
gives 

tn NS 

the ~ = (7) 

: 5 Ue ae sae OU) 
= ihe =- (> oe = ihe = . 


The sum of the right-hand sides is 


DDG Ue = BHU = HU. oy 
It is easy to see that the sum of (6) contains al 
the terms which occur on the right-hand side of 
(5) and that each term occurs only once. 

One can also show that the original equation 
(10) and the requirements (a) and (b) determine the 
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system (6) uniquely. Indeed, if we add to the 
various equations (6) further terms whose sum 
vanishes, then requirement (a) would remain satis- 
fied, but (b) would be violated. And, similarly, 
any addition to (6) which would satisfy (b), would 
violate (a). Hence the transition from (1) to (6) 
subject to the conditions (a) and (b) is unambi- 
guous. - 

We now turn to the problem of solving (6), i.e.,, 
of finding U ‘S). Consider first time-dependent 
problems (stationary states will be discussed 
later) i.e. we require a solution which satisfies the 
initial condition , 


UM [agp =, U tool, (9) 


if (E) (i.e. at least one of the labels i, j; n, m; 
p, 0) differs from zero. 

We look for the solution by the method of 
substitution, which consists in inserting, on the 
right-hand side of (6) for the operator U ‘ ) its 
value 


C2) ae Sey OSD Va (Ove 
Ere a (ws) 2 nu” . (10) 


The operator (5/5c),”1 which is the inverse of a 
unctional derivative, may in all the cases which 


we shall meet here, be interpreted as an integral 
over the four-dimensional region bounded by the 
hypersurfaces 0, and o. 

As a result of substituting (10) on the right- 
hand side of (6) there occurs a U‘S “”) with new 
labels (€’). This we can in turn express in terms 
of U'S), etc. As a result of such successive 
substitutions one obtains an equation of the type 


(1) 


S\* Bit jpeg) ] 7710) 
(x) Fes ig) Ju 


(anne SV Cee ae 
[HB (gs) ---(g) Hein? |UP+ @. 
Here we have divided the terms on the right-hand 
side into three groups. The first consists of the 
terms which contain U Each of these contains 
i, n, p annihilation and j, m, o creation operators 
for photons, electrons and positrons, respectively. 
In addition, these terms may contain q operators 
A\*) and q operators A‘), whi ch form a combina- 
tion (AS A“) of “‘operator dimension zero’. * 
* And a corresponding number of combinations of 


‘operator (As nsion zero’’ of electron-photon field 
operators (uu), (vv) since to every electromagnetic 
field operator belong two operators of the electron- 


positron field. 
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The second group of terms in (11) contains 
U ‘S) , where (€) is that label which occurs on the 
left-hand side of the equation. The structure of 
the terms of this second group differs from that of 
the first group in that the numbers of photon 
emission and absorption operators contained in 
them are equal ( and equal to /). 

Finally, a third group of terms, which we have 
denoted by Q, contain those operators U ‘¢ ) 
whose labels (&) are neither zero, nor equal to that 
which stands on the left-hand side of (11). By 
carrying the process of substitution far enough, 
we may make the order ofthe terms Q as high as we 
like, so that, at any rate in electrodynamics where 
the coupling constant is small, Q may be neg- 
lected. 

In solving concrete problems, we shall restrict 
the discussion to terms of a certain order, and 


neglect Q. To neglect Q is similar to the device of 
cutting off the chain of linked equations in the Tamm 


Dancoff method. 2 Omitting Os we are left with the 
following equation to be solved: 


sU™ [3] / 83 (x) (12) 
= Ky” U® [9] + KP U® {3}, 
where 
(8) Speedin (i+ J+-9) 
go, () (Bot (13) 
4q=0 
Wa ee 8 \—! py Gi+i4+2q—-1)) . 
[Hee (=) aah: (5) Hei teq) ) 


(g) (8 \4 8 AD G5) | 
1H) (se) ++ GGe) Mey 
In line with what was said above, the operators 


Bite i+) © | Xdenote the sum of all possible 
permutations of A‘*) and A‘) in operators of the 


type 
@) (8\~ Sve ty Gina) 
H®)(s) . (55) H eyae 


containing ¢ + q operators A‘) and j tq 
operators A‘*), in such a way that q pairs of 
such operators refer to the same photon states 
(and form bilinear combinations which are c-num- 
bers). 

Equation (12) by itself is not sufficient. For a 
complete formulation of the problem, we must 
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also write down an equation for UM) Liaeles 
This equation could be derived by the method of 
successive substitutions from the system (6); 
however, we shall not derive it in that manner, but 
obtain it directly from (12) by putting there 


(€) =(0): 


SU fo] 


So (x) (14) 


=S (xa 
(2) He” U) [3] 
= KOU s]. 


The final form of the equations to be investi- 
gated is 


ors (iba) 


fl) \ Ke UIs] des + \KPo® [31 do; 


Go So 


Uf s1+) KUM Ie]do, Bb) 


So 


In forming the Eqs. (15) we have made use ofthe 
initial condition (9). 

Our next task consists in considering the 
Eq. (15). 

It goes without saying that the method of suc- 
cessive substitutions, with the omission of the 
Q terms, which we used in obtaining (15) is not 
the only way of solving the fundamental set (6). 
Even considering only approximate solutions one 
could have given other ways of approach, which 
might be more convenient, for example, in the case 
of strong coupling. However, we shall confine 
our attention to the discussion of the Eqs. (15) 
in view of their relative simplicity. Indeed, as 
has already been stated, our initial set (6) is 
most unwieldy. Although we have obtained our 
Eqs. (15) from (6), they can in practice also be 
written down directly without reference to (6). 


For this purpose we must only observe the rule 
of “operator dimensions”’, according to which all 
the terms in each equation must describe the 
emission and absorption of the same number of 
particles (not only of photons, but of each other 
kind). One must then also allow forthe fact 

that bilinear expressions of absorption and 
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emission operators relating to the same particle 
have ‘‘operator dimension” zero. 

From this ‘‘operator dimension” rule it is at 
once evident, in particular, that U ‘*) may differ 
from the based peynonee quantity obtained from 
perturbation theory, ee? a uke ) only by a 
c-number factor (i.e., a factor of “operator 
dimension ”’ zero). Using this fact, and noting 
also that 

e 
Up” = \ Ki" de, 
a (16) 


we shall look for a solution of (15) in the form 


U"[s] = \ Ke Cs cies, (17) 


So 


where eis a certain unknown c-number 
quantity which remains to be determined, and 


U(°) [a] is found from Eq. (15b). It is 


easy to see that the insertion in (12) of the value 


‘of U'°) [ @ } obtained from (15b) by iteration is 


equivalent to an increase of g in the expression 
for K Fs 

We may therefore write down the following 
equation for the determination ofthe quantity ¢€ 


ley 
7(&) _( E Z(E)\ (8) ce 
KP = KP + KP | KP doo, (18) 


Go 


(2), 


We shall be interested only in the asymptotic 
solution foro ~®©, o, —~*— ©, and this makes 
it possible to write the equation for «€ (€) in the 
form 


| ete Ke (8) \ K® 5 (2) de | K® K®, (19) 
where Ky (A) is the conjugate of Kf ue 


We have written (19) in a form which makes it 


obvious that & (S iis a c-number, Indeed all 
coefficients in (19) are operators in diagonal 


form, and this proves our statement that &' ¢) 
1s a c-number. 

We see from the relation (17) that the result of 
perturbation teary corresponds to the zero-order 
approximation &‘S) = 1 in the solution of (19). 

If we represent E(S) in the form 


(2) (2 (5) 
Kt Ks ) j Kt dw 90) 
4 (€) ares : 
ee —— R= ROKE ; 
(A—R & ) 07 20 


we find the following expression for the S matrix: 


oc 


s®) Fea (21) 


| = RA) 


If we restrict the discussion to one-electron 
problems, and neglect in the expression for 


K (©) all terms with g > 0, then the val 
(21) for S (f reine ae that chia eanlion 


from the generalized damping theory. Thus our 
solution reduces, in appropriate limits, to damping 
theory and to perturbation theory. 

We do not need to investigate specially whether 
the normalization is correct, since this is already 
proved within the framework of damping theory. 
Thus the solution which we have constructed satis- 
fies the requirements set out in the beginning of 
this paper. * 

We see from (20) that the perturbation ory 
gives a satisfactory approximation when R (6-9, 
which is usually the case at low energies. Butif 
R 8) is a preciable, then the result may differ 
arloicials from that of perturbation theory. It 
has been shown in a number of examples that 
&(S) may play the part of a cut-off factor, which 
will reduce the general magnitude of the cross 
sections at high energies. However, the appearance 
of the general solution does not in general ex- 
clude other possibilities. The detailed discussion 
has to be carried out separately for each case. 

We still have to refer to the elimination of 
divergences. Sincethe whole theory has been 
formulated in a manifestly covariant way, we may 
use the same methods for eliminating the diver- 
gences as in the usual theory. The results ob- 
tained after removing the infinities, may, however, 
differ from the results of perturbation theory. We 
shall not examine the questions of self-energy and 
charge, since they do not lie within the scope of 
this paper. 

The method explained above is applicable not 
only to the case of the electron-positron and the 
electromagnetic fields, but also to any arbitrary 
combination of fields. As we increase the number 
of interactions which are considered, we must add 
to ( €) more labels; the total number of pairs of 
labels in (€) equals the number of types of 
elementary particles. 

However, our method is general notonlyinits applicabil- 
ityto any typesof field. This method ale used also to 
study various kinds of generali zed theory ( those contain- 
ing et nee of higherorder, nonlinearinteractions, some 
kind of nonlocal generalizations, etc.). We note incident- 
ally that intheorieswith nonlinear interactions( /7 ~ »1)3 
the damping must playa much more significant part than 


* Actually our solution corresponds to a partial 
summation of a series of successive approximations 
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with the usual linear interactions. 

The method may also be generalized to stationary 
problems for which one cannot determine initial 
conditions. In that case the problem reduces to a 
set of homogeneous integral equations which ma 
be obtained from (12) by omitting the terms in U 
In solving stationary problems one may use the 
method of residues. Problems involving several 
particles lead to equations of the Bethe-Salpeter 


type. 


SO WTAE ICME Sy, dhl 
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In the region of low energies the method pro- 
posed above leads, as arule, to the same results 
as perturbation theory (in corresponding approxi- 
mations). At high energies, however, the correc- 
tions may be appreciable, in particular as regards 
the relative importance of various processes. 

It is a valuable duty to thank I. M. Lomsadze 
for valuable discussions. 
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A general investigation of the nonlinear wave motions of an electron plasma has been 
carried out for arbitrary electron velocities. Temperature effects are not taken into account, 
and the state of the plasma is characterized not by a distribution function, but by the particle 
density. A correspondence is established between the wave motion of the plasma and the 
motion of a nonrelativistic particle in a certain potential field. The variation of the fre- 
quency of longitudinal vibrations on the velocity amplitude has been determined. Nonlinear 
transverse vibrations of the plasma, and vibrations close to these, are also considered, and 
their frequencies determined. A number oi relations are established for the complicated 


longitudinal transverse plasma oscillations. 


1, FUNDAMENTAL EQUATIONS 
ie the study of the oscillatory behavior of an 


electron plasma, i.e., of an electron gas neutral- 
ized by ions, or a neutralized electron bean, it is 
usually assumed that the electron velocities and 
the density fluctuations are small, so that one may 
use a linearized system of equations. This scheme 
makes it possible to determine the frequencies of 
oscillation and to discuss, by means of gas-kinetic 
considerations, the part, played by temperature ef- 


fects!,2, which turn out in general to be unimportant. 


Nonlinear plasma oscillations were considered in 
: 3 : 

a previous paper |, in which temperature effects 
were neglected, and the electron velocity was as- 


sumed to be finite, but essentially nonrelativistic. 


Under these assumptions it is found that the oscil- 
lation frequency is independent of the velocity 
amplitude, and obeys the classical formula of Lang- 
muir. 

The purpose of the present paper is to investigate 
the oscillatory motion of the plasma quite gener- 
ally, for arbitrary velocities. But, asin Ref. 3, we 
shall neglect temperature effects, i.e, we shall 
assunie the plasma temperature to be zero. This 
approximation is very natural when we are investi- 


- gating nonlinear oscillations even in a ‘‘ high- 


temperature’’ plasma, and even more so in the study 
of plasma oscillations in electron beams, where the 
temperature is practically zero. Under these condi- 
tions it is not necessary to introduce a distribution 
function to specify the state of the plasma, but one 
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may use the electron density, which depends on the 
coordinates and time. Some of the conclusions de- 
rived below apply also to the case of a plasma in 
an external magnetic field. 

Assuming the plasma infinitely extended, we 
shall start from the following fundamental equations 
for the quantities E, H, the density n and the elec- 
tron velocity v: 


errr ont (1) 
curl E = ae: 
LOR; At ‘ 
curl H = —— > =: ne v; divH = 0; 


div E = 4ce (n — No); 


0 e 
a t(VV)p=eE + ~ [wat] 


Here ng is the equilibrium density of electrons, 
equal also to the density of the ions, which are 
assumed infinitely heavy and immobile; p is the 
electron momentum, equal to mv[ 1 —( vi/c *) eae 

Our problem consists of the general investigation 
of the wave motions of the plasma, i.e., of such 
electron motions for which all the variables entering 
into Eq. (1) are functions not of r and ¢ separately, 
but only of the combination i*r — Vt, where i is a 
constant unit vector, and V aconstant. The mean- 
ing of this type of solution is that it represents 
plane waves travelling in the direction i with 
speed V. 

If we denote derivatives with respect to this 
argument by a prime, we can rewrite Eqs. (1) in the 
form 


fod i= 8 A’, SQ) 
; An 
[ix] = — BE’ + Ten, (3) 
itt. —.0; (4) 
iE’ = 4re(n — Ny), (5) 
(iv —V)p’ =e E+ < [vx], (6) 


where B = V/c. By integrating (2) we obtain 
H = § [ine ]+ Hy, (7) 


where H, is the intensity of the external magnetic 
field acting on the plasma. If there is no such 
field, and the plasma performs self-oscillations, 
then H= Bl ixE. In that case 
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r'H = 0, EH —< 0. (8) 
In other words, the magnetic field is in that case 
transverse and perpendicular to the electric field. 


From (3) and (5) we see that 
n=nV /(V —w). (9) 


Since n > 0 it follows that i: v < V, i.e., the com- 
ponent of the electron velocity in the direction of 
propagation of the wave must always be less than 
the phase velocity. 
We multiply (6) on the left vectorially by i and 
use (7). ‘This gives 
Chee, VH, — v (iH,) 
geen ra ts aia ga oY 
Next we multiply (3) on the left vectorially by i and 
find 


H’ = (4x /c) en (8? — 1)* [ix] (11) 
From (10) and (11) it follows that 
4xe? = VH, — iH r 
Lixp ] Tee aT [iv] = < (Se) . (12) 


Taking the scalar product of (6) with i and using 
(5) we find 


(iv —V)ip' + Hv tiey — 8 FES) as) 


div E = 4nxe (n - 


The Eqs. (12) and (13) determine the transverse 
and longitudinal velocity components in the general 
case when H, does not vanish. 

Taking the vector i in the z direction, and intro- 
ducing the dimensionless momentum p = P/mc and 
the dimensionless velocity u = v/c, we bring (12) 
and (13) to the form 


d?o . g2 ) d BQ, —uyQ, wh 


ae + pi pa," + Pa pou, 0; 

oS + oF rs yy y ee ==,0; 
Fe (te BZ + oe 

buy et gaa sy — iyf)| =a = ui, ’(14) 
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where T=t —(i'r/V), w* = Amen, /m, Q = eH,/me: 


In the absence of the external field H, the 
equations of motion (14) take the form 


do, engi 8 

ae + Gg —a, Me =O 

ge ey: 8 

iat + a 62 fb & v0 a 


ie eget ta hay Gel = oe 
. 
oot ery eer 
ee eo heh 
=, (60, —Vi+e) rig telaiies ey 


“BVT ee, 


The first two equations (15) for the transverse 
components evidently admit finite solutions only 
ifB>1,i.e.,V >c. As regards the third equation 
(15) for the longitudinal velocity component u,, 
it has finite solutions for arbitrary f, if u =u=0. 
Such purely longitudinal motions for B < 1 are, 
however, unstable because of the coupling between 
longitudinal and transverse motion. 

If we introduce, in place of the momentum com- 
ponents, the new variables 


we obtain (15”) in the form 
qe : B2 Be 


Fe p*— 1 Ve2—1 + E24 72 1 72 = 0; (16) 
dy 2 b? By ea \ 
ae CF—1 Goi pepeee 

at g? is 
ae TOR IVT Se pp To 


B? 


-F ©) gz — 7 i a QO, 
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These equations can be derived from the La- 
grangian 


c= SG) +B) 


(17) 


Hence, the general problem of the wave motion 
of the plasma in the absence of an external magnetic 
field is equivalent to that of the nonrelativistic 
motion of a particle of unit mass in a field with 
potential energy 


(17s) 


From the form of the Lagrangian follows immedi- 
ately the laws of conservation of energy and 
momentum: 


(2 +(27 +8) 


z oy SEPA | MEO) baba ee 
+o se BYP HIPE Te e+ =é; 
\ 


édy [d= — ydz/di = M. 


If we go back fromthe variables €, 7, ¢ to the 
fields E and H, and the velocity v, these laws take 
the following form: 


Cpe He 2 mc? 
BR te) ely Re cree care (18) 
— Li fpa)= const; 
pxH = const. 


We note that these relations are simple conse- 
quences of our fundamental equations. Indeed, 
taking the scalar product of (3) with H’, one sees 
easily that v'H’= 0, ice., p'H’=0. From the 
scalar product of H with (6) we see also that p- H 
=0. Adding these two results gives us the second 


part of (18). The first part can be derived in a 
similar manner. 


2. PLASMA OSCILLATIONS OF SMALL AMPLITUDE 


Turning now to a detailed investigation of the 
general equations of motion of the plasma, we 
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shall first consider the well-known case of os- 
cillations of small amplitude. We introduce in 
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first approximation uncoupled longitudinal and 


: transverse waves, with the frequencies W > and @: 
place of u a new variable w=v/V, and assume 
that w <1. Then (15) takes the form w?? = W,cos 17; (20) 
d*w W,. 
: 2 A ETE 19 
dt 4 cat 1—w, 0; (19) wy = Wysinw); w = W,cos (Wot + a). 
d*w w : 
see ee ay = = 0; Note that the transverse frequency @, corresponds 
et z to a dielectric constant of the plasma: 
dw dw. dw 
sees z x ey: — meri) a 2 
ae | (Wz — 1) GE + oe Ge + ty | (0/0) 
o Indeed, if we define the phase velocity as c/\e, 
=o ; = : and insert the above value of ¢, we obtain V. 


where er = on 6" /{ Bp" -—1). 


The Eqs. (19) can be solved by successive ap- . 


In the next approxiniation the longitudinal and 
transverse oscillations are already coupled. To 
find the velocity components in this apron ae 

(0 


let w= w°) + w'?) in (19), where w) is given by 


proximations. If we neglect w, compared to unity, (20). dtetainitig ee ci of order w‘°)? and neglect- 
and also the terms quadratic in w, we find in ing ww" and w 2 we obtain 
; ee 3 cos [(@, + w,)t+ a] 
Oo = woo toe = W,cos.e,1.——V,Ve2 —___>____ — 
ae 2 is 2 2 
on var (9 et |) 
_twywwy , cos [(@, —@,)T+a] _ 
dn ee: 2 ene? 
oi (@) — ©, ) 
(0) (1) re ick ee , sin[(o, +o,)t-+ 4] ‘ 
wWy=wy +wy’ = Wysine *— > WyW,0.2 ———_————_ —  (20’) 
Bf y yy y ale D ay ot —(@, +@,) 
4 sin [(@)— @,)tT— 4] 
aS WyW 20, a 
op (@) — © |) 


if Be 2 
w, = wow + w? = W, cos (wt + x) — = Wet 393-04 (Wi — W})cos 20 7 + 


We now have obtained anharmonic oscillations, 
in which the transverse anharmonicity contains the 
combination frequencies @, + ®) and @,—@); 


whereas the longitudian] anharmonicity contains 
the double frequencies 2w, and 20, . Note that 


-- = W2 cos 2 (at + a). 


= eS oe SS Se eee 


the average of w does not vanish; however, the 
average of the current density nw vanishes. 

If the field Hy does not vanish, oscillations of 
small amplitude obey [ according to (14)] the 
equations 


Sal) Gs O 


du, [| de® + Qydu, | dt — O-duy | dz + 6? (6? 
d?uy [de® + Q, du, /dt — Qydu;, / dt + 2 (8? — 1) Og Ll y = 0; 


du, [de® + Qydtty / dt — O,du, / dt = Walt —(), 
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Setting u, = Ue i@t etc, , we find the well-known 


4 2/9 (2a? sin? 3 
See Sy, We emia 


2 
Bre 


where Jis the angle between the field and the direc- 
tion of propagation. 

Since 82 must be real, we can determine from 
this the range of frequencies which may be propa- 
gated inthe plasma. We see from (21) that in the 
presence of an external magnetic field the quantity 
B may be greater, as well as less than, unity. 


3. LONGITUDINAL OSCILLATIONS 


Next we consider longitudinal plasma oscilla- 
tions, without assuming the amplitude to be small. 
Assuming in (16) that u, = Nie 0, we find 


(d/ dz) {(u — 8) do /dt} = wf Bu /(B — x), 


where u =u, and p =p, are the dimensionless 
velocity and momentum of the electron. By ex- 
pressing the momentum in terms of the velocity we 
can bring this equation into the form 


Pu 
B—u" 


d2 1—B6u 
av" V5 —u? 


ese 
© 


If we now multiply by (d/d7)[(1- Bu) /(y 1-u2)] © 


and integrate, we find 


1f/d 1—Bu\? a 
olen ea wea 


where C is a constant of integration. Putting 
= . . 
C=(1 -u") 4, we see that u must lie in the 
interval -u_ <u<u_. By a further integration 
Tm — = m 
we find 


° Pea 5 SH Nas —/, (8 — u) du (22) 
Jd =u — wy] Tai 


=YV 2 Boyt. 


0 


This formula solves our problem in principle, since 
it expresses u as a function of T=t -(z/V). 


By introducing inplace of u a new independent 
variable A, 


u=tanhA,u_=tanhdA., 
m 0 


2 (oF — @?) 
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expression for the refractive index 


ee sim’? 4 Qu? cos? ayel, ea) 
4(o§ — a)? eet 
one can put (22) in the form 

(225) 


(! cosh A — sinh A Ayes V2 Bayt. 
3 cosh Ay — coshA. 

Evidently u is a periodic function of T. Its 
period, which we shall denote by 7 is determined 
by the equation 

+Um 


9 \ fd < 02 Pee (heee u2)—-*\n 8 


Tee 


(8 — u) du 
(m= u2)'ls 


= V2 oer: 


Or, in terms of the frequency w = 27/T: 


(23) 


W = Wo 


Vee FE Pi) 


im 


- VG)" 


m 


We thus see that the period of longitudinal oscilla- 
tions depends on the velocity amplitude u_. 

Simple expressions can be obtained in the two 
limiting cases of small and large velocity ampli- 
tude. In the first case, u. «1, the frequency is 

m 
@=o(l—sen), um<1. (24) 
In the second ease, 1 =< 1, the frequency be- 
comes 


®= 27"! cer, (1 — uz)", [—~u, <1. 25) 


As u~ > 0, the frequency tends to zero. This is 
connected with the fact that forw - 1 the electron 
mass tends to infinity. ‘ 

In the general case of intermediate values of u 
the integral in (22) and the period can be expressed 
in terms of elliptic functions. Indeed, with the 
substitution 

_ 2k sn (x; R) 
~ 4+ k* sn? (x; R) ’ 


pe pee eledeirs ie k 


14+Vi-w, ae 
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we find 

eeCH(X2 2) 

BR’ dn(x; 2) = 

{ 9, (x / 2K; q) 
sae) Ae af ae eS yes eee 
RX+ ER [28 53 («7 2K; mT oe 

where 
93 (25 9) ~ (—1)%q" sin 2nnz —mh'|K 
PRS Se a 7 Se SS See See = IK. 
93 (Zz; 9) as a 4; — gg css ; 


—, dx . 
Piss as (1 — Rx®)’ 


ae dx ; 
ay \ V (1—x?) (1—k?2x?) ” 


1 
] / 1—k*x? 
0 
Setting in (26) u=u_,7=1/4T, and noting that 
x -K whenu = ui,» We find the following expression 
for the oscillation frequency 


@ = 0(n/2)R /(2E —k?K). (27) 


From u we can easily obtain the particle density, 
and the electric field, which is in the direction of 
propagation. From (6) and (9), we find 


(28) 


ic) = ne eee ut). 


BS, a |? eee: ls 
= +V2 myc — sat astese| . 


The maximum value of the field is, for small 
amplitude, proportional tou,; for l-u_ <1, it is 


given by 
= V2 mage (1 — u*,)', (28’) 
Ifl-u <1, 
“=| Um for O0<b<2Y2 (1 —1/268); 
Se fora Oi (la 1/28) 9 <0, 


Vy 
where 0 =, T(1 -u*) 4. Using these expressions 
we may consider almost longitudinal oscillations 
in the case 1-u_.<1. They are described ac- 


cording to (14) by the equation 
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d*p, /d6° + f (8) px = 0 
with a given function f(@). This function f( 6) 


may be approximately expressed in the form 


j (6) = fo(6) +418 @—4V 20) 


+ (6 22 (13g) —4V2n)}. 


Here f,(@) is a periodic function, defined by the 
relations 


2 
i) =a oo 


for 0<6<2V2(I-+); 


e—i p+i 
or —2V2 (1+ yy) <9<0; 
V262 2V2 2624 
i= ee ae 
== (210 (14 —u2, fe ay) 


a olotion of this equation is of the form ps 
k? o( @) where 9(@) is a periodic function and 
ae is defined by 


cos4V2 k 


2 
ko + ky — h? 


= cos kya, cos k,a, — sin k,a sin k,a 


ae sink k A si 
rs 12, COS k,a, — —— sin k,a, cos k,a,; 


Rs 
ae 
B B 
ays ue en ere. <a 
Tet eer) a eect ser 


4, TRANSVERSE OSCILLATIONS 


For purely transverse oscillations u, = 0, and 
the third Eq. (15%) gives p” = const. This follows 
also with H) present, provided H, is parallel to 
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the direction of propagation. 
Putting p_ = 0 in the first two Eqs. (15%) we 
Zz 
obtain 
0x =pCOSOt; Py =P Sinar, 


where 
o = of (B—1) e(L+e)~". (29) 


Therefore, the wave velocity 8 may be expressed 
1 
in the form 8 = «-”, where 


’2 
ean oo 
o? ? 


a free igs eB a? 
1 — ee WEE aE Te 
0 m’ Vi-— ve? 


( v is the electron velocity). 

Thus in the case of purely transverse waves the 
electrons move around in circular orbits with 
angular velocity w, and there can exist only waves 
with circular polarization*. This is connected with 
the fact that for large amplitude one cannot super- 
impose two oscillations of opposite circular polari- 
zation because of the nonlinearity of the equations. 
For small amplitude, when the oscillations are 


iS 


linear, such a superposition is possible, and this 
leads to the appearance of linearly polarized os- 
cillations, ashas been shown. 

From (10) ( with Hy = 0) and (29) it is easily 
shown that the magnetic field H is parallel to the 
electron momentum, and is given by the relations 


eH, = — (mew / 8) py = — (mcap / 8) cos wr; 
eHy = — (mew / 8) py = — (mcwp / 8) sin wr. 


The electric field is, according to (7), 
eEx = mcewpsinwt; eEy = — mcwp cos wr. 


If the external magnetic field is not zero, and is 
parallel to the direction of propagation, the equa- 
tions of motion for transverse oscillations take the 


form d®¢ du B? 2 : 
oe, ot soy O; 
d*o du, G2 2 
See ae Ba Oe 


where, as before, uw? + us = const. Remembering 
=H . 

that p = u(1-u”)” and putting wu = U cos wT, 

£5 2S x 


* This argument loses its usefulness in practice when 


{8 >> 1 since, because of the small longitudinal velocity compon- 
ent, almost transverse oscillations then become possible 


which are linearly polarized (see Sec. 5 below). 


be U sin wT, we find the following expression 
for the frequency o: 


Q’” 2 oe "Is 
= [= ae ao 02 | 4 (30) 


and, therefore, 
BP = 1 — ay /(o® +o), 


where 


oa =aVlow#, O' =OVil—u 


Note that the present expression for B°? is form- 
ally identical with (21) for¥= 0. However, the 
difference consists in the fact that (21) refers to 
linear oscillations, and one may therefore super- 
impose two waves for which the sign of the root in 
(21) is different, whereas the nonlinear oscillations 
to which (30) relates, may not be so superimposed. 
In this case we may therefore either have the solu- 
tion with the positive or that with the negative sign 
in the expression for the frequency. 

We now turn to the case of almost transverse 
oscillations, for which the electron trajectories are 
almost circles, For this purpose we replace p, 
and p | in the fundamental Eq. (18) by the new vari- 
ables Py and ¢, related to p, and Py by the relation 


Pao ty Dee The first two Eqs. (15’) can 


then be written in the form 


ceils ee 
aT. + 


TW Taken lhe V1 dt 


i 


~) 
(=) 


Integration of the second of these gives 
@, de [de = M, 


where M is a constant. Therefore, the first equa- 
tion becomes 


de) M2 
dt? ae 8 (31) 
Ale 
2 Be 
+ 0% a = aes 0. 
‘2 


BV 146% +.2—p, 
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If we put here p, = 0, we obtain transverse oscilla- 
tions with constant p,- If we call this constant 
value P,» we find from (31) 
wo = «26? / (8? — 1). (32) 
Consider now small oscillations of the quantity 
p, about the value p,. Letting P, =P) +O and 


assuming 6 and p, small compared to Py» we obtain 


from (31) with the help of (32): 


Ue eke ree Ge 
eT ary 8G +e) 


By a similar expansion in the third Eq. (15’) we 
obtain a second equation for 6 and Po: 


Cy ia os 
Vitor) 2V14 ¢2 
Some limiting cases are of interest. 
Ho << 1, 
@; = 20), Wy = Wo, (34) 


in agreement with the result found previously for 
the frequencies of longitudinal and transverse os- 
cillations in the linear approximation. (We have 
found here twice the value of w, , since we are 

here concerned with oscillations of the resultant, 
which evidently have a period equal to one-half that 
of the oscillations of P. and p,-) 


ip,> 1, 
OQ, g = O,py [24 84 (3 + fry'A]*s, 


1,2 


(35) 


In the case 8 ~ 1 << 1, the frequencies of 
coupled oscillations are, for arbitrary p,, given by 


o,=0, 0, = 20, (1 + pe), (36) 
If 6 >> 1, then for any p, 
4 952)\"/s 
ee sale dg = ———*_ ._ (87) 
(page (re 


5. COUPLED LONGITUDINAL-TRANSVERSE 
OSCILLATIONS 


In the preceding sections we considered longi- 
tudinal, transverse and almost transverse plasma 
oscillations. The investigation of the general case 
which might be called the case of longitudinal- 
transverse oscillations, amounts to the integration 


of Eq. (16) and represents a very complicated 
problem, which is soluble only in some limiting 


cases, viz., for very large B and for f close to 


@) faene +|( 
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do, ° 2 

pet 
dt V1 re p2 dt 

Putting 6 = Dee”, P= Re®*, we find the following 

equations for the frequencies of coupled transverse- 

longitudinal oscillations: 

of (68% +58°—1) 


1 2 
eats 
ped aan 7, 
(8° —1)(4+ 62)? ee? 
and hence 
4p? + 56? — 14 _ (= (4+ 392) a ee 
2 V1+ 0 Be 
unity*. 


Consider first the case B >> 1. We shall assume 
that B? and €7 +774 2? are quantities of the 
same order. (If €2 + n? 4+ f2<K< B?, then we get 
back to the case of small oscillations, which has 
already been discussed, since in that case €, 7, 
€ are proportional to Pe Py p,**.) With these 


assumptions we may neglect the term ¢ in the po- 
tential energy U defined by (17”), which determines 
the motion of the plasma. The problem therefore 
reduces to the integration of the equations of motion 
for a particle in a central field whose Lagrangian 
is, according to (17), 


Ade \2 , fdn\? , (ate 
Lae) liza alere 

ORV RB + Pte. 

We replace €, 7, €,7, L by the new variables 


X, Y, Z, 0, L, defined by X = €/8, Y = 7/8, 
Z = ¢/B, 0=0,T, & = @°B7L and find 
1 


* The possibility of a solution for these cases was 
pointed out to us by L. D. Landau. 


** ee p, =[B¢ HB? =a ee", & +7" a £)4\(87-1)1 
follows, if (Ste >> €? +77 + Ca and ea > leathiat Pp, 
=¢+1/B. In addition, p, = ¢/B and P, =7/B. 
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where R* = X2 + Y2+4Z7. Since the motion in 
this problem takes place in a plane, it is con- 
venient to rotate the coordinate axes so as to make 
the X-Y plane perpendicular to the direction of the 
angular momentum. The Lagrangian then takes the 


form: 
= 4 (aR / dy? + R° (dg /d8)?}— V1 +R? 


where ¢ is the polar angle. We write down the 
energy and angular momentum equations 


1 dR 2 Me Pa eer 
5(G) tae tViFRH=6 RZH 
and hence find finally the solution 
M2 3 polls 
woe = | [26 — pe —2V1+ RY aR. 8) 


The quantity R which occurs here is connected 
with the dimensionless momentum p by 


Rix oP — (20/8) VTE P+ B®. 


For large p, R practically coincides with p. We 
see from (38) that the quantity R oscillates between 
two limits R, and R,, which are related to © and 
M by 


VitR+VitR 


R24 R2+14+V (1+ R%)(1 + R2) 


6= ——__—= 
Vit R+V1i+R 


The frequency of oscillation is 


TO o 


ae (39) 
e V2TRo Ry 


I (Ro, Rx) 


Ri 
={ [6-gar VIR] "ar. 


Ro 


For R, = 0, this integral becomes identical with 
the integral I(u_) which gave the frequency of 
longitudinal vibrations, if we put R, = u (1-u2)°*. 


However, the case considered here does not, for 
Ky = 0, reduce to the case of purely longitudinal 
oscillations which we had considered before, since 
we may here be dealing with oscillations which are 
almost linearly polarized in an arbitrary direction. 
In particular, we may have oscillations which are 
approximately transverse and linearly polarized, 
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and for which p, is non-zero, p= 0, and p, is non- 
zero, but much less than p,, of the order p, ~p,/. 


The existence of such oscillations does not con- 
flict with the statement made earlier that purely 
transverse oscillations have circular rather than 
linear polarization. Indeed, it is clear from the 
third part of (15) that for B >> 1, p, ~ 1 and 

p, ~ 1/B the quantity p, may vanish, i.e., the os- 


cillation may be approximately transverse and 
linearly polarized. . 
If Ry = Rak R = const ) the vector R describes a 


circle with angular velocity 
@ = (1+ R2)". 


This formula agrees with (29) for the frequency of 
transverse oscillations for 8 >> 1. The present 
type of oscillation is then for R, = R, very similar 
to oscillations with circular polarization, for which, 
however, the plane of oscillation is not necessarily 
at right angles to the direction of propagation. 

We now turn to the case when P is close to unity, 
B-1<<1. The basic Eqs. (15”’) may then be 


written in the form 


de. Py 


oe == (ir 40 
me tye oO (40) 
Mey Py 0 
dp” V1 ale o— Pz 
a? (BAe 


where 6 = @)T( —hy* Neglecting the last 
term in the third equation, we find 
Vite 7 ce (40’) 


where C is aconstant. The first two Eqs. (40) then 
take the form 


do e d?o e 
gies Cue earn 
and hence 
p, = R,, cos (8/C); (41) 


p, = R, sin (6/C). 
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Inserting these expressions in (40%) we find 


(41) 


adele B—20—0 


*,) COS =}. 


The constants C, R, and Ry are connected by a 


—(Ri— 


relation which follows from the fact that nv, van- 
ishes on the average. [| This condition follows from 
the fact that FE” and H’ vanish on the average, see 
(3). ] Noting that “i= ei ges p2)7” and using (9) and 
(40%), we find for B-1 << 1: 


Mole Noes __ iy 


NU: = eae 2 ee 
F Wore. oY 


{—u, 
Since the average of nu, vanishes, it follows there- 
fore that also the average of p, must vanish. We 
can therefore put in (41’) 


Ri + Ry = 2(C*—1), 


=V1 +4), (Ri + R3). 
Finally, p,, Py P, take the form 


0, = R, cos ar; py = R,sin ar; (42) 
Re ERS, 
C= Vin nies) cos 2et, 
where 
(42) 


[La (RE + R3)] 
These results agree with the Eqs. (29) and (36) 


which describe oscillations which are approximately 
perpendicular with circular polarization. Indeed, 
when R= Ry the frequency of oscillation of the 


quantity R | es the value given by (36). 


© = Wy (2? — 1) 


‘ 


We may further consider the HG of ones ener- 
gies, when the inequality labeg te bad ee 
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is satisfied, B being arbitrary (8 >1). The La- 


grangian of tie plasma motion can then be written 
in the form 


facia .. +(e) 


dz 


le V+ e+e 


— ore 


PEO + I .. 


Under the substitution 


where p is an arbitrary constant, the Lagrangian is 
multiplied by p. This shows that, if the motion 
€= €(7);n =7n(7); € = €(7) is possible, then also 
the similar motion € “= &(7’); 7 =n TE) eC CNT) 
is possible. In particular, we can deduce fron this 
a definite dependence of the oscillation fre- 
quency on the quantity p. which characterizes the 
electron momentum. The result is that the fre- 
quency must be inversely proportional to VP, 
® = const ps (43) 

This formula is in agreement with the results ob- 
tained previously for the frequency in the region of 
high energies [ Eqs. (25), (29), (35) and (42”) |. 

In conclusion, the authors would like to express 
their gratitude to L. D. Landau for valuable advice 


and for his interest in the work, and to N. I. 
Akhiezer and I. B. Fainberg for valuable discussions. ° 
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Equipment is described for the enrichment of helium with isotope He based on the use of 
thermomechanical effect and rectification. An evaluation is made of the possible degree of 


enrichment and extraction of He? by means of thermal diffusion, 


S is well known natural helium consists 

basically of the isotope of mass 4 and con- 
tains very small amounts of the mass 3 isotope. 
The usual fraction of He? is only 10-8 --10°? of 
He’. Therefore, in order to obtain even a small 
amount of helium with a significant concentration 
of He® from natural helium it is necessary to en- 
rich it by a factor of several hundred thousand. 
Pollard and Davidson! first proposed to use the 
thermomechanical effect for this purpose. The 
most effective method was developed by Esel’son 
and Lazarev?, In the method of Ref. 2 the ap- 
paratus worked cyclically and the enrichment 
per one cycle was about 200. The purpose of the 
present work, which has been conducted with con- 
siderable interruptions since 1949, was to develop 
equipment of sufficient yield for the extraction of 
He? from its mixture with He‘ and its further puri- 
fication from He*. 


1. EQUIPMENT FOR EXTRACTION OF He® 


Several types of apparatus for the extraction of 
He? from natural helium have been devloped and 


tested. The first is shown in Fig. 1. The tempera- 
ture in the Dewar flask 7 containing liquid helium 
(from which H? was extracted )was maintained at 
2.3° K. A temperature of 1.8° K was established 
in the internal Dewar flask 2. Helium entered from 
the external flask through the regulating valve 3 
and a copper tube 0.4 diameter x 1.0 mm into the 
collector 4. The level in the collector was 
maintained near the center of the top ball. The 
temperature in the collector was measured with 
the thermometer 8 and was somewhat lower than 
the A point (2.19° K ). Since the temperature in 
flask 1] was higher than in the collector 4, the 
thermal flow was upward due to conduction of 

heat along the copper tupe and to the heat carried 


by the helium from the bottom of the collector. The 
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thermal flow carried with it He® and the liquid 
helium depleted of He? was pressed into flask 2 
through the copper tube 5 (0.4 x 1.0mm). The 
speed of the pressure transfer was regulated by 
valve 6. In this as in other apparatus the transi- 
tions from glass to metal were accomplished by 
welds between the copper and glass. The evapor- 
ated He? enriched helium in the collector 4 was 
passed into the rectification column 7, the upper 
portion of which was cooled by contact with the 
helium contained in flask 2. The column consisted 


Fic. 1. Apparatus for the 
extraction of He® by thermal 
flow and rectification. 
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of a glass tube 3 mm in diameter and 100 mm long. 
The tube was filled with rings of 0.15 mm con- 
stantan wire cut from a spiral 1 mm diam. The 
more readily boiling He3 was collected in the 
region of lower temperatures at the top of the 
column and the more readily condensable He* 
flowed back into the collector. 

Enrichment up to 0.2% of He*® was obtained with 
this equipment which corresponds to an increase 
in concentration by a factor of 10°. It was further 
established that the concentration of He® in the 
output was of the order of 10°°. The equipment 
» was cyclic in operation and permitted the proces- 
sing, with a single loading, of 0.75 liter of liquid 
helium in four hours. 

Since the equipment described above was of 
insufficient output and did not permit the uninter- 
rupted processing of helium, another apparatus 
was constructed and set up which could be oper- 
ated continuously with the helium added at atmos- 
pheric pressure without interrupting the operation 
of the equipment. In this apparatus, as in the 
method of E'sel’son and Lazarev”, the enrichment 


of He* was obtained by making use of the diverted 
He in the form of a superfluid flow through a 
filter due to the action of thermal diffusion and 
besides this, by the simultaneous diversion of the 
He* enriched gas by rectification in the tube. The 
apparatus is shown in Fig. 2. The helium in the 


external flask ] was at atmospheric pressure be- 
ing replensihed as it was used up from the lique- 
fying machine without interrupting the operation 

of the equipment. In the internal flask 2 the 
temperature was held betwee the limits 1.9° and 
2° K by pumping and the use of heater 3. Helium 
from the outer flask J entered collector 4 through 
the regulating valve 5 and the 6 mm in diameter 
1.4 x 20 mm copper tubing. The tube in the inner 
flask was bent in the form of a spiral of an over- 
all length of 35 cm in order to effect cooling of the 
helium carried by this tube. In addition, this tube 
was soldered to a similar tube 7 for a length of 

2 cms. Due to the heat received by tube 7 at the 
soldered surface and the heat emitted by the 
heater 8, the helium flowed in the manner of a 
superfluid from collector 4 through filter 9 into the 
inner flask. The filter consisted of a brass 
cartridge 7 mm in diameter, 35 mm long, densely 


acked with rouge. The He® remaining in the col- 
ector passed into the gaseous state and was en- 


riched by rectification in tube 10 and removed from 
the apparatus through the same tube. According 

to computation the small difference in temperature 
formed between the collector and flask 2 was 

quite sufficient for the normal operation of the 
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Fic. 2. Apparatus for extraction 
of He? by the thermomechaagical 
effect and rectification. 


tubular column. The evaluation of the operation 
of tubular columns is presented in Ref. 3. The 
rate of helium processing was limited by the pump- 
ing of the helium vapor from the inner flask 2. All 
the processed helium was to be pumped out by 
pumps at pressures from 20 to 30 mm of mercury. 
The equipment was capable of processing helium 
at the rate of 3 m°/hr (at normal temperature and 
pressure ) with the capactity of the vacuum pumps 
about 100 m?/hr, power of the heater 82 watts 

and of the evaporator 31 watts. The gas collected 
in the first experiments was enriched to 0.02% of 
He®. To determine the extraction coefficient the 
once-processed helium was worked over for the 
second time. The result showed that, within the 
limits of measurements errors (which amounted to 
5-10%), the extraction was complete. On the 
basis of balance relationships the concentration 
of the output gas should be taken as 10-8 and en- 
richment coefficient as 2 x 204. Since the con- 
centration of the processed helium could not be 
measured with sufficient accuracy it can only be 
stated that the common division coefficient was 
ereater than 2 x 10°, The described apparatus 
could be operated continuously as long as de- 
sired. The duration of its operation was determined 
by the operation of the liquefying equipment. 
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1, EVALUATION OF THE EFFECTIVENESS OF 
SEPARATION METHODS 


Theoretically, the coefficient of separation of 
He? by the superfluid filtration can be evaluated 
from the following considerations. If we assume 
that superflow and diffusion take place through 
the same effective cross section of the filter and 
that the velocity of the superflow is limited by 
the critical velocity v_ = 20 cm/sec, then the 
value of the superflow through a unit of cross sec- 
tion is 


®) == PUs> 
and the flow of He3 determined by diffusion will be 
w, = Dom3Xq /m4!, 


where D nenoted the diffusion coefficient of He®, 
1 the length of the filter, p., the density of the 
superflowing helium, X,, the molar concentration 
before the filter, m, and m,, atomic masses of He, 


and He,, respectively. 


The molar concentration of the passing helium 
will be determined by: 


X =oam,/ mo, = DeX,/ 19,¥5» 


i.e., the limit of the attainable separation coeffi- 
cient is equal to 


A= X,/X =loy,/ Dp. 


The diffusion coefficient of He? in liquid helium 
II was determined experimentally by Beenakker et 
al.4, Their results show that the coefficient de- 
creases rapidly from 10? cm?/sec at 1.3° K to 
10-3 cm/sec at 1.6° K and 4 x 10° cm?/sec at 
2.1° K. Thus, for the filter length / = 5 cm, we 
will obtain for the separation coefficient at 1.3° K 
A =10*, at 16°K A=8 x 104, at 2° K A =6 
x 10° and at 2.1°K A =5 x 10°, ive., the separa- 
tion coefficient reaches a maximum at about 2° K. 
In practice, the obtainable coefficient is less due 
to interruptions in the process when the diffusion 
continues and there is no superflow. 

It should be noted that enrichment by thermal 
diffusion cannot take place at any desired high 


concentration. As the measurements in Refs. 5 
and 6 have shown, the A-transition is displaced 
with increase of concentrations into the region of 
lower temperatures. Thus in a 50% solution of 
He® and He‘ the superflow is already lost at 1° K. 
Besides, the following relation for thermal dif- 
fusion given in the work of Pomeranchuk” holds 
for not too high concentrations of He®: 


Leip Bi 
o Ma 


—- SdT + 


where S denotes the entropy 1 gm He‘, p density, 
p pressure, m, the atomic mass of He*, & Boltz- 
man’s constant and x the molar concentration of 
He®. The entropy of He II in the temperature 
region above 1° K can be expressed by the formula 
S = 0.405 (7/2.19)°-> cal/gm, deg, i.e., SdT 
=(1/6.5)d(ST). Since the density of He* 
changes very little, the entire expression can be 
written in the form 


(ar ae Ss Palio 
4S )rm theo 


or, along the thermd diffusion path, 


Since with the extraction of He® by thermal dif- 
fusion the concentration on one side is practically 
equal to zero, we obtain _ 


or 
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The line of A-transitions and also the values of X 
computed for different values of T by the given 
formula are shown gaphically in Fig. 3. As seen 
from Fig. 3 the process of thermal diffusion cannot 
proceed to any desired high concentrations. There- 
fore, the enrichment of mixtures with concentra- 
tions of He? higher than 10% and the purification 
of He‘ are more appropriately carried out by recti- 
fication. Evaluation of the operation of the recti- 
fication column was presented in Ref. 3. It was 
possible on the basis of these evaluations to re- 
duce considerably the volume of experimental 


work in the development of the concentration 
equipment. 


‘ 2 iv 46 18 29 22 TH 


Fic. 3. The line of A-transitions 
(upper ) and lines (ke/m+S ,/6.5 )T-p/p 


= const for various values of T 9: 


3. CONCENTRATION EQUIPMENT 


A series of apparatus has been developed for 
the concentration of He® from mixtures of 0.1% 
and higher. The most effective was the apparatus 
shown in Fig. 4. It operates on the same princir 
ple as the one previously described. However, 
Since it is impossible to obtain high concentration 
of He? by the thermomechanical effect, the recti- 
fication columnwas noticeably increased and it 
was in this column that the basic enrichment took 
place. In addition, the resulting mixture was 
condensed directly in the apparatus and after 
reprocessing collected in a special collector. The 
apparatus was placed in aDewar flask J containing 
liquid helium, the resulting mixture was passed 
through a German silver coiled tube 1.5 x 2 mm of 
a total length of 800 cms. The helium condensed 
in the coiled tube was collected in the evaporator 
3. From the evaporator He* entered the glass 
collector 4 by superfluid flow through the filter 


5 with the aid of the warmer 6. In order to prevent 
diffusion of He through the filter during the ab- 
sence of superfluid motion, the exit opening of the 
filter was closed by valve 7. The filter consisted 
of copper tube 2 x 4 mm, 45 mm long , densely 
packed with rouge. The processed helium was 
pumped out from the collector 4 through tube 8. 

The helium remaining in the evaporator entered 
the rectification column 9, where the more readily 
boiling He® was collecting in the cold upper por- 
tion. The temperature in the upper portion of the 
column was maintained at the expense of the 
evaporation of helium from the collector 10. Liquid 
helium was supplied from flask J through tube J] 
and valve 12 by the pressure difference. Helium 
was added as required to make up for loss due to 
boiling. 


Fic. 4. Apparatus for the 


concentration of He? ; 
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The rectification column consisted of a stain- 
less steel tube, inside diameter 9.6 mm, 0.2 mm 
wall thickness, 200 mm long. The entire column 
was filled with rings 1.5 mm diameter of 0.2 mm 
constantan wire. 

Inasmuch as the rectification process is con- 
siderably slower than the enrichment by superflow, 
it was appropriate to carry out the concentration 
process in two cycles. The first cycle (excitation 
cycle ) was carried out with full loading of the 
filter at a temperature of 1.95° K and heater power 
of 0.01 watt. The rate of processing of the initial 
gas mixture was thereby equal to 100 J/hr (at 
0° C and 760 mm of mercury ). At this processing 
rate, especially since the initial concentration 
was about 1 to 2% of He?, the rectification column 
could not operate effectively and only slightly 
improved the singular enrichment as a result of 
the difference in concentrations between the liquid 
and gaseous state. At the top of the column the 
temperature was maihtained at 1.5° K with the re- 
moval of the gas tc&ing place at a pressure inside 
the column of 20 mm of mercury. The concentra- 
tion of the removed gas was of the order of 30 to 
50%. To begin the superfluid flow through the 
filter it was necessary to fill the collector 4 with 
gaseous He* up to equilibrium pressure, because 
otherwise the helium would pass through the filter 
by diffusion, i.e., would bring with it noticeable 
quantities of He? which decreases the degree of 
extraction. Ry following this procedure the ob- 
tained degree of extraction was 99.98% and the 
general division coefficient was 104, which is 
only several times smaller than the attainable 
limit. 

When small quantities of the initial mixture were 
processed valve 7 was closed immediately after 
the cessation of the superfluid flow, all the re- 
moved gas was again condensed and the second 
cycle (enrichment ) was carried ont. 

In the second cycle the temperature of the bot- 
tom of the column was set at the beginning of the 
process at 2.0° K, and at the top to 1.46° K. It 
was not possible to attain a lower temperature at 


the top of the column with the available pump 
which had a capacity of 50m3/hr. The pressure 
inside the column was thereby of the order of 45 mm 
of mercury. After equilibrium was reached, re- 


moval of the product began at a rate of 0.6 //hr 
(at 9° and 760 mm of mercury ). As the He? was 


being extracted, it was necessary to raise the 
temperature of the bath in order tu maintain a 
pressure of 45 mm of mercury at the top of the 
column. The extraction process ended when the 
temperature of the bath reached 2.5° K. The con- 
centration of He? in the removed product was 99.95 
to 99.97%. After removal of the 99.95% gas and 
with 2.5 ] still remaining in the apparatus , the 
concentration of the remaining mixture proved to be 
16%. 

With 2 liters of liquid helium poured initially 
into the outer flask, the apparatus could opperate 
for about 4 to 5 hours. 


I consider it my pleasant duty to express my 
sincere thanks to Mr. A. J. Filimonov, who had 
constructed most of the equipment and with whom 
I conducted most of the experiments; also, to V.M. 
Kuznetsov and A. I. Uriutov who helped with the 
experiments; to Professor N. E. Alekseevskii/ in 
whose laboratory the mass spectroscopic analyses 
were carried out; and to T. K. Shusalova who per- 
formed the analyses with the mass spectroscope. 
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The differential cross section for bremsstrahlung in the collision of high energy nucleons 
is calculated, including the effect of noncentral forces. 


BEMSSTRAHLUNG during collision of high 
energy nucleons has been studied in a series 


of theoretical papers!-5. In addition, there are 
many experimental papers which deal with this 


problem®. It is of interest to consider the effect 
of noncentral forces on the bremsstrahlung during 
such collisions. 

In calculating the differential cross section for 
bremsstrahlung during neutron-proton collisions, 
including noncentral forces, we shall, as in the 
earlia work, use the Born approximation ad solve 
the problem for the nonrelativistic case. We 
choose the operator describing the nuclear inter- 
action of the particles to be 


V(r, Sp, on) (1) 


= (a + BS yn + ySpn) Pm gie—™ /r; 


is the Majorana operator, A“! = 1.18 
cm, g, and g, are the depths of the po- 


here P 
x 10-13" 


tential well for single and triplet states, re- 
spectively ’ 


g1=0,280 ine, £3=0,404 hie, (2) 


=1—'/.g, B = g/2, g =0,07, y =0,775, 


Spon = 6(S'r)?/ r? — 282. (3) 


In order to shorten the calculations we consider 
only exchange forces, as shown in earlier work}; 
the intensity of the radiation in neutron-proton 
collisions under the action of exchange forces is 
greater than the intensity of the radiation under 
the action of ordinary forces. 

The operator describing the interaction of the 
proton with the radiation field is 


(4) 


as (e/ Mc) PA, 


where 


gid 


> 


A = (2n)'t he >) =* exp {ixr} (dy + ay); (5) 


x 


a, and a_,, correspond to emission and absorption 


% 
of a photon, respectively, @,,=hv, is the photon 


energy. Thus we shall consider only electric 
radiation. 

We shall calculate the matrix element H’ which 
determines the probability of radiation of a photon: 


Pin 6 
E,—E, 


Vian yp 
Sy eae oe 


The wave functions for the neutron-proton system 
in Born approximation are: 


Va — exp te por} neo? bi = Si {ePr | lee 
bre = exp {Prt ene 
bir = exp le (p ce dt mse * 


The index A refers to the initial state, / indicates 
the intermediate state in which the photon has 
been emitted but the nuclear interaction has not 
yet occurred, // indicates the intermediate state 
in which the nuclear interaction has already oc- 
curred but the photon has not yet been emitted, 
while F refers to the final state of the system. 
oO 
5 


™ go 


$7 
Wee a7 


w” 
ti NG - ney are spin functions char- 
acterizing, respectively, the initial, intermediate 
and final states of the spin and its projection on 
the axis of quantization. The superscript indicates 
the value of the total spin in the corresponding 
state, while the subscript is the value of the spin 


projection on the axis of quantization. po, P,, Py; 


and p are the relative momenta of neutron and pro- 
ton in the initial, intermediate and final states, 


respectively, and x is the momentum of the photon. 
If we calculate all the matrix elements and sub- 
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stitute in (6), we get 
H’= = { Poe? 42541 [(a — 38) Vp.+p (7) 
+ (28 — 7) Va,4pS(S+1) 
+ 6 LS (S + 1) — 6r{Nm2] Bom, Sym, vs Bs 
(28) Vesta) (Sl) 
=P 8 1 —SB)Vocin +: Or LS*(S" + 1) 
— 627 NM2,] Om, omge 2195" Sm rmg O1"s} + 


Here 6 is the Kronecker delta and 


2 
L= lp, F9r 


_—— Sobel Tag ss 
TF] + pp SER Ip + PP? 
v={ 60? + (4/%?) | Pot pl? 
~ Lh? lpotp PQ + &-? | po + Pl?) 


3h gia line iD 
07 na COS: > 
TFT poF PP : 


+h | Po + P|? 


Vaste = 2n/P? + h*| py t+ pil. 


Summing //’over the values of total spin and spin 
projection in the intermediate states, squaring, 
summing over values of spin and spin projection 
in the final state, and then averaging over all 
initial spin states, we obtain, after some trans- 
formations, the differential effective cross section 
in the form: 

Ble joo 


+ 12n,LP + 72n%2N? — MayN [(1—27) Vp,4p 


4 12nyL] + (a — 38)” 2 v2 a x2 dx dQ, dQ. 
3 


Summing this expression over the two photon 
polarizations, and integrating over the angle of 
emergence of the photon and the azimuthal angle of 
the scattered particle, substituting the values of 


V L and N, we find 


Po +p 


136 dls APTN ZNIN) 


“ —p)? 4A 6(y owe 
pami—p™ P) {rl(1 21) 


+ (g2/3g2) (a—38)?-+ 487? + 87(1—27)] 


Sorta? | 12yeA | Bey. (BM + 26") are cos & 
E2 pe £4? 6° 4 
272 % 

fe “So arc cos? =| dpsin§d 4. (9), 


We have introduced the symbols 


E=(1/h)\no + pl. tae ee 


N, iS a unit vector along Po pis measured in units 


of Po» A in units of pightos and @ is the angle of 
scattering. 

We note that if we set a= 1, B =y = 0 (the 
central forces), we get a formula for the differ- 
ential cross section similar to that obtained in 
earlier papers. 

Investigation of the differential cross section 
(9) shows that the inclusion of noncentral forces 
gives a sharper maximum of the radiation in the 
region of scattering angles close to 7 even for 
low photon energies. 

In conclusion, it is a pleasant duty to express 
my thanks to L. N. Rozentsveig for suggesting the 
problem and for many valuable suggestions, and 
also to Prof. A. J. Akhiezer for his interest in the 
work. 
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The statistical model of the nucleus is investigated for uniform and nonuniform density 


distributions of nucleons. It is shown that a two nucleon central interaction potential, which 
contains the ordinary nonexchange repulsive force along with the spin exchange force, leads 


to a saturation of the nuclear binding energy and nuclear density. 


HE theoretical explanation of the saturation of nuclear 

in complicated nuclei (saturation of the nuclear 
density and the binding energy ) is a basic problem 
of nuclear physics. Up to now this problem has 
not received a satisfactory solution because of the 
fact that a precise law of interaction for nucleons 
has not been established. The saturation proper- - 
ties of the forces puts a definite limit on the 
choice of interaction between two nucleons. 
example, the possibility of explanation of the 
stability of a nucleus with the aid of a single 
Wigner force of attraction (in the form of a rec- 
tangular well and Yukawa potential !’) is ex- 


For 


cluded. Some spin forces ~ (o, : 35) also cannot 
guarantee stability of the nucleus. 

In Refs. 3 and 4* it was shown that with the 
use of the statistical model a two nucleon central 
interaction potential, which contains the ordinary 
nonexchange repulsive force along with the spin 
force, permits us to obtain the saturation of the 
binding energy for normal density of nucleons 
which corresponds to the equilibrium nuclear radius 
R_ =1.48 x 10°!°A™3 cm. In this particular vari- 
ant of the forces the general potential energy of 
the nucleus consists of the usual positive potential 
energy of repulsion /°and the negative exchange 
potential energy of attraction V ° of the nucleons. 
In Refs. 5 and 6, which are also devoted to the 
statistical calculation of the energy of the nucleus, 
and which take into account only the exchange 
forces of attraction of a different type of n-p and 
p-p interaction (with the force law and density 
functions different from those used in I, II) and 
excluding from consideration the potential energy 


V ©, that is determined by the usual density 
p(s, r) of the nucleons. 

In recently published works’?8, the problem has 
also been investigated of the saturation of nuclear 
forces in complicated nuclei. It is pointed out in 
Ref. 7 that the repulsive forces between three 


* We denote subsequent references to these works 


by I ad Il. 
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nucleons, together with two nucleon forces in the 
pseudoscalar meson theory, give a satisfactory, 


qualitative explanation of nuclear saturation. In 
this case it is found that the saturation of the 
binding energy is approached for the equilibrium 
value of the nuclear radius R, = 1.61 x 10-134 Ys 
cm. In Ref. 8 the authors show that consideration 
of the weak repulsion in the odd state (P state ), 
in addition to the repulsive core (r_) in the two 
nucleon potential of the pseudoscalar meson 
thoery permits us to obtain the saturation of the 
binding energy for the value of the nuclear 
radius. R, = 1.15 x 107!3/43 cm without inclusion 
of the three nucleon repulsive forces. In these 
researches, as well as in Refs. 3 and 4, the 
statistical model of the nucleus with uniform 
density distribution of nucleons was employed. 

Data on nuclear scattering of nucleons and elec- 
trons of high energy9-14, on the shell structure of 
nuclei!5-19 and on x-ray emission of meson 
atoms”°>?! testify that a uniform density distri- 
bution of nucleons (and the Coulomb charge ) in 
the nucleus cannot explain a series of experi- 
mental factors and force us to consider the possi- 
bility of use of a nuclear model based on the 
representation of a nonequilibrium distribution of 
particles (charges ) inside the nucleus. In this 
connection, the investigation of the statistical 
model of the nucleus from the point of view of 
nonequilibrium density of nucleons is of con- 
siderable interest; it would permit better agree- 
ment of the ground state of the nucleus with the 
data on the shell structure of nuclei (empirical 
values of the mean square of the orbital 
monientum of nucleons, etc. ). 

The present paper is a development of our pre- 
vious researches°’*’2 for the case in which the 
density of the nucleons is characterized by a 
constant internal pat (for R < RS); and falls off 
on the boundary (for r > R,) in exponential fash- 
ion. The role of the usual energy of repulsion of 
the nucleons is made clear in the investigation of 
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the problem of the saturation of forces in compli- 
cated nuclei. The energy of the nucleus is cal- 
culated as a function of the parameters of the non- 
uniform density distribution of the nucleons. It 

is shown that the saturation of the binding energy 
and the density of nucleons in the central portion 
of the nucleus is brought about by the presence of 
a repulsive force in the two nucleon potential and 
the Coulomb energy of the protons. 


1,.CALCULATION OF THE EXCHANGE AND ORDINARY 
POTENTIAL ENERGIES OF THE NUCLEUS 


We assume that the interaction energy between 
two protons u45, between two neutrons u}5 and a 


proton and a neutron uw is represented by the ex- 


pression [see Eq. ()) in I]: 


nn ioaake —hor 
ee Up = (g?+ f? (343,))= Pa a 
>_> —Kor 
wie = (g? + f? (4192)) — (2) 


> ~kor 
—(g? + FP (2152) —— Qu, 


where (),, is the Heisenberg operator for the per- 
mutation of the space and spin coordinates of 
particles 1 and 2; g* and f? are constants of the 
interaction; r= |r, —r, | is the distance between 
the nucleons | and 2; UP, is a certain constant 
determining the radius of action of the nuclear 
forces. For simplicity, in first approximation, we 
omit the Coulomb repulsion between the protons. 
The wave functions for the protons w,(r, s) and 
for the neutrons @,(r, S ) in the nonrelativistic 
approximation can be represented in the form of a 
product of coordinate and spin functions: 


De (Fr, S) = Ye (1) Ax (S); Ge (F, S) = Sx (T) Ox (S) (3) 


(k = propagation vector, $ = nucleon spin). For 
the isolated proton ad neutron, we choose the 
coordinated part of the wave function in the form 
of a plane wave 


by (7) = V—"'s exp {ik pr}; (4) 


Qn (tf) = V's exp {ikar}, 


where k, and k| are the propagation vectors of 


the proton and the neutron; V is the volume of the 
nucleus. For the spin functions a,(s) and b,(s) 


we have the Eqs. (6) of I. 
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Applying the Hartree-Fock method and consider- 
ing Eqs. (1) and (2) for the total energy E of a 
nucleus consisting of Z protons and N neutrons 
(A=N+Z =mass number of the nucleus), we 
obtain 


E =Vop5 + Vent Von + Vop (5) 


+ Vin + Von + Te + Ti, 


where (the index i denotes either p or n every- 
where ): 


—kor 
ts = 5 a? | (drs) (dre) Spa (ts) ps (ra); ©) 
7 eater (7) 
m= g2\ (dra) (dra) bp (Fs) On (ta); 
a (8) 


Dy = 


4} e Ker 
— + (g? + 3)%) \\ (dry) (dr) — |p: (ra, 2) [23 


Vin = —— (g? + 37%) \ (ars) os 
—Kor x 
x (dt) = pp (15 F2) Pn (Fa, T2)5 
he < (10) 
TE gq Ds \ via (0) voi (©) (ate), 


N 
n h° Ss . 
Th = 82M ane \ Veet) viet) ten 


Here Vos Vee and Ve are the ordinary parts of 


the total potential energy of interaction of the pro- 
tons with protons, neutrons with neutrons and pro- 


tons with neutrons: 2% e a . 
ae Ve and Gee are the ex. 


change parts of these same energies; TR and TY 
are the kinetic energies of the protons and neu- 


trons. The ordinary and mixed densities of pro- 


tons and neutrons in Eqs. (6)-(9) are determined 
by the expressions 


Op (11) = Pp (14,11) (1) 


Vb, 


\' ‘ = . 
=>) ve (ty) Ye (tr); 
k=1 


Zz 
Pp (Ty, T2) =o E(t) Ye (Fe) 
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Se emilarly for P with yin place of W and sum- 
mation over JV. 

With the help of Eq. (4) we obtain from Eq. (11) 
the following relation between the densities and 
the maximum wave numbers of the protons K_ and of 

P 
the neutrons K_: 


Ki = 3x°9; (r), (12) 
0: (Ty, To) = (sin Kir — Kir cos Kir)/x?r, (13) 


In this case we consider that each proton and 
neutron state is occupied by two protons and two 
neutrons, respectively, with antiparallel spins. 
Substituting the values (13) and (12) in Eqs. (8) 
and (9) and integrating, we obtain the exchange 
potential energies of the nucleons as functions of 
the densities p,(r), p,(r) in the form 


ti = — (g + 3") (Ro/24n%) Vo (pi), (44) 

pn = — (g? + 3f?) (44/12n5) Vo (op, pn), (15) 
where 

v (p;) = 6atp;'* — a2p;/* — 8028p; arctg Qapi!* (16) 

+ Yq (1 + 12029;!*) In (1 + 4e20;!*); 


U (pp, Pn) = Set (papp* + prltpp) ae 


— a2p,l*of* + 1/4 [1 + 6a? (p,!* + pe) 


1 at(e)l*-+ es)? 


— 3a! "ls *lsyo 
a (Pn Pp ) ] In 1+ a2(pr!s— pilaye 


+ 4a (pn — pp) arctg a. (ox!* — op! 


— 4a3 (pn + pp) arctg a (or!* + py). 


Here V = 47/3R? is the volume of the nucleus; 
o= (372) “3k. 

Equations (14) and (15) are the exchange ener 
gies of the nucleons of the nucleus with constant 
density distributions of protons p_ and neutrons 
pe.” For nonuniform densities, Eqs. (14) and (15) 
change so that multiplication by V is replaced by 
integration over the nuclear volume. Here p, and 
p, arethe densities of protons and neutrons in the 
volume element d7 of the nucleus, so normalized 


that 
\p,dt=Z; \p,d = N. (18) 


For the ordinary potential energy of repulsion of 
the nucleons of the nucleus (in the case of con- 


stant densities p, and p, )» we get from Eqs. (6) 
and (7) [ see the derivation of Eq. (14) in IT] 


Eee age es Sng 19 
Re ei (r) V; ae to Be °p (r) OM (r) V. 


The total potential energy of the nucleus is 
composed of the total exchange potential energy of 
attraction and the total ordinary potential energ 
of repulsion and, in accord withEqs. (14), (15) 
and (19), is equal to 


W (qs Pp) = Vip + Vin + Vin (20) 


Vane 


(g? + 3f°) Ro 
a Oe tw, (om 


+ 20(p,, 9,)1V + aa 
0 


[p44 “ap ii We 


for the case of constant density of nucleons. 

Taking into account Pqs. (4) and (12), we get 
from Eq. (10) the well-known expression for the 
kinetic energy of protons and naitrons: 


Ti, = (4nh?/5M) (30,/8n) °V; (21) 


M is the mean value of the masses of neutron and 
proton. For variable densities multiplication by V 
in all formulas is replaced by integration over the 
volume. Thus we have obtained the exchange and 
ordinary parts of the total potential energy of the 
nucleus as a function of the density distribution 

of the particles and the parameters of the nuclear 
forces. 


2. CASE OF A STATISTICAL NUCLEUS WITH 
Pp, (r) =p, (). : 
DETERMINATION OF THE PARAMETERS OF THE 
TWO NUCLEON POTENTIAL 


Let us consider a simple case, assuming the 
density of protons and neutrons to be equal: 
p,(r) = p,r) = Y%p(r), where p(r) is the total 


density of nucleons in the nucleus. Then the con- 
dition (18) takes the form 


(0 (r)de= A. (22) 


In accordance with Fq. (20), the total potential 
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energy of the nucleus as a function of the density 
p(r) is equal to ( we compute the formulas for con- 
stant p ): 


W (0) = Vii, pn (0) + Vii, pn = (23) 


I ot 
EE Ma Oar ae 
0 


6x3 


Here, 


U , (p) = Satp'/s — a2p'/s — 83 arctg 2a,p'/s (24) 


+ Z(1 + 12029"!s) In (1 + dazpth), 


a, = (30 2/2)"12/h,. 


With the help of Eq. (21) we will have for the 


Fermi kinetic energy of the nucleons: 


Tr = TR + Th = (8rh?/5M) (30/16) °V. (25) 


For the determination of the parameters of the 
interaction potential (1) and (2), we limit our- 
selves to a consideration of the zeroth approxima- 
tion, when we can consider the density p(r) of the 
nucleons to be a constant in the volume J of the 
nucleus. It follows from Eq. (22) that p = A/V 
= 3A/A4nR°. Vere R is the radius of the nucleus 
with constant particle density. Then, carrying out 
_ the substitution (18b) of II, we get the total 
emergy FE as a function of the radius R from Eqs. 


(23) and (25): 


E =T (x) +V° (x) + Vim (26) 


a a3 


={3 +H —a0 6} 4, 


where 


Or) ‘/a 
qQy= vee - (g? + 31); (27) 


a—(2)" 3h2 DHSS 
"A / 460 Mr? 


ae 
8 a 


B=kry x= R/rA™. (28) 
The quantity x determines the departure of the 
density ? from its equilibrium value. For x = 1 we 
have the normal density, for which the energy 
ought to have a minimum, equal to the empirical 
value. With the help of Fiq. (20) of II, which 
determines the stable state of the system of nu- 


cleons, and the empirical value of the binding 
energy 


{E (x)}x-1 = —%A; %~14 mev (99) 


we find g° and f? from Fiq. (26) as functions of 
the quantities 6 and r): 


fo eS case %D" (8) + a2[2D(B)+ 0’ (B)], (30) 
Mg [3M (6) + 0’ (8)] i 


My — Ny (8) 
3oD (8) 


a; + %o 


= &° + 3p 6)’ 


(31) 


where 
My = 3/2819; 1) = (3/n) "38/4r,. 


®(8) and 0B), ®’(B) are the values of the 
function ®( 8x) and its derivaives for x = 1. The 
inequality which determines the upper limit of the 
value of the constant £ = kor, has the form: 


45 (ot as) ©! (8) + 2050 (8) (32) 
64, — 12 "30 @) + O'@) 
3a + as ” 
> 3 @HLo@ ” (6): 


For the determination of the upper limit of the 
value of B we make use of two different empirical 
values of the parameter ry, for judgment on the 
accuracy of which we make reference to in the 
literature. The data on nuclear scattering of high 
energy electrons, on the isotopic shift, on meso- 
aoms lead to a value of the ralius R of anucleus 
with constant density, equal to }9»11,20,21,23, 


foi StRA ade 1x10. em: (33) 
On the other hand, it follows from the theory of 


a-decay, and the results of experiments on the 
scattering of fast neutrons, that®’*4»?5 


(34) 
@ = RAT! ~ 148x110 em and! .5x<107* cm. 
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For thevalue ofr, from Eq.(33),we find from Eq, (33) that 
B < 1.80. We then obtain a limit for the value of 
the effective radius of action of the nuclear 
forces: 


1/ky > 0.667X10715 cm. (35) 


For the value of Eq. (34), it follows from Eq. (32) 
that equilibrium of the nucleus is possible if 
B < 1.75. We then obtain 


1/Ry > 0.846X10713 cm. (36) 


It follows from Eqs. (30)-(32) that the usual 
potential energy of repulsion V ~ &, of the 
nucleons plays an essential role in the problem 
under consideration, since this energy determines 
the value of the limiting effective radius of action 
of nuclear forces. In accord withEqs. (35) and 
(36) we take the effective radius of action of 
nuclear forces 1/k, to be equal to the Compton 
wavelength of the 7- meson: 


(37) 


1/Ry = h/mac = 1.4x1073 em (maz = 276 Me). 


Substituting the values of Eqs. (33), (34) and (37) 
into Eqs. (30) and (31) we find 


g/he = 0.051; f2/hc= 0.340 © (38) 
for ry = 1.2x10713 cm, 
wine = 0.132; f2/hc = 0.479 (39) 


for > = 1.48x107? om. 


For the values of Eq. (38), the usual energy of re- 
pulsion, the exchange energy of attraction and the 


total potential energy per nucleon are, respect- 
ively ( for x = 1), 


VA =17mev; V7/A=—51mev; (40) 
T/A = 20 mev; 
W/A=VA+V°/A=— 34 mev, 
_and for (39) we have 
V°/A = 23.6 mev; V°/A = —50.8 mev; (41) 
T/A = 13.2 mev; 


W/A = — 27.2 mev. 


The dependencies of all quantities on x, com- 
puted from Eq. (26), are shown graphically in 
Figs. 1 and 2 It is evident from these graphs 
that the total potential energy per nucleon has a 
minimum, equal to 


W/A = — 43.67 mev 

for Rm = 0.7 r,A'* =0,840- 10784" 
for the case (38) and . 
W/A = — 30,54 mev 


for Rm = 0.8 roA'* = 1.184K10- 8A" cm 


for case (39). Consideration of the kinetic energy 
leads to the result that the minimum mean energy 
E/A, equal to the empirical vdue ~ — 14 mey, in- 
creases for x = 1, i.e., at the equilibrium, value 
of the nuclear radius R, it is somewhat larger 


2V\Q6E\ 08 10 12 14 


Fic. 1. Potential, kinetic and total energies per 
nucleon as functions of x = R/r,A™%3 for values of the 
parameters from Eq, (38): 1-T/A, Da) Asa iat 
4-(V°/A+V°/A), 5- V/A. 
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FIG. 2, Potential, kinetic and total energies per 


nucleon as functions of x for values of the parameters 
from Eq. (39). 1-V°9/A, 2-T/A, 3-E/A, 4- 
(VTA VATA), 5 aV7/A. 


than RK. 


3. CALCULATION OF THE BINDING ENERGY OF THE 


0 ( 


Thus, in the simplest case of the 
statistical model ( constant density of particles), 
a two nucleon potential which contains both the 
exchange forces and the usual short range forces 
of repulsion, leads to a saturdion of the binding 
energy which sets in for normal density (x =1). 


NUCLEUS WITH NONUNIFORM DENSITY 
DISTRIBUTION OF NUCLEONS 


Taking into account the empirical facts that the 
mean binding energy per nucleon is dmost con- 
stant and the nuclear volume is proportional to 

A, the density p(r) of particle distribution in the 
nucleus can be taken equal to”*(see also Refs. 


26 - 28) 


r 


| 


Po exp {— (r — R,/a)} 


forme << , (42) 


for Pe Roe 


Herep,, is the particle density (independent of r) 
in the central part of the nucleus; R, is the radius 
of the central part, a is the thickness of the 
surface layer, where the density falls off ex- 
ponentially. For such a density choice, the 
nucleus has a dense interior part (core) and a dif- 
fuse periphery. More recently, Jastrow and 
Roberts?® chose, for the explanation of the 
nuclea@ scattering of neutrons in the energy range 
14-270 mev, a density of nuclear matter of the 
same for as in the work of one of us see Eq. 
(42) ].We note that the theoretical mdysis of ex- 
perimental data on nuclear scattering of nucleons 
ad eledrons of high energy shows that the nuclear 
model (42) gives better agreement with experiment 
than the model of Rorn and Yang 27>28, 

We proceed to the calculation of the binding 
emergy of the nucleus as a function of the variation 
parameters a, KR, and py, with the help of the Ritz 


method. Carrying out integration over the volume 
of the nucleus, we obtain for the exchange and 

ordinary potential energies 
4 p3 
FoRo 


72 


V2 = — 5 (g? + 37%) 3? (Bo (gq) (43) 


+ 9B, (gq) + e9Bs (q) + Bs (q)}, 


Vase R{lt+zot+setzal. 
where 
3 4 
Big=s7¢-z"r (45) 
4 


+ (1 +392) In (+ g) — garctg q; 


yw | als 
By (q) = 3539 — 3q7 + = In(1 +?) 


+ 2 gin (1-+9*)—3q? arctg g-+ > X3(q); 


81 
B: (q) = Gt — > e+e intl + q?) 
+ @in(1 + q*) — 6q? arctg q 


45 27 ae 
+7UOD+7%Os Bq) = StS 
19 243 
+ ag ln (1 + 9%) + 5g a? In (1 + 9*) — 6g® arctg g 


174 3 
+= Xy (9) +2 Xa (gq) + Xs (q); 
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X1(q) = (in (1 + q?e—**) dx; 
0 
Xo (q) = ( xIn (1 + q?e-**) dx; , 
0 
X3(q) = (x In (1 + q?e-2*) dx: 
é 
& =a/R; gq = (12 n%)'l o'ls/k,. 


For the kinetic energy we get 
= Rh 42 54 2, 162 5 
k =~ G80 nem “*0} 1 1 £0 + 35° + sys ea} . (46) 


Making use of Eq. (45), we get from Eqs. (22) and 
(42) asingle relation among the three parameters 
Ro, q and Eq: 


(47) 
Ry = 9x)" (bog) "BA": (1+ Seq ++ 628 ++ 689)". 
Eliminating R, from Eqs. (43), (44) and (46), we 


reduce the total energy of the nucleus to the 
following form, making use of Eq. (47): 


(48) 
Ba++ TT, 
A _ , (Bota), , Bila) 
“eal bo | i 
+ GPE 4 of FA) 


+ bq? [1+ 3/2 e+ 3/2 &5 + 2/420) 


+ bn9*[1 + Yecot 3s +72 afl. 


Hee, 


by = 2ko (g? + 3f?)/ms = g’ko/6r; 


b, = 3h°h5/160 «°M. 


The energy E depends on the two variation para- 
meters g and €,. The parameter q characterizes the 
density p, of the central part of the nucleus, and 
€) gives the ratio of the region of exponential de- 
cay to the linear dimension of the central part of 
the nucleus (which has constant density). From 
the condition of minimum energy 0E/dq = 0, we 


719 


find the equation which connects the parameters q 
and €): 


®, (9, &o) = — bo [Cy (9) + oC, (q) (49) 
+ £6Ce (9) + £8Cs (9)] + 36,92 (1 + 3/p €, 
+ 3/225 + 2/420) 


) 54 162 
+ 2bg (1+ Ze + 58 20 oe £5) = 0, 


where 
a (8B; (9) 
C)( = 2( 7 ); = 30 Pl ye ARS’ 
D In(1 2 , Xx. 
Xi (g) == SSO; xg =e, 


For each chosen value of g in Eq. (49), we can 
find the corresponding €, and thus establish the 
dependence of q on €,. For this purpose, we first 
determine the interval of possible vdues of the 
parameter q and consider two limiting cases of the 
density distribution (42). In the limiting case 


Ro =0 or 


&y —> 00 


(50) 


Eq. (42) goes over to a density that falls off ac- 
cording to the simple exponential 


p (r) = poexp (— r/a). (51) 


With the aid of Eqs. (22) and (45), we find the de- 


pendence between the parameters q and a: 


a= (3n/2)'*A'*/koq. (52) 
Setting R =0 in the general expression for the 
energy (48) (or €, > e) and considering Eq. (52), 
we get the binding energy F of the nucleus with 
density distribution (51) in the form 


b ag 27 
Ba {2 D4 ge + eb} A. (53) 


We get the equation defining q from the condition of 
minimum energy: 


(54) 


3 54 
+ = bq? + a5 509 = 0. 
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For the values (38) of the constants 92 {?, we 
find from Eq. (54) that g = 6.2 or, from Fiq. (52), 


GO 8Od05 A on (55) 
for the values of Eq. (39), we get g=4.7 from Fq. 
(54), or 


a = 0.49X10-¥.A* om. (56) 


For these values of the parameter gor p., the 
mean binding energy per nucleon is, from Eq. (53), 
E/A = -8.5 mev. 

It was shown in Ref. 13 that the charge density 
distribution in the nucleus of the type (51) gives 
bette agreement with the experimental data on the 
nuclear scattering of fast electrons on beryllium, 
gold and lead (energy of the electrons ~ 125 mev) 
and tantalum (energy ~ 150 mev ) for values of the 
parameter a = 0.636 x 107! cm for Be; (2.3 +0.3) 


x107!3 em for Au; 2.36 x 10°13 em for Pb and 
(2.80 +0.3) x 107!3 cm for Ta. From our 
theoretical expressions (55) and (56) for a, we have, 
respectively, a = 0.81 x 10°)? cm for Re; 2.27 
x 10°13 cm for Au; 2.31 x 10°! cm for Pb, 2.21 
x 107!3 cm for Ta and a = 1.02 x 107!3 em for Re; 
2.85 x 10713 em for Au; 2.90 x 10-13 em for Pb: 
285 x 107! em for Ta. 
In the other limiting case, 

G = Ulmer = 0 (57) 
the density relation (42) gives a constant density 
for the entire extent of the nucleus: 


Es 00 roo; 
oi) =| sae oR. 


for 


(58) 


Taking into account Fiqs. (45) and (57), we have 
the following relation between q and Ry from (47): 


Ry = (9) *Al*/Rog. (59) 


Substituting Fqs. (57) and(59) in (43), (44) and (46), we 
obtain the binding energy of a nucleus with con- 
stant particle density in the form of a function of 
q(~ po): 

E = {—6, 2D + 6,93 + b,g2| A. 

= Om ge ON Cade a (60) 

It follows from the condition 0E/dq = 0 that : a) 
in the case (38), the binding energy per nucleon 
has aminimumwith a value of ~ — 14 mev for q 
= 3.5 or, in accord with Pq. (59), for R. = 1.2 
x 10°13 43 cm; b) for (39), the binding energy per 
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nucleon has a minimumwith value ~ — 14 mev for 
the value q = 2.8 or for R, = 1.48 x 10-13 43 cm. 
Thus, for €,, which changes from 0 to ov, all the 
values of the parameter g, which are determined 
from the requirement of minimum energy, lie in the 
interval 


3.5 < q < 6.2 for the value of (38), (61) 


2.8 <q < 4.7 for the value of (39). (62) 
The dependence of the parameter g on €,, com- 
puted from Eq. (49) in the case of Fqs. (61) and 
(62), is shown in Fig. 3, fromwhich it is seen that 
in both cases the parameter q reaches its limiting 
value q=6.2 and q =4.7 for €) = 13.798. 
As is evident, in the approximation under con- 
sideration, when we neglected the Coulomb and 
surface energies, the density of the nucleons in 
the central part of the nucleus p, and the ratio 
o/R, are constant quantities which do not depend 
on the mass number A, 


L h ra jes —— ale eee eee 
TL SL LE TILT EE ATS 


oe 


FIG. 3, Dependence of q upon €)- 1-for values of 
the parameters from Eq, (38), 2-for values of the 
parameters from Eq, (39). 


According to Pqs. (45) and (47), the parameters 
Ry, @ and 7, can be represented as functions of q 
and €: 

Ry = Ro(q, &%) A"; a@=ay(q, &) A"; (63) 


ie =R+a= ro (G- <5) Aa 


where the following notation is introduced: 
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Rb (q; &o) = (9t)!* (Rog) * (1 + 38 
| He 6s, + Ges). *; : 
Qo (4, &o) = eyRo (J; &); 


ri (4; &) = Ry (9, &o) + Go (G> &0)- 


For each pair of values of g and €, we obtain from 
Fq. (63) the corresponding values of R*(4q, €,) 


? 


a, (q; €,) and renee ). The results of the calcula- 


tion are shown in Fig. 4, from which it follows that 
for a given A: a) the initial point of these curves 
with coordinates 


Ro (9, &) = 1.2x107# cm; 


Qy (J, &) =0; ey) = 0.362 Rp; 
Ro (q, &) = 1.48X107 8 cm; 
Qo (9; &) = 0; py = 0.185 FG 


corresponds to a nuclear model with constant 
density of nucleons (58); b) the final point of the 
curves with coordinates 


Gy (J, &o) = 0.39X107!8 cm; - 
R5(q, &o) =0;  py= 2.012 43; 

Ay (J; &o) = 0.49X10774% cm; 
R5(q, &) =0; — pp= 0.877 #8 


corresponds to the nuclear model with variable 
density (51). The intervals X,(q), X,(q) and 


X,,(q) were computed numerically. 


04% 10" 


FIG. 4, Dependence of Ry*, 79* and ay on Py (in 
units of &°) for values of the parameters from Eq. 
(38) (Solid curves) and for values from Eq. (39) 


(broken curves). 
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4, CALCULATION OF THE ENERGY OF THE NUCLEUS 
AND THE DENSITY DISTRIBUTION OF NUCLEONS 
WITH CONSIDERATION OF COULOMB AND SURFACE 

EFFECTS 


In Sec. 3 for the calculation of the density of 
nucleons in a nucleus, we took into account only 
the energy of the specific nuclear forces and ne- 
glected the Coulomb repulsion of the protons. Now 
we determine the parameters of the density (42), 
taking into account the Coulomb energy of the 
protons and the Weizsacker correction to the 
kinetic energy of the particles. In the Hartree- 
Fock approximation for the Coulomb energy ofa 
nucleus with Z protons, we have 


E, = Ee + Ee, (64) 

where 
Ee = F\\ (dr) dr.) So, (ry) 0, (ra) (65) 
Ee = —\\ dry) dra) Yo, (rusta) P. (66) 


The first term in (64) is the usual Coulomb energy, 
the second, the Coulomb exchange energy. 


In the case of variable density p, (r), we get 


E® from (66) with the help of Eqs. (12) and (13): 


3e? 1 ‘ 
Et = — F307)" oth (r) de, (67) 
Substituting forp, inEgs. (65) and (67) the expres- 
sion (42), and carrying out the integration, we find, 
in the notation of (45), 


(68) 
e*ko 45 75 75 75 
Ee = ie 09° [1 se => &% te [% +70 ce ze |, 
(69) 
eke 9 27 84 
E= — ag ia [1 een = 80 +350 : 


Making use of (47), we obtain the Coulomb energy 
of the nucleus as a function of the parameters 


€, and q: 
ae: (70) 
mthe(Le Gas Ga +88 +B) 
x(1+32,-+622-+6¢3) 
—oAg(i+ pat zat ws) 


X (1 + 32) + 6ep + 6e3) 3. 
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Here 


bs = Yeh, /60 (9x); by = 3e%k, / 168. 

The kinetic energy associated witha nonuniform 
density of nucleons on the periphery of the nucleus 
is determined by the Weizsacker correction, which 
in our case has the form: 


Pee aes pe je ae, (71) 


327?7M 
Keeping (42) and (47) in mind, we get from (71) 


after integration, 


Tp = 0,A'"q? (2+ 29 +20") (72) 


X(1 + 3eq + 6e5 ++ 625)" 


where 
(Orc)! h? Re 


b5= 96ne M 


The total energy of the nucleus in this case will 
be equal to 


En 2 (g, 2) + Ee l9, Eo) (73) 
+ TB (q, &) =E (q, £0) 
; A 
"4 4 3e,+ 662 + 68 
A 4 15/562 ON so a i, ae 75/, 5 
liye ny sec RU CL ME EN 
( 


(1+ 36, + 6e¢ + 6e3)"h 


a 
O1 Q2 G8 0+ UF 46 a, 


07 a2 Os 04 45 USE, 
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27 2 


81 
—ba(1+ 5 ep + oe +3550) 


+ b5q?A~"""(2 + 2ey + 29°) 


X(1 + 3e, + 629 + 63)"*} 


Vere E(q, €,) is the energy of the nucleus with- 
out consideration of the Coulomb and surface 
kinetic energy which is determined by Fq. (48). 

The e qation which relates q and Eos 

0En/Oq = F,(q, &, A) = 9, (74) 

was solved by us for €, with q in the intervals 
(61) and (62) for the values A = 40, 60, 80, 120, 
140, 180, 200 and 220. For each pair of values 
(q, Ey) found from Eq. (74), we calculated [ by 


means of Fq. (73) | the corersponding value of E/A. 
The dependence of E'/A on ¢, for certain A is given 
in Fig. 5. It is evident from these graphs that to 
each A there corresponds only one pair of values 
of the parameters (q, €,) for which the nucleus pos- 
sesses minimum energies almost equal to the 
empirical values; these pairs of values (q, € o) are 
shown inTablesI and Il. There are also ploneds in 
these tables the values of the parametersR., a, TF; 
and p, with the aid of Eqs. (63) and (45), in 

aon cases the Coulomb and surface energies have 
been taken into account. 


b re 
01 02 Os OY US 86 8, 
60 


Fic. 5, Binding energy per nucleon E/A as functions of €) =a/Ry 


for the values A = 40, NOD DRAG. 
Eq. (38), 


I~ for values of the hs Bee) ae 
2~ for values from Eq, (39), 
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TABLE I. For Values of the Parameters Used in Eq. (38) 
= 
A | Oe cee cl, eA Oe weak saee | Fada 
° Ee 5 0 8 ®, (B equuunax k,3) 
a een eee ree ee eee ie Sf 
40 | 3.7 0.300 0.872 0.262 1,134 0.427 
60 | 3.69 0.265 0.908 0.241 1.149 0.424 
80 | 3.65 0.242 0.941 0.228 4.169 0.410 
120 | 3.64 0.218 0.968 0-214 4.4179 0.407 
140 | 3.64 0.210 0.976 0.205 tod 0,407 
180 | 3.63 0.205 0.984 0.202 1.186 0.404 
200 | 3.63 0.205 0.984 0.202 1,186 0.404 
22003203 0.205 0.984 0.202 1.186 0.404 


Se a es ewe atin 


TABLE II. For Values of the Parameters Used in Eq. (39) 


et 


a qa |e=—~ | R,A/*xA013 aa Same) Fa Powe | 9, (e exnaonark 
40 Seu 0,233 qT AGS 0.269 1,424 0.228 
60 320 O2215 1.178 0.253 1.431 0,228 
80 aie 0.204 1.192 0.243 1.435 0.228 
120 3.0 0.195 1.204 0.235 4.439 0.228 
140 3.0 0.195 1,204 0.235 1.439 0. 228 
180 3.0 0.195 1 204 F255 1,439 0,228 
200 Be] 0.195 1.204 0.239 4.439 0 228 
220 3.0 0.195 1,204 O7235 4.439 GO. 228 


It is evident from the tables and graphs that 
consideration of the Coulomb and surface kinetic 
energies leadsto the following results. First, for 
each A, the parameters ( q, eq) of the nuclear 
density (42) have only one pair of values, for 
which equilibrium of the nucleus is possible; this 
shows that the existence, in the medium and heavy 
nuclei, of a core (of radius Ke with almost 
constant density is due to the effect of the usual 
repulsive force in the two nucleon potential and 
of Coulombrepulsion, without which the density of 
the distribution would be close to (51) for all A 
(see Sec. 3). 

Second, the ratio €) = @/R, is a definite func- 
tion of the mass number A of the nucleus (see 
TablesI, ID; for A > 120, the ratio a/R, is 
practically independent of A: €, ~0.2. 

Third, the value of the parameter g is 
virtually independent of A for A > 50, i.e., for 
medium ad heavy nuclei, the density of nucleons 
in the core of the nucleus is constant. This con- 
clusion is in agreement with the known empirical 
law, according to which, for medium and heavy 
nuclei, the density of nucleons inside the nucleus 
does not depend on the mass number A. We give 


here the values of the parameters Re a, Pp, and 


! 


‘F> - the particle distribution densities (42) for 
nuclei with A > 120 for two systems of valuesof 
the constants (38) and (39): 


(75) 
a = 0.21K107¥ 4". 


ry = 1.19x107-8 A". 


R, = 0.98x1078 A": 
0) = 0.4143; 
(76) 


R, = 1.20x10-8A"s; a = 0.24K10-8 A"; 


by = 0.23k5; Ty = 1.44x10~-8 A. 


The average energy per nucleon £/A, computed as a 
function of A, is shown graphically in Fig. 6. The 
dependence of £/A on A is in good agreement with 
the empirical curve of the binding energy, com- 
puted from the mass defect. Thus, for nuclei 

with A > 120, the parameters R, and a are ob- 
tained proportional to a3. We note that a de- 
pendence of the form a ~ 4/3, Roe V3 follows 


from the connection between ae structure of 
the nuclear shells and the density of the 
nucleons !®17527,28- The density of p(r) is 
shown in Fig. 7 as a function of r for various A 
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40. «L0r1'cm 


100 200 0 


40 $0 60 70 


FIG. 6. Mean binding energy per nucleon E/A as a 
function of A for values of the parameters from Eq. (38), 
For values of the parameters from Eq, (39) for A=40-220, 
the quantity E/A ~—8.5 mev. 


0 60 «80 «(100 «80860 180 UD tA 


FIG. 7. Dependence of the density distribution p(r) 
on r for A = 40, 80, 120, 180 and 220, and for values 
of the parameters from Eq, (39). 

(see Note added in proof at end of paper). 

In conclusion, we convey our deep gratitude to 
Prof. A. A. Sokolov for suggesting the theme and 
for discussions of the results. We also express our 
thanks to L. I. Morozovskii for help in the compu- 
tations. 

Note added in proof: We have the value 


Ver2> = 1.1 x 10°13 43 om 
for the mean square of the nuclear radius from the 
density function (42). 
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The interaction of the translational motion of a polaron with the lattice vibrations and 
the associated energy loss of the polaron are investigated, Using a classical treatment, the 
energy trmsferred from one polaron to the vibrational degrees of greedom of the lattice is 
calculated. This type of excitation is possible for acoustic vibrations only if the polaron 
velocity exceeds the sound velocity in the crystal. It is thus analogous to the Cerenkov 
effect for an electron moving with a speed greater than that of light. The numerical results 
obtained for NaCl, KC] and KBr show that, although this mechmanim is not the main cause 
for slowing, nevertheless the interaction of the current carriers with the acoustical and 
transverse optical vibrations is by no means small for these crystals. 


1, INTRODUCTION 


THe theory of polaron mobility developed by. 
Pekar on the basis of a macroscopic treatment 
of crystals!” started from the picture of the 
scattering of polaron waves by the longitudinal 
optical vibrations of the lattice. The polarization 
of the crystal was split into two parts: a self- 


consistent part P, (r- é) =(C/47)D(r- ey Ndiere 


D(r) is the average induction of the polaron, C 
=(1/n?)-1/e, € and n are the dielectric constant 
=> 


and the index of refraction, € is the radius vector 
to the center of the polarization source | and a 


variable part P’ = = Pye Er describing the phonons. 


On the assumption that the radius of the polaron 
state is large compared to the lattice constant, 
one can neglect the interaction of the polaron 
with short wavelength longitudinal optical vibra- 
tions as well as with the acoustic and transverse 
optical vibrations, which in this approximation 
‘have no longitudinal component of the dipole 
moment. Actually, for may materials (e.g., all 
alkali-halide crystals ), the radius of the polaron 
state is only slightly gre@er than the lattice con- 
stant. It is therefore of interest to evaluate the 
magnitude of the interaction of a moving pol aron 
with the acoustical and transverse vibrations of 
the crystal. . 

We shall limit our treatment to polarons whose 
radius is large enough for the results of Pekar’s 
theory to be applicable as a zeroth approximation, 
and shall calculate the next approximation in 
which the energy of interaction of the electron 
with the transverse optical and acoustical vibra- 
tions can still be treated as a small quantity. 

As in Pekar’s first papers®’*, we shall treat the 


(20 


one of the authors 


electron motion quantum-mechanically and the 
oscillations of the ions classically. The con- 
stants characterizing the electron interaction with 


the crystal vibrations are taken from the data of 
5,6 


2.FORCED VIBRATIONS OF A CRYSTAL UNDER THE 
ACTION OF THE FIELD OF A MOVING POLARON 


According to Pekar, the wave function of a 
moving polaron is 


V(r, 1) = 4 (lr —ve)), 


where v is the translationd velocity of the polaron, 
and w(r) is the wave function for the polaron at 
rest. The wave function can be chosen to be 
Gaussian, 


Yo = (2 / 7) *s ala ea lz, (1) 


with an error of less than 1% compared to the 
function used by Pekar’. We denote the average 
electrical induction produced by the charge 
density p = e| ole by 


/ 2} d' , 
D(r)=—Ve=—vi(t ber, @) 
and the “‘instantmeous’’ induction produced by 
an electron at the point r’ by . 
Ditat) = it 


For a lattice made up of deformable ions, the 
ion displacements ul and the associated dipole 


moments pe = e.u! (s numbers the ions and / the 


cells of the lattice) are determined by the average 
field D(r); according to the adiabatic approximation, 
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the dipole moments Be of the electronic shells are 
determined2 both by the momentary position of the 
electron [ and consequently, by the field D(r, r’)] 
and the field resulting from the displacements ul. 
The equations describing the displacements and 
deformation of the ions can be written in the form 


Tip pee C1 \GUW Opala 6: Daten Snai (oa) 


7 


eau fOP.) Dye ts, ©): (3b) 


where U® is the potential energy of the crystal ex- 
pressed as a function of pi and Ba This function 
was given in Ref. 7 (with some differences in 
notation) as 


1 Wal: OV 
U%= 203 > (araepDerPey (4) 


t= ol 


Us i=l nl ur 
+ Qbssrxy Ps'xP sry ta rile, 


where the coefficients a, b, c depend only on the 
coordinate differences r! ~rl) and are dimension- 
s Ss 


less constants; the summation extends over all 
indices. 

Since we are interested only in the vibrations 
of the ions, and not in the part pi of the polarize 
tion which follows the electron motion withe ut 
any lag, we can choose as the zero of energy of 
interaction of the electron with the crystal the 
state where pt = 0 and the electron is at the 
bottom of the conduction band. In such a motion 
the inertialess part of the polarization , Re re- 
mains the same as the case we are considering, 


where pi #0. Then Eq (3b) becomes 


OS fOUOA Ps) (OP ale Dr (tei)s (5) 


v 
To eliminate the quantities Bee we subtract iq. 


(5) from Eq. (3b) and get 
O=— 002 (pi P,— Pe OP, (6) 


ee v 
Thus the quantities Be = pe -P! are determined 


only by the ion displacements ut and do not de- 
pend on the instantaneous position of the electron. 
Consequently, they are equal to their quantum- 
mechanical average values, calculated with 
|W(r’)|*. Averaging Eqs. (3) over r’, we get 
(ms / e%) pe — (7a) 


—(dU° (pi, Pi)) /Opi: + Dy (rey 
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— — (au? (pi, Pi) /APi) + Dz (rs), (7) 


—_— ~v Derz 
where P! =P! +P!. 
s Ss s 
The potential energy of the electron interaction 


with the polarized crystals (measured from the 
bottom of the conduction band) will obviously be 


U(r’) =— SD (rs, r’}{ ps am P;), (8) 
sl 


~~ 
and since pi + Be does not depend on the instan- 
taneous position of the electron, the quantum- 
mechanical average of U? is 
77 x is l pp!) — 
U =— SD (rie)-(ps+Ps) = (9) 


sl 
ASS De pie Pear ae 
Soe 


The quantities a are found by averaging Iq. 
(5): . 


0=— [ave(0, Pi) /aP%] + De(r!). Go) 


We transform Eqs. (7) to normal coordinates by the 
substitutions 


pi. = >) pz, (K) exp Kr 3 9,4 (4); ap 
K,« 


Pie = > [> Pay Jak (t) ac Re: (K, t) Jeixes ’ 


K 


where Ps eee are the normalized amplitudes of 
the free oscillations of the lattice, and satisfy 
the equations: 


{sPsQa 7 pa (AssreyD$y aie Beg hayt (12) 
0= > (Besos Davy me Gee seP aly ks 


s'y 


(13) 


where 


cy ll’ 3 
A ssrxy = oS Assixy exp {—- ik (r 
Uv 


15) 
ete. (cf. Ref, 7 


Ys = Ms/u5 pe = MyM,/(mM, + Mey); 


QoK = (y.a3/e*) wax; 
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the w,, are the eigenfrequencies. Then (3) be- 
comes 


was 
e* 


Gak + QKxGaK (14) 


= @ Dp {5 Se (e) 
Sx I 


xX exp {— iKr3 = US BessyRory} > 


s'y 


Ge eS. Goan 
PPLE TEKS yy > x (rs) e Ss 
I 


so 


where N is the number of cells in the fundamental 
domain of the crystal. 
It is easy to see from a comparison of Eqs. (15) 


and (10) that the quantities R, +, are precisely 


Ralving Eq. (15) 


the Fourier components of Pp s 


for the R . r, and substituting i in (14), we get 
gax + 02k qak = Qa (K, ) (16) 
e? a® c l 
= Nu > Dsx exp {— iKrs} 
x [Dx (rs) 
— 3} Besrxy Cysryz Dz (tir) exp {iKe(ts —t)}]. 


S's" yz 


3.TRANSFER OF ENERGY FROM A MOVING POLARON 
TO THE CRYSTAL 


In order to determine the time dependence of 
the generalized force 0,(K, t), we calculate the 
Fourier components of p = e/ W(r-ve) |? for an 
arbitrary point r: 


p= >) Pq 
K 


0 (8) = 419 (r — ve) 


(t) eke, (17) 


2 e-iKrd- 


= = exp \- = —ik-ve} : 


where V is the volume of the fundamental domain. 
The Fourier transforms of the Poisson equation 


A y= ~47p and the relation D =—V gy are 


TORE 

Dir, t)= my Odds tere, (18) 
4rie K 

D(K,t) = — a exp {— ga —i Kw. 


5 Dol | 
Substituting (17) in (15) and noting that Se’ (K-K )rs 
l 


# 0 only if K-K ’= 27q” (where q” is an arbi- 
trary vector of the reciprocal lattice), we obtain 

a complicated expression for Q,,, consisting of a 
sum of terms with different frequencies v'(K+27q”). 
However, in the macroscopic approximation where 
we consider polarons of large radius, only terms 
with wave vectors smdl compared to the vectors 
of the reciprocal lattice appear in the expansion 
of D(r). Therefore, since we are neglecting the 
components D( 27q™”) ~ exp {-(27q™)?/8a7}, 

it would be inconsistent to keep them in the ex- 
pression for the externd force. Thus, in the 

sum over m in the expression for Q,, we should 
keep only the leading term with m =0. Using (13) 
and (15), we can transform Q (K, t) to the simpler 
form 


Q2(K; 1) =e—ivKe, (19) 


Q.(K) = D(K, #) S\(ps*t Ps"). 


Ss 


The solution of Fq. (16) can be put in the form 


Q, (K) 


—_——. (20) 
@oK — (Kev)? 


oko {cos Kv t — cos Wek t 


— isin vK t + bax sin (@zK t + Bax)} 


where b,, are arbitrary integration con- 


and B,, 


stants. Ifthe crystal was not deformed at t=0, 


then all the B,, =0. 


From Eqs. (7a) and (7b), the work done on the 
crystal by the moving polaron during the time 
from 0 to ¢ is 


(21) 


0 slx 
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Taking Fourier transforms and using the relation - 


Cray = Cas ae (22) 
we get, after simple transformations 
‘ 
A = \ 13} Qex (t) dex (—K) (23) 
ny re 


ss'xyK 


The second term in the integral is identically zero, 
since the expression to be summed over K is an 
odd function of K. Integrating the first term in 

(93) with respect to t and dropping terms which 

go to zero or cancel one another when we sum 
over K, we find for sufficiently long times ¢ 


(24) 
|Q, (K) PF @,% sin? 4/2 (@,« — Kv) ¢ 
OK + Kv (©, — Kv)? 


Z N 
Amdt y 
a,K 


As t +0, A becomes proportional to ¢, and thus 
the special choice of solution with q,,(t =0) =0, 


where A also includes the energy of formation of 
the polaron, has no significance. 


4. COMPUTATION OF ENERGY LOSS OF A POLARON 
FOR SPECIFIC CRYSTALS 


Further calculations in general form are not 
possible, so we shall limit ourselves to consider- 
ing the simplest case of the motion of a polaron 
of relatively large radius in a cubic crystal. 
Numerical results will be obtained for crystals of 
NaCl, KCI and KBr. 

We may assume tha, for a polaron of large 
radius, Q,(K) is significantly different from zero 
only for K’s which are so small that the O.% can 


be assumed to be equal to their limiting fre- 
quency in the case of optical waves, and propor- 
tional to |K | inthe case of acoustic waves. 

For the optical branches o,, ~ oy (longitudinal 


waves ), and Ox = 3x = c, (transverse waves), 
where oy / @, =¥ é/n. Taking the z-axis along 
the direction of the velocity v and changing to 
polar coordinates, we can carry out the summa- 
tion over the angle J. Replacing the sum over K 
by an integral, we have 


aN ean ‘ 
Ai=t seer ary VIO (K, 94, 9) 


* Kd Kdg, (25) 


DHRC Dy (K)} Nye? dt. 


where cos d= w,/Kv, 1,2, 3. 

For the acoustic branches, we can set On 
=KC,(0, g. Then the integration over the angle 
0 gives the same formula (25), where J+, is the 
“‘resonance’’ value of the angle v, for which 


Ci (92, 9) = 0008 92. (26) 


In a paper of one of the authors, solutions of the 
equations for the normal modes (12) were obtained 
including terms of order k? = (aK)?, ( where ais 


the separation of neighboring ions ); numeric 
values of the amplitudes were found for the four 


crystals: LiF, NaCl, KCl amd KBr°. 

For the longitudinal optical vibrations, the 
effect is already different from zero in the zeroth 
approximation with respect to & where, according to 
Ref. 5, 

(27) 


Dox =Ry/kvs;  Psx = (Rx/R) (Cs/Qo), 


where the quantities , and c./a, are numerical 


constants whose values for the crystals mentioned 
are given in Table I. Substituting (27) and (18) in 
(19) and (19) in (25) and integrating over @ we get 
panne. C1 + Ce \? C OY (28) 
ree ee Tipe 


(cy) (200)? 


For. low velocities v, when o| /2av > 1 and the 
asymptotic expansion of the oie integral 


is applicable, we get for the approximate de- 
pendence of 4,/t on v 


AL 


(29) 
j 


= Buexp {— (,/ 2«v)?} 
«(i Gy ry] 


B= (I fe Crees ir 


pare 71) 


(30) 


Thus the energy loss is greater, the greater a, i.e., 
the smaller the radius of the polaron state, and 
increases exponentially with increasing velocity. 

For the crystals NaCl, KCl and KRr, for which 
the parameter « in the polaron wave function is 
known, the result of computation with the exact 
formula (26) is given in Fig. 1. 


For transverse optical vibrations the sum of Pa 
+ p,, which is parallel to the vector k, is given 
by the formula 
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TABLE I. 
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Amplitudes of Dipole Moments of Optical Vibrations 


—_—_—_—_—_—_—_—_——————————— 
Crystal | f/m, | 1/v.2 | C1/ay | Cy/Q, | b 
SSS ee ee ee ee ee ee 


NaCl 0.6066 | 0.3934 
KCl 0,4756 | 0.5244 
KBr 0.6715 | 0,3285 


—0.01485|—0.51755) 0.084295. 
—0.05516|—0. 43228} —0.042374 
—0,04367/--0.48942) 0.107363 


> (P; + Ps) = bk/kt4(k). 


s=l1 


(31) 


The value of the constant b depends on the 
properties of the crystal (values calculated from 
Ref. 5 are given in the last column of Table I), 
while 1/74(k) is a universal function and depends 
only on the direction of the vector k. Its expansion 
in spherical harmonics was found in Ref. 5. Ap- 
proximately, 

Y 4 (8, ¢) 


Irs (RHR LY (32) 


+22 Yo (0,9) +22 Yo (8,9) +t Yio (6, 9); 


0 


where 7, T4 etc. are numerical factors and the 


+ and ~ refer to the two branches of the transverse 
optical vibrations. Because of the complicated de- 
pendence of 7, 0nJ¥ and gq, the energy loss of the 
polaron will be strongly dependent on the direction 
of the velocity v with respect to the crystal axes 
(¥ and gin formula (32) are the angles describing 
the vector k in a polar coordinate system fixed in 
the crystal ). However, for a rough estimate of the 
energy loss, we can limit ourselves to the first 
term in (32). We then get 


4 (33) 


8rb? aate* , 0 \o 
Uae se hy 


u 


Xexp {— (0, /2«0)?} [1 as Ge 2av ic 


> Ass = 


where o = 0.1481; 7° = 0.0408. Comparing (33) 
and (29), we see that: for low velocities, where 
o, p21, ve A; A, 3 differs from A, by the factor 


which comes from the quantity (5 7%)?. 

Thus as the velocity decreases, the importance 
of the transverse vibrations in the slowing down 
increases. Figure 2 shows the behavior of Ay 3/t 
for the same three crystals. 

We find the quantities 0,.(K, ¢), «=4, 5, 6 for 
the acoustic vibrations from forumla (9), using the 
results of Ref. 5. In the zeroth approximation for 
ks py = py. Py =P 5 = 
In second order in k, using formula (67’) of Ref. 5, 


0 for the acoustic vibrations. 


2 
the sum & (p> +P®*)*k/k gives 
s=l1 


[n° +n Y, (6, 9) +2 Y, (8, 9) (34) 


+n ¥, (8, 9) +12 ¥ 49 (8, 9)] A; 


(0) 


alt) 


the values of n , etc., are given in Table V 


of Ref. 5. Then 


4nie’akek pe 2 
Qa {K, t) = ot yavanna eae 


(35) 


X{no + nO Yy+...}. 


When substituting Q, in formula (25) we must set 
the angle between k and v equal to the resonance 
value 9°, given by (26). 

From Eq. (6) of Ref. 5, the sound velocity in 
the crystal is 


CaP a Hv {1 + OY, (0,9) 


au 


(36) 


+05 (0,9) +. 


The solution of Eq. (2) for J* is generally im- 
possible for such a complicated dependence of C 
on the direction of k, so we shall replace the 
curly bracket by unity. [rom Table IV of Ref. 5 
we see that all the v() (; =4, 6, ..., 10) are small 
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A 1/4 erg/sec 
| 


0 | 
0 
=o 
wo 
0 
10 2 ETL ANAL Z She Lea 3 


v, cm/sec 


Fic. 1, Energy transferred from a polaron to the longi- 
tudinal optical vibrations of the lattice as a function of 
its velocity v: 1-NaCl, 2-KCl, 3-KBr. The dotted 
lines shown the energy transferred to the lattice per 
second for various values of the mobility u, expressed 


in cm?/vyolt sec and calculated according to the formula 


W=ekEv= ev-/u, 


compared to one, » the resultant error is small. 
With this simplification, 9, no longer depends on 
the direction of k, amd integration of (25) gives 


A;/t = (me*/pa?v)(n§)? (2aa)s, (37) 


«= 4,5,6. 


Formula (37) is of course applicable only if v>C, 
since otherwise, Eq. (26) cannot he satisfied. In 
Table II the values of the constants in Eq. (37) are 
given for the various crystals and the various 
branches of acoustical vibrations. From a 
comparison of formulas (37), (33) and (29) it is 
clear that for low velocities, so long as v>C, 
most of the energy loss occurs via excitation of 
acoustical vibrations (except fo NaCl). The 
numerical values of the energy transfer are small 
for v ~ C but of the same order of magnitude for 
all six branches. Thus we may expect that a 
quantum-mechanical calculation of the scattering 
will show an important contribution from interac- 
tion with the acoustical and transverse optical. 
vibrations. 


To estimate the role of the mechanism of energy 
loss which we are considering, we compare the 
quantity A,/t with the power W from the external 
force eE which maintains the translational motion 
of the polaron at the fixed velocity v = uF, where 
u is the mobility of the polaron and W = eE’v 
=ev?/u. Fora mobility u ~ 1-10 em/volt sec, 
which is typical of alkali halide crystals, the 
line ev?/u is above the curves of A,/t. Only for 
polaron velocities v Y 5 x 10° cm/sec does the 
energy loss to excitation of longitudinal optical 
vibrations become greater than W. This means that 
for such velocities the mobility of the polaron 
must decrease. 

In conclusion, we note that the transfer of 
energy from a moving polaron to a crystal was cal- 
culated by Buckingham® on the basis of band 
theory, where the interaction of the electron with 
the vibrations was taken to be 

\ codivudt (38) 
where u is the displacement vector, and the crystal 
was treated macroscopically and the electron was 
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TABLE JI. Constants of Formula (37) which Gives the Energy Transfer 
from the Polaron to the Acoustical Vibrations of the Lattice 


Branch —— Amax_ Aa? 

Crystal No. Ca=vV e*/ya —n2-408 a a 

7 in 10° cm/sec in 10°? erg/sec 

4 2609 0,694 0,277 
NaCl 5 PS) Pe WELL 2,67 

8 4.65 4.003 0.276 

4 2.04 1.061 0.120 
KCl 5 2.9 3.031 0.839 

6 4.4 12.48 8.36 

4 1.6 bey bf) 0.0794 
KBr 5 aoe 3.455 0.433 

6 3.3 6.002 0.996 


treated as a point: p = e 5(r-vt), c is a constant 

which cannot be calculated from the band theory. 
ve Such a calculation cannot possibly be correct, 
since a point electron obviously interacts not 
only with the longitudinal acoustic waves as given 
by formula (36), but with all other vibrations. Then 
the magnitude of the interaction turns out to be 
of the same order for both long and short wave 
vibrations. But the expression (38) is obviously 
not suitable for short wave oscillations. In addi- 
tion, for v > C Buckingham’s result diverges like 
1/(v-C) (because the electron is treated as a 
point). As we see, all these difficulties are 
absent from the polaron theory. 
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An estimate is made of the relative probability for stripping and compound nucleus 


formation in the Mg 


as a result of d,p and d,a processes on Mg 
We find that 


26 


(d,p) Mg27 reaction, by comparing the yields of final nuclei formed 
, and by n,p and n, & processes on Al. 
e ratio of the stripping cross section to the cross section for compound 


nucleus formation varies with deuteron energy and reaches a maximum value of 8-9 for 


deuteron energy 1-2 mev. 


T is well known that when deuterons interact 

with nuclei transformations of the type (d,p ) and 
(d,n) can proceed in two ways: via the stripping 
reaction, in which only one of the nucleons which 
constitute the deuteron is absorbed by the nucleus, 
while the other goes on; or in the usual way in 
which the deuteron as a whole is absorbed by the 
nucleus and a compound nucleus is formed which 
upon decaying can emit one of the nucleons. The 
reaction products ——final nucleus and emergent 
nucleon —— can be the same for both mechanisms. 
Until now it has been possible to make only rough 
quantitative estimates of the relative probabilities 
of the two possible mechanisms from studies of the 
angular distributions of nucleons emitted in 
deuteron reactions. However this method cannot 
give sufficiently reliable results, since the angu- 
lar distributions of nucleons produced as a result 
of stripping and compound nucleus breakup are 
known only approximately at present. 

We have applied a different method in order to 
give a more precise quantitative estimate of the 
relative probability of the two mechanisms. Two 
reactions were selected (one with deuterons, the 
other with some other particles, for example 
neutrons) in which the same compound nucleus is 
formed. We shall denote by A,andA, the target 
nuclei which are subjected to bombardment, by C* 
the excited compound nucleus, and by B, and B, 
the nuclei formed as a result of emission from the 
compound nucleus of a proton and an o-particle, 
respectively. We can then describe the processes 
considered in the following schematic form: 


r ae ais a p. 
+ D> 
1 sz, ems 


F B 
en yews ha! 
py eheciise 
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_of radioactive nuclei B 


If only one mechanism were possible for these 
reactions, via the formation of a compound nucleus, 
and if the energies of the deuterons and neutrons 
were chosen so that the excitation energy of the 
compound nucleus were the same in both cases, 
then for both reactions the ratio of the number of 
nuclei of type 8, to the number of type B, would 
always have to be the same, since the mechanism 
of breakup of the compound nucleus does not 
depend on how it was formed. However, in the 
first reaction the process leading to emergence of 
a proton , (d,p) , can proceed in two ways. 
Therefore in this case the number of final nuclei B, 
should be greater, and be proportional to the sum 
of the cross sections for stripping, compound 
nucleus formation, and aterm F due to the inter- 
ference between the two processes. Thus the 
number of final nuclei B; in the first process will 
be proportional to 


o(d, P) = o(d, P)ivae o(d, (ee Fa 


In.all the other cases the number of final nuclei 
should be proportional to the cross sections for 
the corresponding processes which proceed via 
the formation of the compound nucleus. 

We selected reactions which led to radioactive 
nucleiB, andB, with decay periods suitable 
for measurement. From the decay curves of the 
activities we determined the ratio of the numbers 
and B. produced in the 
targets as a result of irradiation with deuterons 
and neutrons. We shall denote by N, the 
experimentally measured ratio of the number of 
final nuclei Bs formed as a result of the (d,p ) 
reaction to the number of nuclei of type B., formed 
as aresult of (d, ~) reaction, and by NV, the 
ratio of the number of B nuclei produced by (n, p) 
reaction to the number of B, nuclei produced by 
(n, «) reaction. Then we have: 


STRIPPING AND COMPOUND NUCLEUS FORMATION 


aid, Pp). 2 (4, Pie n+(4, P)se+F 
o(d, a) o(d, «) Ni 


ot, py) 
o (m1, a)!” Ns. 

Since the mode of breakup of the compound 
nucleus is independent of how it was formed, we 


must have 


o(d, p),/o(d, «) = s(n, p)/s (n, %). 


From these relations we find that 


o(4, Pia. tPF  Ni,—N, 
Clea Pleins 1, che 


As already mentioned, this relation is valid if 
the compound nuclei formed as a result of capture 
of deuterons and neutrons have the same energy 
of excitation. However even if this condition is 
fulfilled we might anticipate some difference be- 
cause of the fact that even if we have a sharply 
defined excitation energy, the states of the com- 
pound nucleus may be a terent if there are several 
wide overlapping levels in this region of excita- 
tion energy. In this case errors can arise only if 
the compound nucleus in different excited states 
has different probabilities for decay into the vari- 
ous channels and if the probabilities of formation 
of these states by deuterons and neutrons are not 
the same. In our experiments the energies of the 
particles producing the reactions were not strictly 
monochromatic, which should reduce such errors 

through an averaging over a series of levels. No 
resonance phenomena were observed, so that we 
can assume that errors associated with them were 
insignificant. 

We chose the following tworeactions: 


e A + p goes = p 


Mg26 ; 
Na*4 + @ 


Al?? ; 
me \iNa24 te 


These transformations lead to Mg”’ with a half- 
life of 9.4 min and f-ray endpoints of 0.79 mev 
(20%) and 1.77 mev (80%), and to Na*4 with a 
half-life of 15 hr with the end point of the B-spec- 
trum at 1.39 mev. The radioactive products of 
other reactions and of reactions with other mag- 
nesium isotopes (the experiments were done with 
the normal mixture of Mg isotopes), have lifetimes 
very different from.those used by us and did not 


disturb the measurements. In order to obtain 
the same excitation of the compound nucleus A 


in these reactions, we had to use a neutron energy 
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about 6 mev greater than the energy of the deuter- 
ons. The ratios of the numbers Moet 
nuclei produced by (d,p) and (d,«) processes on 
magnesium for different deuteron energies were 
found from curves of the decay of.activity induced 
in the various layers of thin magnesium foils 
placed in the deuteron beam from the cyclotron. 
The activities were measured with a standard thin- 
walled Geiger-Muller counter and a scale-of-64 
counting circuit. The ratios of activities as a 
function of deuteron energy Ej are shown as 
curve a in Fig. J. 


Lh CP VD TB TE EE 15 Mev Ee, 
c 


le 2 
-———.-> 


1% 15 16 17 18 19 20 21 22Mev 
Excitation energy of compound nucleus. 


Fic. 1. @ ratio of d,p to d,a 
cross section; b— ratio of n,p to 
n, &cross section; c— ratio of 
stripping cross section to cross 
section for reaction going via 
compound nucleus formation. 


The D—D reaction was used to obtain monochro- 
matic beams of neutrons. The deuteron target was 
a layer of zirconium sub jected to long irradiation 
with low energy deuterons (0.8 mev). The length 
of the preliminary deuteron irradiation of the foil 
was chosen to assure deposition of 1 C of deuteron 
of irradiated surface of the foil. Ac- 
under these condi- 


ions per cm 
cording to published work, 
tions the neutron yield from the foil reaches 
saturation. It is well known that zirconium can 
adsorb hydrogen in relatively large quantities, so 
we may expect that all the D atoms impinging on 
the zirconium will be concentrated close to the sur- 
face in a layer of thickness no greater than a few 
microns. If we now irradiate the foil with faster 
deuterons, we may expect to obtain quite uniform ~ 
energy neutrons. To test the degree of homogeneity 
of the neutrons thus obtained, experiments were 
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carried out to determine their energy spectrum by 
measuring ranges of proton recoils in thick- 
layered emulsions. To do this, the plate was 
placed in a special holder below the zirconium tar- 
get inside the cyclotron chamber. 

The results of one such series of measurements 
are shown in the histogram of Fig. 2. From the 
histogram it is apparent that in this experiment we 
had an intense neutron group with an energy some- 
what less than 8 mev and a quite strong continu- 
ous background in the neutron energy region below 
5 mev. The energy of the fast neutron group is in 
good agreement with the expected value. The 


N 


2 3 ¥ 5 6 “ 8 7 


Fic. 2. Distribution in energy of number, N, of 
neutrons from D—D reaction on a zirconium target 
whose surface is saturated with deuterium. 


background of slower neutrons apparently arises 
from the presence of deuterium all through the 
zirconium plate and from the zirconium itself, as 
well as from the beam striking parts of the cyclotron 
chamber and from collisions of the deuterons with 
gas in the chamber. The presence of quite large 
numbers of relatively slow neutrons should have 
no essential effect on the results of the experiment, 
since both of the reactions used by us are endo- 
thermic (for the Al?” (n,p) Mg2? reaction , Q, =1.92 
mev, while for Al?” (n, a) Na24 : OF Soy Gs 
mev) and most of the slow neutron group is either 
below the threshold for these reactions or is in a 
region where the yield is small. To estimate the 
effect of the neutron background we carried out the 
following control experiment. First we measured 
the activity induced by the neutrons in aluminum 
when the zirconium target was saturated with 
deuterium, and then under the same conditions 
irradiated the aluminum target from a layer of zir- 
conium without deuterium. It turned out that the 
activity of the target in the second experiment did 
not exceed 10% of the activity in the first experi- 
ment. 

To determine the ratio NV. , we placed a piece 
of rolled aluminum foil below the Zr-D target and 
irradiated the latter in the cyclotron. 

The experiments with the zirconium target were 
done for three deuteron energies, all below 5 mev, 
since at higher energies considerable numbers of 
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neutrons appear from the reaction with zirconium. 
In addition we used 14 mev neutrons. Measurements 
of target activity were made under the same con- 
ditions as for the magnesium targets. The values 
obtained for the ratio VN. as a function of neutron 
energy E, are shown in Fig. 1b. The dashes 
show the assumed behavior of the curve in the 
neutron energy region where V, was not measured. 
The values of VS -N, )/N,. which gives 
the ratio of the probabilities of the two possible 
mechanisms for deuteron interaction with nuclei, 
are given in Fig. lc. 

From the curves of Figure 1 we see that the 
yield of protons increases relative to the yield of 
o-particles as we decrease the deuteron energy, 
both for reactions with deuterons and with neu- 
trons. This obviously arises fromthe fact that 
reactions yielding protons are more exothermic; 
in addition, for lower excitation energy of the com- 
pound nucleus, the effect of the potential barrier 
is greater in reactions in which o-particles are 
formed. The ratio (o +F)/ a... iS a maxi- 
mum (within the range of deuteron energies for 
whichthe measurenients were made) for deuteron 
energy 1—2 mev, and equals 8—9. We do not 
know the relative phase for these processes, so 
that we can say only that the actual value of the 
ratio o || 3 Gove lies within the limits 4 to 16. 


A decrease of (o,, +F)/ao when the deuter- 
on energy is increased or decréased can arise 
either from a change in F or from a change in the 
ratio of the cross sections for the two interaction 
mechanisms. The sharp decrease of this quan- 
tity when we go to low deuteron energies cannot, 
it appears, be explained solely by changes in F, 
and is evidence that ao_, decreases faster than 


Ona res This is in contradiction with the ideas 


developed by Oppenheimer and Phillips,” but can 
be explained on the basis of stripping theory. 

The capture by the nucleus of a neutron with large 
values / of angular momentum should be less 
probable for low deuteron energies. Therefore 

as the deuteron energy is lowered, only those states 
of the final nucleus should be formed which can 
occur for / = 0, and in many cases this may be 
associated with a decrease of the probability of the 


process. 


1Campbell, Korsmeyer and Ralph, Phys. Rev. 94, 
791 (1954). 


2 
J. R. Oppenheimer and M. Phillips, Phys. Rev. 48, 
500 (1935). 


S. T. Butler, Proc. Roy. Soc. (Lond 
sein y ondon) 208A, 559 


Translated by M. Hamermesh 
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Production of Slow 7* Mesons in Photographic Emulsion 
Nuclei by 660 mev Protons* 


Van Vi ALPERS, L. M. BARKOV, R. I. GERASIMOVA, 
[. I. Gurevicn, A. P. Misuaxova, K. N. MuKHIN 
AND B. A. NIKOL’SKII 
(Submitted to JETP editor Feb. 11, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1034-1039 (June, 1956) 


Production of slow mesons by 660 mev protons was studied with the aid of the 
emulsion camera. The method exployed permitted us to studyeffectivelythe stars 
formed by 7~ mesons as well as the energy and angular spectra of the slow 7 
mesons formed in nuclei. re 

The present work is a continuation of the study of formation of 7 and 7 mesons 
in the nuclei of photoemulsions by fast nucleons and contains results obtained with 
660 mev protons. The camara used in this work was prepared with the photoemulsion 
NIKFI, type R (85% Ag Br), containing 45 layers each 300 p thick and 42 mm in diameter 
and was irradiated with 600 +10 mev protons obtained from the synchrocyclotron of the 
Institute for Nuclear Problems, Academy of Sciences, USSR. | 

The greater thickness of the emulsion camera (15 mm) and the higher sensitivity of the 
emulsion used in this work permitted a more detailed analysis of the process of formation 
of slow 7 mesons in the photoemulsion nuclei. 


]. ENERGY AND ANGULAR DISTRIBUTIONS 
OF THE FORMED 7 MESONS 


4h obtain a correct picture of the different char 
acteristics of the 7* and 7 mesons in the 
photoemulsion we used the method of following 
each meson track from its end to the point of 

7 meson production or its entrance into the camera. 
There were found by this method 95 cases of 


+ = ; 
7” meson and 80 cases of 7 meson production. 


ay 
ao 
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Number of 7* mesons and Number of 7 mesons 


After making corrections for the end effect (as 3 
discussed in Ref. 1) there were obtained the 
angular distribution and energy spectrum of the & a 
produced 7* and 7 mesons. 37 3 60 = 0th 18 eg) 

In Fig. 1 are shown the angular distributions of 5 a 
a+ and 7 mesons produced by 600 mev protons * FG. L Angular distribution of 7° 7” mesons 
in the photoemulsion nuclei. It is seen from 1 4 ee by 660 mev protons in the photoemulsion 
Fig. 1 that the 7 meson production cross section eae ager 
depends slightly on the flight angle relative to N 
the direction of the beam of the incident particles. 3% 
The energy distribution of the 7 and 7 mesons 8 
is shown in Fig. 2. It is seen from Pig. 2 that _, 00 
the difference between the spectra of 7° and 7 i 
mesons produced by protons is preserved at 660 2 a0 
mev although it is less pronounced than at 460 2 
mev (Ref. 1) which is possibly connected with the = 60 
increasing effect of the charge redistribution if 
between the captured nucleon and the nucleus 3 40 
prior to the formation of the meson. 3 

zak 
E(MeV) 
ilies 
Ten ek ae ae 

*This communication is based ea results obtained Pie. 2:. Enerey-distiibutionelar and 
during 1954-55, 7~ mesons produced by 660 mev protons: 
aye in the photoemulsion nuclei @— mesons; 

Deceased X— 7 mesons 
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There was also computed the ratio of 7” to 
7 meson production which for mesons of FE, > 40 
mev, after corrections for the end effect 
turned out to be 7 / m7 =1.6 +0.4. Allowance 
for the Coulomb displ acementof 15 mev (Ref. 1) in 
the 7* and 7 mesons energy spectra yields for 
the value of this ratio the quantity 7° / 7 
_ = 2.3 +0.5 which coincides, within the limits of 
error, with the results obtained by irradiation of 
emulsions with 460 mev protons: 


Wa eee DEO (Os 


The production cross sections of 7* and 7 
mesons of energy E < 40 mev by 660 mev protons 
in photoemulsion nuclei was obtained from the 
number of produced 7 mesons in a definite volume 
of the emulsion and the density of the proton 
beam (Ref. 1). The cross sections were found to 
be:Sn- = (2.8-+ 1,0)-10°2? cm?; o.. = (4,4 + 1.5) 

LOM CM? ; O(ntin-y = (7.2 4° 1.8) X10 =" ens 
These cross sections refer to mesons of the energy 
interval 0< E,< 40 mev . 


2. ANALYSIS OF STARS ACCOMPANYING 
PRODUCTION OF 7 MESONS 


In the analysis of the stars accompanying pro- 
duction of 7 mesons, traces of the particles leaving 
the star were examined up to the point where they 
were stopped in the emulsion camera,or up to their 
emergence from it. In the first case the energy was 
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determined from the curves E= f(R) where R denotes 
the ionization path of the particle; in the second 
case, the energy was determined from the curves of 
energy dependence on the grain density 
E= f(dN/dR). The curve E= f (dN /dR) was ob- 
tained experimentally for 7 mesons and recomputed 
for protons according to the formula 
dN dN (E,Mp 
ap (Ep) = 5a ( MoM, ) 


The application of this method permitted more 
reliable measurements of the energies of particles 
emitted from the stars compared with other investi- 
gations in which photographic: plates were used for 
this purpose. 

A total of 95 stars accompanied by production 
of 7* mesons and 80 stars by production of 7 
mesons were analyzed, and not a single case of 
formation of pairs of mesons was registered in all 
the 175 cases. In addition, we investigated 74 
stars found in following tracks of protons not 


containing 7 mesons (see Sec. 3). ; 
The distribution according to energy of the parti- 


cles leaving the stars is shown in Fig. 3. The 
photographic emulsion used in the work did not per 
mit effective identification of protons and ocparti- 
cles of low energy (Ep < 40 mev); the particle 
energy in all cases was therefore determined from 
the curves E= f (R) for protons. Numerical values 
for the energy distributions of the particles are 
shown in Table l. 


TABLE l 


Average star energy E (combined kinetic energy of charged particles) and 
average number of charged particles V in stars with and without production 


of mesons 
ee ee Se ee ee 


Particle energy (in mev) | 0—30 30—100 >100 All energies 
a 18+2 23+4 143+-19 184+-13 
ee: 2842 5447 163-422 246-417 
E without = ED 36-55 296134 360-20 
wt 1.854+0,.14 | 0.4 40.07 | 0.6340.08 | 2.9 40.17 
rn 3.2 40.2 | 0.9 $0.4 | 0,710.09 | 4.85-£0.25 
N without = 2:5 0.2 | 0%6240.09 | 1.0 F041 “Ye te 
| 
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Number ¢ rays 

5 per mev per star 
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Fic. 3. Energy distribution of particles 
leaving the stars under the action of 660 


mev protons, @-—denotes stars with pro- 
duction of 7 mesons; X— stars with 
production of 7” mesons; O-— stars with- 
‘out any mesons, 


As shown in Table 1, the number of fast protons 
leaving the stars (E > 100 mev) is substantially - 
the same for all cases of 7” and a meson pro- 
duction, but there is a difference in the number of 
chaged particles of low and medium energy. The 
independence of the number of fast protons of the 
sign of the produced meson is maintained also for 
the case when the meson is emitted forward. The 
latter characteristic , pointed out in the analysis 
of stars produced by 400-460 mev nucleons, indi- 


cates that the nuclei aretransparent to slow mesons 


(E_ < 40 mev) and that there exists a high 
probability of the nucleons recharging in the 
nucleus. 

Stars which are not accompanied by 7 meson 
production are characterized by a relatively high 
number of charged particles and by high average 
value of star energy E. . he difference in the 
number of charged particles of small and medium 
energies (E< 100 mev) corresponds to the change 
in the nuclear charge with the production of 
mesons of different signs. 

In Figs. 4 and 5 are shown angular distributions 
of slow (E < 30 mev) and fast (E > 100 mev) 
particles leaving the stars. The corresponding 
numerical characteristics are shown in Table 2 
where the anisotropy is determined as 


[N(0-=-90°)—N (90-+-180°)]/ LN (0--90°) 
| 4+ N(90-+180°)]. 


It should be noted that the anisotropy of the 
angular distribution of particles leaving the stars 


is maintained down to particles of lovest energies. 
The corresponding results are shown in Fig. 6. 

It can be readily shown that the observed aniso- 
tropy cannot be explained by the motion of the 
nucleus as a whole. 
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Fic. 4. Angular distribution of slow (E < 30 mev) 
particles leaving the stars under the action of 660 
mev protons @-— denotes stars with the production 
of 7 * mesons; X — stars with production of 7 mesons; 
O— stars without mesons, 
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Fic. 5. Angular distribution of fast (E > 100 mev) 
particles leaving the stars under the action of 660 
mev protons, @-— denotes stars with production of 


7m mesons; X — stars with production of 7 mesons; 
O-— stars without mesons. 
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Fic. 6. Distribution by energy of slow particles 
(E < 20 mev) emitted forward ( 9< 90°) and back- 
ward (9 > 90° ) relative to the beam of the inci- 
dent 660 mev protons. x — denotes particles emitted 
forward (0° < 9% <90°) from stars with the pro- 
duction of 7 and 7” mesons; O-— particles emitted 
backward (90° < 9< 180° ) from stars wth the 
production of m* and77 mesons, 
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Number of rays per mev per star 
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Fic. 7. Distribution by energy of slow particles 
(E < 20 mev) leaving the stars under the action of 
660 mev protons. X-— denotes stars with the pro- 
duction of 7 * mesons; O— stars without 
mesons; — all the stars (in relative 
units). ® — stars with the production of 7" mesons. 


TABLE 2 


Anisotropy value of particles leaving the stars within 
different energy intervals 


Energy interval 
of the particles xt acs without x 
in mev 
0—30 0.39-+0,08 0,.22+0.06 | 0.15+0.07 
> 30 0.82240 ..06 0,810.05 | 0,820.05 
S100 4,000.03 0.8940.06 | 0,970.03 


A comparison of the data in Table 2 with 
results of Ref. 1 shows that, with increase in 
energy of the incident protons from Ep = 460 mev 
to Eip= 660 mev, the anisotropy of slow particles 
leaving the stars decreases. In Fig. 7 are shown 
energy distribution curves for low energy 
(E < 20 mev) particles leaving the stars under the 
influence of 660 mev protons. The distribution 
shows that the energy spectrum includes a large 
number of slow particles. The number of stars 
containing particles of energy E < 6 mev com- 
prises 70% in the case of 7 meson production and 
about 50% in the case of stars without mesons. 


Considering the fact that nuclear interactions in 
the photoemulsion take place principdly in the 
nuclei of silver and bromine for which the mean 
Coulomb potential is ~ 9 mev relative to protons, 
the number of stars containing slow particles 
appears to be too high to be explained by the 
action of light nuclei, presence of subbarier 
particles or the decrease of the Coulomb barrier 
with nuclear excitation. °°? It should be noted 
that in emulsions which register particles of 
minimum ionization, it is impossible to determine 
effectively the mass and charge of low energy 
particles. Therefore, the path-energy relation 
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for protons was used in this work in determining 
the energy of particles of short paths. Thus, for 
example, o-particles of energy8< E..< 16mev fall 
into the energy interval of 2 to 4 mev. In this 
way, aconsiderable portion of the spectrum of the 
short path particles (R > 40 1) could be ex- 
plained by the presence of o-particles of energy 
E > 8mev. However, it can be seen from the 
distribution presented in Fig. 7 that, among the 
rays of the stars, there is a large number d 
paticle traces of paths shorter than 40 p which 


pec must be related to particles with 
as 


3. THE MEAN FREE PATH IN THE PHOTO- 
EMULSION OF 660 MEV PROTONS 


There were also found in this work 127 cases of 
interactions between protons and nuclei, regis- 


tered by the method of following the protons tracks. 


The total length of all the traces studied was 
4362cms. Four cases were related to the elastic 
scattering of protons by nuclei. Thus, the mean 
free path of the 660 mev protons in inelastic 
interactions with the emission nuclei was equal 
A= 35.4 +3.1 cm. 

The theoretical estimate of the mean free path 
can be obtaned from the formula 


Tf heor= >) VixRi (1— pi), (1) 


ie ee Pe Fn a es 


where N, denotes the concentration of nuclei in the 
ith component of the emulsion, R; = ro Aas — 
nuclear radius of the ith component, p; the 
transparency of nuclei in the ith component. The 
transpa@ency p,; was determined from the expres- 
sion 

p= (I— (1-4 2Ry/L) a 


X exp (—2 R,/L)} L2/2R,?, 


where L denotes the mean free path of protons in 
the nuclear matter. 

Computation of p; was made for two values 
of parameter ro which determines the radii of 
the nuclei: r7 =1.2 x 10-13 cm an i 
x 10-13 cm. 

The cross section of the interaction between the 
proton and the nucleons was taken as onp pp 
= AD 105845 oma 

Results of computations of Xiheor are given 
in Table 3. As seen from Table 3, Atheor , ob- 
tained for two different values of r, , does not 
differ much from A exp. It is readily shown that the 
dependence of Atheor ON Opp and Opp is weaker 
than its dependence on ry [ see Eq. (2)]. We can 
thus state that there is good agreement between 
the observed value of the proton mean free path 
in the photoemulsion and the computed value. 

In conclusion we express our thanks to Prof. 
M. G. Meshcheriakov and Prof. V. P. Dzhelepev 
for the opportunity afforded us to conduct experi- 
ments with the syncrocyclotron of the Institute 


TABLE 3 


Comparison of Apeo, with dexper and Aseom 


r,:10'5, in cm pelea in cm Aicak in cm. exp in cm. 
ab scodp Sao 20.6 30,.4+3.1 
132 33,6 294 


for Nuclea Problems, Academy d Sciences, USSR, 
to L. V. Surkova, O. L. Shchipakin and G. V. Kol- 


ganova for their assistance in this work. 


lV. V. Alpers et al, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 1025 (1956). 
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ir Couteur, Proc. Phys. Soc. (London) 63A, 259 
(1950), 


3%, Bagge, Ann. d. Phys. 33, 389 (1938). 
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Nuclear Levels in Li® 


Iu. L. Soxouov, M. M. SuLKovskalA, FE. [. KARPUSHKINA AND E. A. ALBITSKAIA 
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With the aid of the photographic detection method, reactions with emergence of several 


particles were studied, 


which arise as a result of interaction of fast deuterons ( with 


energies upto 13.8 mev) with nuclei of Li® and Li’. The following reactions were detected: 
Li® (d; 2d) He4, Lie (ded. p, n) He? and Li’ (d: t, d) He’, which lead to the formation of 
excited Li® nuclei. The following levels of the Li® nucleus were found (with T = 0): 


E* = 2.2 mev, Ey = 4.5 mev and E3 ~ 7.5 mev. 


| Pas the point of view of the shell model, (1s)4 
(1p)? is the probable wnfiguration of the ground 
state of Li®. This configuration corresponds to the 
assumption that the four nucleons in the (1s) state 
form a system similar to the a- particle, in whose 
field the other two nucleonsoccupy places in the 
p-shell. Since there is every reason to think that 
the excitation of the a-paticle does not appear 
before energies ~ 15 mev *2, it follows that the 


first levels of the Li® nucleus must correspond to. 
different states of the two nucleons in the field 

of the «-particle. Therefore, an experimental in- 
vestigation of the propertiés of the Li® nucleus is 
of considerable interest, since it makes it possi- 
ble to draw a number of conclusions concerning the 
character of the neutron-proton interaction as well 
as concerning their interaction with the group of 
four nucleons in the (1s) state. 

1, In the present investigation, the interaction 
of fast deuterons with the nuclei of Li® and Li? 
was studied. The registration of the reaction 
which took place was made by means of the photo- 
eraphic method; lithium was introduced into the 
emulsion layer of the plate, which was then 
irradiated with deuterons in such a way that their 
tracks were completely withinthe emulsion. Under 
such conditions, because of the continuous de- 
crease. of the energy of the deuterons as they 
were slowed down, the disintegrations of the 
lithium nuclei could be caused by deuterons of 
different energies. 

We used plates of type E- 1 (Ilford ) with layer 
thickness of 100p. Emulsion of type E-1 was 
chosen because, under proper conditions of de- 
veloping, it makes it possible to obtain tracks of 


singly charged particles, «-particles, and other, 
heavier nuclei, which differ markedly in their ex- 
‘ternal appearance (grain dimensions and density). 
These properties of the E- 1 emulsion greatly 


facilitate the identification of tracks in analyzing 
the stars belonging to various reactions. 

The introduction of lithium in the emulsion 
layer was accomplished by sauration in a solu- 
tion of lithium acetate; the concentration of 
lithium atoms was then determined, as well as the 
uniformity of its distribution in depth and area of 
the emulsion layer. 

The plates saturated with lithium were irradi- 
ated in a cyclotron with deuterons of 13.8 +.2 mev 
energy. The maximum density of deuteron tracks 
with which, in the majority of cases, it was still 
possible to determine with certainty the point of 
entry into the emulsion of the deuteron causing the 
reaction in question, was 5x 10° deuterons per 
sq. cm of plate surface. It should be noted that 
the handling of plates with such density of 
tracks was only possible with the aid of a special 
stereomicroscope. 

General inspection of the irradiated and developed 
plates for the purpose of finding stars belonging 
to different reactions, wa carried out with a mag- 
nification of 450°x. 

We have investigated plates saturated with an 
acetate of the natural mixture of lithium isotopes, 
as well as plates which contained lithium enriched 
with the isotope Li®. On equal areas of plates of 
both kinds were found approximately equal numbers 
of various stars consistingof two, three and four 
rays (not counting numerous cases of d-p scatter- 
ing). Among them were a number of stars con- 
sisting (besides the deuteron track causing the 
disintegration ) of one track of an a- particle and 
two tracks of singly-charged particles. 

Energetically possible reactions with Q >-5 


mev, which could give stas of this type, are the 
following: 
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TABLE l 
Type of reaction Q (mev ) 
iit (@,. £,p) Het + 2.5 
Li§ (d, 2d) Het —1.5 
Ei“(a. d, p, ) He* *—"3.7 
Lit (d, p, p)He® — 5.0 
Li? (d, d', t) He? —2.5 
Titt7,02, p,m) ret > — 4.7 


Identification of the stars was made on the 
basis of the laws of conservation of energy and 
momentum. The necessary measurements of track 
lengths, angles between them and projection of 
’ tracks on a vertical axis* were made with VMBI-8 
microscopes. 

In identifying each sta, it was assumed suc- 
cessively that it belongs to one of the reactions 
listed above. Then, from themeasured lengths of 
the tracks, the kinetic energies €, and momenta p, 
of the emerging particles“ were determined, and on 
the basis of the equalities «, + @ =e, andp, 


= 2p, it was determined to what reaction the star 
in question belonged** Figure | gives graphically 
the results of this analysis in the case of the star 
pictured in Figure 2. Here vertical lines represent 
the values of the differences |(e, + Q)—2e, | 
(continuous lines) and the values of the differ- 
ences |p, — =p, | (dotted lines) for reactions of 
the various types indicated on the axisof abscissas. 

The conditions | (e, + Q) — Ze, | =0 and 
|pz — =p; | =9 were fulfilled for the reactions 
studied within limits of error which were, on the 
average, +0.25 mev for total energy and + 0.5 
momentum units form momentum”. 

This method of identification is sufficiently 
reliable, since the difference in Q-values for the 
reactions in question is substantially greater than 
the error in the determination of total energy. 


RThe coefficient of shrinkage was 2.5 for all of the 
plates examined. 


RR aor unit of momentum the momentum of a nucleon 
with energy of 0.5 mev was taken. 


RRR oo those reactions as a result of which, besides 
the a- particle, two different singly-charged particles 
appeared, for instance a proton and a triton, each of 
the tracks in turn was assumed to be the track of one of 
these particles. 


X Maximum possible errors in the determination of the 
total energy and momentum were calculated separately 
for each star. 


FIG. 1. Values of the differences: Continuous lines 
Xe, —(e, +Q) and dotted lines Pi- Pa a, found on the 
SuppoSition that the star pictured in Fig. 2 belongs to 
the various possible reactions. For 1--Li®(d, t, p)He4 
the sign of the difference is minus; for the other reac- 
tions: 2--Li’(d, d4t)He4, 3--Li®(d, 2d)He4, 4- 
Li®(d, 24 p,n)He4, 5--Li®(d, 2p)He®, 6— 

Li’(d, t50Ds n)He*, the sign of the difference is plus. 


2. As aresult of the processing of the plates 
described above, it was found that the overwhelm- 
ing majority of three-ray stars consisting of two 
tracks of single chargepaticles and one «-particle 
track, belong to the following reactions: 


Lit(ds2d)\Het, “Lit(awa’,p; mn) He® 


Li? (d; t, d’) Het, 


1) Reaction Li®(d, 2d)He*. This reaction was 


the most numerous among the reactions mentioned; 
as far as is known to us, this reaction has not been 
previously observed. This was probably due to the 
use of other methods of registration in the corre- 
sponding experiments. 

Figure 2 shows a microphotograph of a star per- 
taining to this reaction. 

If one regards the deuteron and the «- particle 
in the Li® nucleus as more or less independent 
formations, it may be assumed that such a 
reaction consists in the pulling out by the 
incident deuterons of a deuteron comparatively 
weakly bound to the « particle in 
the Li® nucleus. Obviously, in this case the 
kinetic energy sums of the a- particles and the 
deuterons (determined in the corresponding center- 
of-mass system), must have a continuous distri- 
bution in the entire interval of possible values. 

On the other hand, it may be assumed that the 
reaction under consideration takes place in two 
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FIG. 2. Microphotograph of a star belonging to the reaction Lakh d, 2d)He*. 


stages; the incident deuteron, undergoing in- 
elastic scattering, excites the Li® nucleus to adefi- 
nite level from which it then decays into a 
deuteron and an a-particle. In this case the sum 
of the kinetic energies of the o- particle and the 
deuteron (in the center-of-mass system of the 
Li® nucleus), plus the binding energy must equal 
the excitation energy of the level in question. 
This hypothesis may be checked by the con- 
struction of the corresponding vector diagrams, from 
which it is possible, first, to find the momentum 
received by the Li © nucleus in the center-of-mass 
system of Li® and the incident deuteron, and, 
second, to determine the momenta (energies ) of 
the o-particle and the second deuteron in the 
center-of-mass system of the excited Li® nucleus. 
The energy of the level is in this case determined 


by 
ES == ty eg 4) QO. |. 


The energy of the Li® level may also be found 
by means of the following relation: 


E* =?/,[E —2E' + VEE' cos9], (1) 


where E is the energy of the incident deuteron, E’ 
is the energy of the scattered deuteron and Vis 
the scattering angle (all in the laboratory co- 
ordinate system ). 

It is necessary to note, however, that in both 
cases the analysis of the stars is made more 
difficult by the circumstance that it is not known 


in advance which of the two deuterons present in 
the star is the inelastically scattered one and 
which is the one which appears as a result of 
decay of Li®. Hence, during the processing it was 
necessary to assume successively each one of the 
deuterons to be scattered and the other appearing 
as a result of decay; hence, obtaining two values 
of E* for each star. It should be noted that re- 
duction with Eq. (1) is rather cumbersome be- 
cause the determination of the true value of angle 
0 is complicated. 

The graphical method turned out to be simpler. 
For each star two vector diagrams were con- 
structed (with the above assumptions concerning 
the two deuterons), with the aid of which two 


values of the sum bes (in the center-of-mass 


system of the excited Li® nucleus) were obtained. 
On of these sums, ES =€ + €,, obtained in 

scatt 

the case when the scattered deuteron is taken for 


the one resulting from decay, is obviously not 
connected with the positions of the levels of the 


5G : 
Li’ nucleus. Since the energy oe may assume 


J : scatt 
any values lying inthe allowed limits,the sum E. 
will have a continuous distribution. 

The second sumis E,=€, +e. If the process 

. 2 
mentioned above takes place, in which the inci- 
dent deuteron pulls out the deuteron d from the 
2 


-6 i 
Li” nucleus, the energies €,_ ande, will also 


have any values in the allowed intervals. In this 


case the sum E,. like the sum Ey will have a 
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continuous distribution, If, however, excitation of 
the Li® nucleus to definite levels takes place, 
with subsequent disintegration into a- particle 
and deuteron, the sum EL, = €, +, must have dis- 
crete values equal to E* —|Q| where E* is the 
excitation energy corresponding to the level in 
question. Therefore, in order to determine whether 
the disintegration of the excited Li® nucleus from 
the various levels is taking place, it is necessary 
to ascertain whether in the sequence of pairs of 
sums fe and £, there are groups of neighboring 
values belonging to definite levels. 

Upon analysis of the vector diagrams it was 
found that one of such paired sums in the majority 
of cases is markedly different from the other. 
Among the smaller sums there were many values 
near to 0.7 mev which, in a sum with reaction 
energy | Q| = 1.5 mev gives a value equal to 2.2 
mev which coincides exactly with the known 
energy of the first excited state of the Li® 
nucleus®. Figure 3 shows the distribution of the 
quantity E* =e, +, + |Q| for (d; 2d)-stars con- 
structed using the most frequently occurring values 
of the sums. The graphs shows a distinct maxi- 
mum at the energy E* = 2.2 mev. 


40 


8 


S 


Number of Cases 


10 


Fic. 3. Distribution of the quantity E£* =e te, + Q|-. 


It may, therefore, be regarded as established 
that the decay of the excited nucleus of Li dur- 
ing the reaction (d, 2d) takes place in the majority 
of cases from the level at 2.2 mev. This level, 
as was to be expected, has isotopic spin zero, since 
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the decay products in this case are an o- particle 
and a deuteron ( which have isotopic spins zero). 

Besides the group of stars corresponding to the 
level at 2.2 mev, there is a certain number of 
stars for which the quantity E* lies within the 
limits ~3.5 to ~5 mev. It was not possible to 
determine, because of their small number, the 
origin of these stars with sufficient definiteness. 
They could, for instance, correspond to the 
process, mentioned above, in which a deuteron is 
pulled out from the lithium nucleus or to the de- 
cay of the excited Li® nucleus from higher levels. 
The character of the histogram shown in Fig. 4 
speaks in favor of the last supposition, since a 
sufficiently definite maximum at E* ~ 4,5 mev is 
observed which confirms the available indications 
of the existence of a level of Li® at ~4.5 mev’. 
This level as well as the level at 2.2 mev should 
have isotopic spin T = 0. 

We have not found any (d, 2d) stars corre- 
sponding to higher le vels of the Li® nucleus. 

2) Reactions Li®(d, d%, D, n)He* and Li’ 
(d; t, d’)He*. Besides stars belonging to the re- 
action Li®(d; 2d)He*, we found stars corresponding 
to reactions Li°(d; d% P, n)He* and Li‘ (d;t, d’)He* 

The yalue of Q for the reaction Li®(d;d p,n)He* 
is -3.7 mev; hence the decay of the excited Li® 
nucleus formed during the inelastic scattering of 
a deuteron cannot take place in this case fromthe 
level at 2.2 mev. The next level which can be 
excited by an inelastically scattered deuteron is 
the level at ~4.5 mev. However, all of the stars 
observed by us which belong to the reaction 
Li®(d; d4 p, n)He* correspond to a previously 
unobserved level whose energy turned out to be 
7.6 + .3 mev. We have not found any stars corre- 
sponding to the level at 4.5 mev. 

Figure 4 shows a microphotograph of a star 
corresponding to the reaction Li?(d; t, d’)He* 


which can, apparently take place in two ways”: 


JA t + Li® I 


{ 
atd 
Li? +d 


Sait 
{ 
a-+1 I 


XWe have also found a small number of stars corre- 
sponding to the reaction Li? (d;%, p, wv) He = 
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4 Aid , 4° 
Fic. 4. Microphotograph of a star belonging to the reaction Li (dytnd )He=: 


The reaction 


i ap ca a Be 
| 
atd 


allows, obviously, to determine the position of 
certain levels of the Li® nucleus. 

As aresult of the analysis of stars belonging to 
this reaction, we have found levels at 2.2 and 
~4.5 mev, as well as the level, mentioned above, 
at ~ 7.5 mev, which was found in studying the 
reaction Li®(d; d’, p,n)He*. The appearance of 
levels at 2.2 and ~4.5 mev, belonging to the Liv 
nucleus, is confirmation of the fact that the re- 
action Li’(d; t, d’)He4 may take place in the 
manner indicated. 

Besides the stars for which the values of E* are 
2.2 ~~ 4.5 and 7.5 mev, we found a comparatively 
small number of stars which cannot be attributed 
to any of the known levels of the Li® nucleus. One 
may assume that these stars correspond to un- 
known levels of the Li® nucleus or to the second 


I indication of the existence of this level ( private 
communication ) appeared recently in the review of 
Ajzenberg and Lauritsen, e.g., see Rev. Mod. Phys. 27, 
77 (1955). 


course of the Li‘(d; t, d’) He* reaction. However, 
the small number of such stars made it impossible 
to make any definite conclusions in this regard. 

In the literature there are indications of the ex- 
istence of a level of the Li® nucleus with isotopic 
spin [ = 0 at ~~5.4 mev*, However, the data ob- 
tained by us concerning the reactions Li®(d;2d)He*, 
Li °(d; d%:p, n)He* and Li’ (d; d, t’)He4, do not 
confirm so far the existence of this level. 

In conclusion, the authors express their deep 
gratitude to Prof. J. I. Gurevich for discussion of 
the results and general assistance in Carrying out 
the present work; to Prof. Ia. A. Smorodinskii and 
A. I. Baz’ for discussion of a number of problems; 
to Z. M. Kudriasheva, Mi. I. Ovskiannikova and 
V. S. Balova for examination of the plates; as 
well as to the staff of the Cyclotron Laboratory 
for help in irradiating the plates. 
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We have measured the cross section for inelastic scattering of neutrons of three energies: 
0.3, 0.77 and 1.0 mev by the nuclei of Belements: uranium, bismuth, leal, mercury, wolfram, 
antimony, tin, cadmium, copper, nickel, iron, aluminum and sodium. For heavy nonmagic 
nuclei (uranium, mercury and wolfram ), the cross section for inelastic scattering of neutrons 
withenergies 0.8 and 1 mev was found to be 1-2 barns. For light and magic nuclei the cross 
section for these same neutrons was found to be small, of order 0.1-0.2 barns. In addition, 


for incident neutrons with E, = 1 mev, an estimate was made of the average energy of the 
inelastically scattered neutrons, and the energy levels excited were determined for some 


nudd, | 
1, INTRODUCTION 

1 ale investigation of the inelastic scattering of 

neutrons in the 0.3-1 mev energy region from 
nuclei of various elements has great theoretical 
_and practical interest. Measurements of the in- 
elastic effect are especially important for those 
elements which are structural materials for re- 
actors. In addition, data from such measurements 
are a test of existing theoretical descriptions of 
nuclear structure. Unfortunately, the great experi- 
mental difficulties associated with such measure- 
ments are an obstacle to any complete investigation 
of the effect. Thus, up to now, too little effort 
has been devoted to the study of inelastic scatter- 
ing, whilethe published results are usually very 
crude and often insufficiently reliable. The in- 
vestigation of inelastic scattering of neutrons of 
energy 1 mev and below is especially difficult. 
For these energies there are no published data at 
present. The present work deals with just this 
energy region. 


2. METHOD AND MEASURING TECHNIQUE 


As sources, weused photoneutrons from Na-Re, — 
La-Re and NaD,0 (see Fig. 1). The inelastic ef- 
fect was measured in experiments using spherical 
geometry, from the change in the initial neutron 
spectrum in the materials under study; the materials 
were in the form of spheres (for convenience, they 
consisted of two hemispheres) with diameter 
D = 230 mm, having a small cavity at the center, 
of diameter 50 mm for the neutron sources. 

The neutrons were recorded by using nuclear re- 
coils in a spherical ionization chamber filled 
with hydrogen or helium. The type of chamber 
used depended on the neutron energy: for La-Be 
and Na-Be neutrons the measurements were made 
with a helium chamber (volume 4 liters, pressure 


* This work was completed in 1953-1954, The results 
were reported at the Geneva International Conference on 
Peaceful Uses of Atomic Energy. 
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Fic. 1. Neutron spectrum from spherical sources: 
a-- Na-D,0, b--La-Be, c--Na-Be, used in the 
present work. The last two sources are especially 
monochromdic. We give, in percent, the fraction of 
the neutrons which suffer a single elastic scattering 
in the source itself, for each of the source materials. 


3 atm), for the Na-D,9 neutrons they were done with 
a hydrogen chamber (volume 4 liters, pressure 1 
atm). The experiments consisted in measuring the 
initial spectrum ( from the source without scatterer) 
and the secondary spectrum (from the source placed 
at the center of the scatterer ), reduced to the same 
time and source distance from the ionization 
chamber. Individual pulses from the ionization 
chamber were amplified in a type ULZD propor 
tional amplifier and recorded by a twenty channel 
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analyzer. The duration of each measurement was 
30-60 minutes, during which time we obtained 
900-1000 pulses per channel. 

To reduce the results to the initial activity, addi- 
tional time was added to the duration of each 
successive meaurement to correct for the decay of 
the source, using the fact that the half life for 
Na24 is 14.8 hr, for La!4°, 42 hr. The difficul- 
ties in measurement arose mainly from the strong 
y-radiation accompanying the neutrons, since the 
number of y- qianta was approximately 10° times 
the number of neutrons. Therefore, the copiously 
formed secondary electrons which enter the gas 
from the walls of the chamber give rise to a large 
background, whose superposition on the neutron 
pulses causes a statistical spread in their ampli- 
tudes. 

To shield the chamber from y-radiation we 
placed over the scatterer and auxiliary lead shield 
of spherical shape and wall thickness 100 mm 
(which produced 100-fold attenuation ). 

It was shown by separate experiments that there 
is no inelastic scattering in lead in the energy 
region from 0.3to 0.9 mev (cf. below). Therefore, 
the use of lead as a shield does not introduce 
errors into the measurements, and the spectrum of 
the source surrounded by only the lead shield may 
be taken to bethe primary spectrum. Another 
method which was used to separate the neutron 
pulses from the background of secondary elec- 
trons was the introduction into the amplifier cir- 


cuit of a differentiating network with low RC, 
equal to 3 microseconds. 


3. CONSTRUCTION AND OPERATION OF THE 
SPHERICAL IONIZATION CHAMBER 


A spherical chamber filled with pure hydrogen or 
helium is most effective for recording photoneu- 
trons. Especially simple in construction is the 
glass spherica chamber, silvered on the inside 
and coated with a layer of electrolytic copper on 
the outside for withstanding high pressures. The 
advantages of the spherical chamber over other 
types are: 

1) small cpacity of the collecting electrode, of 
order 5-10 cm; 

2) efficiencyindependent of the direction of 
incidence of neutrons; 

3) optimd ratio of chamber wall surface to 
working volume, and consequent lower background 
from y-radiation producing secondary electrons in 
the walls of the chamber; 

4) small inductive effect, of the order of 5%, 
from positive ions; 
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5) constat dfective time for electron collec- 
tion, independent of place of formation of charges 
in the chambe. 

These advantages as well as proper operation of 
the spherical chamber are possible only when it 
is filled with pure gases with 100% electron col- 
lection . Even small impurities of oxygen and water 
vapor lead to electron attachment which ingeneral 
distorts the spectrum to be measured. For this 
reason, commercial hydrogen and helium were 
purified by passing over copper turnings heated to 
300°, and tested for purity by filling a chamber ad 
observing pulses from polonium «- particles. Only 
in pure gases aethe amplitude and the leading edge 
of pulses determined by electron collection. In 
addition, the effective electron collection time is 
the same, about 10 microseconds, independent of 
the amount or place of formation of charge; pulses 
of different amplitude then differ from one another 
only in the slope of their leading edge. This fact 
enabled us to introduce into the amplifier a differ- 
entiating circuit with RC =3 microseconds, a time 
constant which is smaller than the effective col- 
lection time for electrons. Such a network pro- 
duces almost complete discrimination of pulses 
from background. The pulse shape is altered and 
the amplitude decreased, but pulses at the output 
of the circuit are still proportional to the input 
pulses. 

The shape of the overall spectrum (spectrum of 
recoil nuclei) depends on the chamber filling. We 
know that the spectrum of recoils in hydrogen is 
uniform in energy for monochromatic incident 
neutrons. Unlike the case of hydrogen, the scatter- 
ing of neutrons in helium is anisotropic!*” and 
preferentially fore and aft, so that the recoil spec- 
trum rises towardthe low and high energy sides. 
From an analysis of the spectrum of recoils in a 
helium chamber for various neutron energies, we 
were able to show that in the 0.3- 1.0 mev region 
the distributions of recoil nuclei have a common, 
approximately straight portion independent of the 
energy of the incident neutrons. Thus, for incident 
neutrons with energy / and scattered neutrons 
with energy E < EQ, the recoil spectra can be 
described in general as: 


N,(E)~(A + BE)A(E,); (1) 
i 

Na(E)~(A+ BE)\ n(E)dE, (2) 
iE 


where A and B are parameters which can be elimin- 
ated by dividing: 
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pings One can see from Figs. 2 and 3 that the aniso- 
a = \ HIE) GE. (3) tropy of scattering in helium is especially large for 
are energy E) ~ 1mey, for which the ratio of maximum 


The spectrum of scatered neutrons is obtained by 
differentiating F'q. (3): 


to minimum in the recoil spectrum amounts to 2:1 
and the effect to be measured is, as aresult, more 
strongly emphasized. On the other hand, in the 
low energy region E,, = 0.2-0.3 mev the helium 


d 
n(E) = — 7B (Nz / N41). (4) chamber does not have these advantages, and it is 
therefore more convenient to use a hydrogen 
chamber as neutron detector. 
° 
1000 500 
a b ; 
| 
| | 
025 297 
E(mev) 


025 49 E (mev) 


a 


QS WE, (mev) 


Fic. 2. Spectra of lead and bismuth. a--H,-chamber, b,c,d -- He-chamber; 
curves a,b,d taken with Pb (crosses) and Bi(circles); curve c taken only 
with Pb for varying thicknesses: 150, 190, 230 mm, In the region above 0.9 
mev we observe inelastic scattering in lead corresponding to an energy level 


E =550 +50 kev. 


4. CHARACTERISTICS OF THE PHOTONEUTRON 
SOURCES 


The energy of the photoneutrons is determined 
by the energy of the y-ray and by the threshold 
energy as follows: 


A—1 
Here 6 is the small spread in neutron energies de- 


pending on the amgle between the directions of the 
neutron and y-ray 


2 (A — 1) (EY — ‘Is 
aya) paaeee ees (6) 


PHON— 1, }E,. 


In principle, one cm obtain neutrons which are 
almost homogeneous in energy, with a small spread 


5 =*(0.1-1%)E,. If we assume® E,,(Na) =276 
mev, E (La) = 2.49 mev, Q(Be) =1.63 mev and 


Q(D) = 2.18 mev, then the maximum energies of 
photoneutrons as given by Eqs. (5) and (6) for 
each source are, respectively, equal to the quanti- 
ties given in Tale]. However, because of the 
slowing down of the neutrons in the sources them- 
selves, the spread in energy, A, can reach several 
percent. For a spherical (Na- Re )-source, made 
up of two concentric spheres-—the inner one 30 mm 
in diameter containing 13 gm of sodium, and the 
outer one a hollow sphere of beryllium with wall 
thickness 10 mm, it can be shown that 34% of all 
the neutrons are scattered once in the beryllium, 
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a77E, (mev) 
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Fic. 3. Wolfram spectrum. a--H,-chamber, 6 and c--He-chamber, a-- 
Na-D,0, b--La-Be, c--Na-Be. Inelastic scattering is observed at all 


energies. In particular, for E = 0.3 mev only the first level at 145420 
kev is excited. 


TABLE I 
Spherical Cylindrical 
Source Ey in mev —- 
Ey mmev | Ain. % Ey in mev | Ain % 
INGue ys ee a aR 1 .02-+40.003 0.95 5 0.80 20 
12) 1 Bye eee ee See 0,77+0.002 ORT! 8 0.62 20 
NAIDOO) © ae ae ee 0.2940 .03 0.26 10 0.22 ae} 


and 3% in the sodium, while the remaining 63% of 
the primary neutrons with energy E, = 1 mev emerge 
without being scatered. From these data, we can 
construct the neutron spectrum, and obtain from it 
the average neutron energy E ,, (cf. Fig. 1). Table 
I gives the characteristics of the spherical 
sources used in the present work, and includes, for 
comparison, the characteristics of the cylindrical 
sources with which Wattenberg and Hughes 
worked?*4. As one sees, the spherical sources 

are more monochromatic. Moreover, for the first 
two sources, Va- Pe and La- Re, the homogeneity 
is so great that we can, for practical purposes, take 
as the effective energy the maximum energy EL, 
which is 1.0 mev for the Na-Re source and 0.77 
mev for the La-Be source. 


5. RESULTS OF MEASUREMENTS AND CALCULATION 
OF o. 
in 


Assuming that because of inelastic scattering 
the number of neutrons with the initial energy E 
decreases exponentially (to be more precise, a 
cases where the inelastic effect is large as in 
uranium, mercury andwolfram, we must correct / 
for the inelastic scattering itself), 


N, (23) =N, CEs) e—nle (7) 


from which we can obtain a formula for computing 

Oss | 
ae (1 /nl)in N N 

(Ni /N,), (9) 
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where N/N, is the ratio + of the number of pulses 


in the primary and secondary recoil spectra, re- 
spectively, with energy Ey, and lis the mean 
distance traversed by the neutrons in the scat- 
terer, calculated in the diffusion approximation 
(where we neglect the volume of the cavity in 


which the neutron source is located), 


aera: een 1° 
21 Ae Ae (Ro 4 0.7 Ag)’ 


ik, and 4, are the scatterer radius and the trans- 


ee (9) 


port mean free path in the scatterer, R, and A, are 


the radius of the lead shield and the transport free 


TABLE II. Inelastic Scattering Cross Section C4 
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path in lead. 

The errors which are introduced into Go be= 
cause of the use of the diffusion approximation for 
computing the mean distance traversed and be- 
cause of the assumption of exponential attenuation 
of the primary spectrum are relatively small. The 
errors in 0. because of the corrections for neutron 
absorption in the scatterer’ and inelastic scatter- 
ing in the lead shield are also small. 

The significant errors in a, , will depend mainly 
on the accuracy (5%) with which the primary and 
secondary spectra are measured, and on the accur 
acy (10-15%) of the published® values of A. The 
combined errors areincluded in Table II. 


in Barns 


Neutron Energy, E 0.3 mev | 0.77mev | 1.0 mev 
Uraniamp 0.4-+-0.1 0,9-+0.3 1,.6+0.5 
BIEN a 5 4 A 0) O ze (Vi 
Pesd Cees: 0 <A 0.2+0.4 
Mercury , , 0,1440.06.|..0,840.2 | 4:54-0.4 
Wolfram. . O5440.2=21 153420.4. 91 256220-8 
RE Thao ade Sag 0 <v.1 0.40.2 
eines lz 0.4 0.60.2 1.00.2 
(apes fees 0 240.4 

0 0 ZEW 
Nickel 0 0 0.30.4 
jets es 55 0 Pome 0.2+0.1 
Serer oe 0 F022 0.40.2 


In addition to the cross sections, whenever it 
was possible, we determined from the spectrum of 
recoils from the scattered neutrons the energies 
of the individual levels which were excited or the 
average energy of the inelastically scattered neu- 
trons (see Table III). The determination of these 
energies can be done very roughly, in the most 
favorable case with an accuracy of 1% channels out 
of 20, which amounts to 5-7% of the energy of the 
incident neutrons. The energies of some of the 
excited levels are given in the summary table, with 
this resolution. We determined much more poorly 
the mean energy of the inelastically scattered neu- 
trons, whose spectra are not measured directly in 
the present experiments, but can be gotten only 
by graphical differentiation of the recoil spectra 
[in accordance with Eq. (4) ], which gives a quali- 
tative rather than a quantitative result. The low 
energy end of the spectrum of inelastically scat- 


tered neutrons is determined especially poorly, so 
that we used the convention of setting the average 
energy equal to the ‘‘median’’, i.e., the energy 
above and below which half the recoils occur. 

For example, in Fig. 2 are given the results of 
measurements made with lead and bismuth. It is 
apparent that for three of the energies---0.3, 0.77 
and 0.9 mev, the recoil spectra for lead and bis- 
muth coincide completely within the limits of error 
of the experiments, so that we may assume that 
absorption and inelastic scattering of neutrons with 
energy below 0.9 mev does not exceed 0.1 barns. In 
the region above 0.9 mev(for neutron energy 1 mev) 
appreciable inelastic scattering is observed in 
lead: the lead spectrum runs lower over the whole 
interval from cE, = 1mevto EF =0.45 mev. Thus, 
we observe a drop in energy equal to 550 + oN 
kev, which agrees well with the known energy © 
0.6 mev of the first level in Pb?°’. The ratio 
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TABLE III 


Neutron Energy, E. 


Uranium . 
Bismuth . 
ead oir. 
Mercury .-. > 
Wolfram . 
Antimony . ; 
ingyr 
Cadmium . 
Copper ; ; 
Nickel . . 
Iron 
Aluminum 
Sodium 


E > 200 . 
E = 145+ 20] E 


E_ =500 
Vv 


a 


E =550+ 50 
E =300 | E.. =400 
Vv av 
=400 | E =550 
av av 
E =430 | E. = 450 
av av 
Sa E > 800 
E_ =300 | E_ = 400 
av av 
E > 800 
E =800 
E = 400 +50 
E =440 + 50 


Note: E is the energy, in kev, of individual levels excited by inelastic 


ee ; 
scattering of neutrons; FE, | 


ally scattered neutrons, 


N,/N, =1.1is determined directly from the curves. 


Then, neglecting the absorption (a, = 20 milli- 
barns), we get 
a= In 1.1 =0.2+.0.1 barn, 

where n = 0.33 x 1074 nuclei/cm? and 1 = 14.7 em. 

As another example, Fig. 3 gives the results for 
wolfram. The scatterer consisted of two hemi- 
spheres with D = 220 mn, filled with powdered 
wolfram having a density p = 5.47 gm/cm?. It is 
apparent that for incident neutrons with FE, =0.3 mev 
the primary and secondary spectra from the hydro- 
gen chamber differ considerably. About 25% of 
the secondary spectrum is shifted by more than 
100 kev, i.e., some of the neutrons have suffered 
an inelastic energy loss in the wolfram. A rough 
estimate shows that only one level, the first ex- 
cited state with energy E = 145 + 20 key, has 
been excited. 

The ratio N,/N, = 1.25 was found. Then, 
eliminating the absorption (co = 0.09 barns), we get 


iE = In 1.25 —0.09 = 0.40.2 bam, 


in 


where n = 0.018 x 1024 nuclei/cem? and 1=24 cm. 
The measurements for incident neutrons with ES 

= 0.77 mev were carried out with a helium chamber. 

The ratio V,/N, = 1.45 was found. Neglecting 


is the average energy, in kev, of the inelastic- 


absorption (a, = 10 millibans), and correcting / 
for inelastic scattering, we find 


Sig oy INn1.45 = 1.3-£0.4 bar 


in 


where n = 0.018 x 1024 nuclei/cm® and 1 = 16 cm. 
An estimate of the average energy of the ine lastic- 
ally scattered neutrons gives F =~ 400 kev. The 
measurements for incident neutrons with FE =lmev 
were also done with a helium chamber. The ratio 


N/N. was 1.4. A factor of 1.1 must be applied to 


this ratio to correct for inelastic scattering in the 
shield (o,, ~ 200 millibarns). Then, neglecting 


absorption and correcting / for inelastic scattering 
we get 


Sin In 1.4-1.1 = 2,6-40,8 barn 


where / = 11 cm. A rough estimate of the average 
energy gives FE, = 550 kev. 

In conclusion, the authors thank A. T. Leipun- 
skii for general guidance and interest in the work. 
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Letters to the Editor 


The Two-Dimensional Schrddinger Equation 
and Representations of the Group 
of Plane Motions 


E. L. KonsTANTINOVA AND G A. SOKOLIK 
P. N. Lebedev Physical Insitute, 
Academy of Sciences, USSR 
(Submitted to JETP editor July 8, 1955) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 430-431 
(February, 1956) 


E have found the irreducible unitary infinite- 

dimensional representations of the group of 
plane motions. The infinitesimal operators of the 
representations, A, =iA,- Se H_=iA,+ A,, 


H. =iA., satisfy the commutation relations 
° ° = 
[H.H_])=0; [HAs] =—H, [HM] =H, () 
where 
A, = —o0/0x, As = — O/ey, As = — x0/0y + yOlex. 


3 


In the infinite basis of the normalized eigen- 
vectors f,, of 4; the operators H,, H_, H, are 


given by matrices of the following form: 


(2) 


pe 
i 


The weight 6 of the representation is given by an 
equation of second order 


Afin + B'fim =O (3) 


where Ais the scalar operator of the group (La- 
place operator ) commuting with all operators of 


the representations. 
We realize the representation we have obtained 
in function space. For this purpose we write H,, 


H_, and H, in polar coordinates: 


. fo) 4 0 
[ho] : pt < 
a | ig+csl. 


—io J Se Fats i: ee 
|g (2 : Vera e say th ‘00° 


Then Eq. (2) takes the form: 


BF A Oh | EO eres 
ay ae) 4 
or- re oon oF or + PS (4) 


Fran Eqs. (2) and (4) it follows tha fb (r,9) 


= eM PR - (r), where R a satisfies Bessel’s 
equation 


Ek(e)e(e- Sonn @ 


From the form of the matrices (2) one can obtain 
the well-known recurrence relations for Bessel 
functions! 


Thus if the representations of the rotation 
group are realized in the space of spherical func- 
tions, then the representations of the group of 
plane motions are realized in the space of Bessel 
functions. It is easy to see that in the representa- 
tions we have obtained maximal vectors are absent, 
in consequence of which the weight £ of a repre- 
sentation is not connected with m. An analogous 
situaion occurs in the theory of the representations 
of the Lorentz group, in the case of the unitary 
representations. In the latter case of the two 
numbers giving a representation, that one k, which 
for finite-dimensional representations gives the 
maximum value of the moment & is not connected 
with & in the infinite-dimensional case. The 
problem of decomposing the Kronecker product 
Re, ~ Re, of irreducible representations of the 


group of plane motions into irreducible representa- 
tions is solved by the reduction to diagonal form 


of the operator A, written in the basis oe Bee 4 


The results obtained are of interest in the in- 
vestigation of the isotropy of a quantum-mechni- 
cal Hamiltonian in the plane 


A 


H = — (h?,2u) (07/0x*? + G/dy") + U (x, y). 
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Thecondition of isotropy can be written in the 
form PA. H)=0. We note that the components of 
the quantum-mechanical angular momentum coin- 
cide with A, for Z = const. Using Eqs. (2) and 
(4), one can carry out a classification of the 
quantum states of a two-dimensional system ac- 
cording to the representations of the group of 
plane motions, by expanding the W- function in 
terms of Bessel functions. Since all of the repre- 
sentations we have found are irreducible, the 
quantum states of the system turn out’to be non- 
degenerate. Thus B appears aa new quantum 
number, giving the state of a two-dimensional 
qatum-mechanical system. 

In conclusion, we regard it as our pleasant 
duty to express gratitude to M. L. Tsetlin and 
F. A. Ermakov for fruitful discussions. 
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Radiographic Study of X-Ray Photoelectric 
Emission 


S. KARAL’NIK, N. NAKHODKIN AND L. MELESKO 
Kiev State University 
(Submitted to JETP editor January 24, 1955 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 780-781 
(April, 1956 ) 


RADIOGRAPHIC method has been applied to 
the study of the dependence of x-ray photo- 
electric emission on the atomic number of an 
element. We used avariant of the “‘reflection”’ 
method!»2 in the arrangement described below. 
Samples of various substances were carefully 
ground and polished. Then a few chosen samples 
were spread out on a glass plate and paaffin was 
poured over them. When the paraffin had cooled, 
the glass plate was removed. This procedure 
gave a block of samples, the upper surfaces of 
which were located in a single plane. This block 


was then pressed against the light-sensitive 
surface of a photographic plate, placed in an 
aluminum cassette and the entire system was 
placed in a beam of hard x-rays (~200 kv) in 


such a way that the x-rays passed through the 


photographic plate and fell on the surfaces of the 
samples which were pressed against the photo- 
graphic emulsion. Due to the great penetrability 
of had x-rays, short exposures do na produce 
appreciable blackening of the emulsion. On the 
other hand, the photoelectrons and the secondary 
electrons (“reflected’’) connected with them 
produce a significant blackening, which is 
especially noticeable when electron-sensitive - 
photographic plates are used. 

The blackening of the photographic plae was 
comparatored (on a microphotometer of type MF-2) 
at various places in the neighborhood of each of 
the impressed samples, and the previously 
measured background blackening was subtracted. 
Graphs indicated that the blackening of the photo- 
graphic plate approached the straight line region 
of the blackening curve. 

The following combinations of substances were 
studied: 

1) Cr, Mn, Fe, Co, Ni, Cu, Zn, Ga, Ge, Se; 

2) Mo, Pd, Ag, Cd, Sn, Sb; 

3)"Fa, W, Pt, Au, He; Pb, Bi; 

4) Cu, Ag, Au; 

5) Zn, Cd; 

6) Si, Sn, Pb; 

7) Cr, Se, Mo, W; 

8) Ni, Pd? Pe; 

1)-3) are “‘horizontal’’ groups, while 4)-8) are 
“‘vertical’”’ groups. In other words, in the first 
case the block of specimens is made up of elements 
which increase in atomic number asone goes 
along a period of the Mendeleev chart, while in 
the second case the block is made up of elements 
from a single group of the periodic system. Some 
of the results of the measurements are given in 
the accompanying figures (the atomic number of 
the radiaor-element is plotted as abscissa and 
the blackening, in relative units, is plotted as 
ordinate. 

It is clea from Fig. 1 that the blackening, 
which characterizes the intensity of emission of 
photoelectrons and secondary electrons, increases 
almost linearly with increase in atomic number, 
as has already been pointed out in the literature1,2 
Figure 2 shows that there is a sharp decrease in 
the intensity of the electron emission when one 
passes from the elements of the first group to 
those of the second. This result occurs for a 
transition from copper to zinc, from silver to 
cadmium, etc., that is, for elements such that 
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the outer shell of electrons becomes filled (transi- 
tion from 3d!°4s! in copper to 3d1%4s2 in zinc, 
and so forth). 
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The experiments performed allow us to draw 
some conclusions as to the mechanism of the 
phenomenon. X-ray quanta with an energy of the 
order of 200 kev knock electrons from the K-shells 
of the various atoms and give them high energies. 
The appearance of secondary electrons is due to 
the fast electrons. Actually it is difficult to 
picture to oneself how the filling of the external 
electron shells could play any part in the x-ray 
photoeffect for quantum energies of about 200 kev, 
whereas the structure of the external shells plays 
an essential role in secondary emission?>4; when 
the external shell of the atom is filled, the proba- 
bility of ionization of the atom is decreased (Fig. 
2). This is supoorted by the fact that the black- 
ening of the photographic plate grows almost 
linearly with increase in atomic number, and is 
not proportional to Z5, as might have been ex- 
pected from the fact that the effective cross sec- 
tion for absorption of x-rays and production of 
photoelectrons is proportional®*® to Z5, 


1 A, K. Trapeznikov, Zavodskaia Lab. 8 (1947). 
2 Jean-Jacques Trillat, J. Appl. Phys. 19, 844 (1948). 
3k, J. Sternglass, Phys. Rev. 95, 345 (1954). 


4 N, G. Nakhodkin, Theses of the Report of the 
Tenth Scientific Conference of the Kiev State University, 
Kiev, 1953. 
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5 M.A. Blokhin, Physics of X-Rays, 1953. 
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The 6-Meson and the Fermi-Y ang Hypothesis 


V.I. KARPMAN 
Minsk Institute 
(Submitted to JETP editor January 30, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 781-782 
(April, 1956 ) 


| the literature one meets with suggestions that 
the 6-mesm can be considered, in the light of 
the Fermi-Yang hypothesis, ‘as a composite particle con- 
sisting of a nucleon and anti-hyperon (or hyperon 
and anti-nucleon) in the bound state2*?. A few 
considerations in connection with this concept are 
set forth below. 

1. What spin should the @meson possess for 
this representation? Let us consider the @meson 
as consisting of a nucleon and a [A®] particle 
(the brackets here and henceforth indicate the 
anti-particle ). 

Experiments made in the course of studying the 
correlation between the planes of production and 
of decay of the hyperons*’® indicate that the spin 
of the hyperon, in all probability, is not less than 
3/2. Let us assume that the A°-particle has a 
spin of 3/ 2. If me now considers a system of 
two particles with spin 1/2 and 3/2 existing in a 
bound state, as pictured by Fermi and Yang", then 
one can show that the normal state of this system 
has the form °S, and has a total angular momentum 
of 1, that is, the 6meson appears as a vector 
particle. This is in complete accord with the 
decay scheme: 6 > 27 (see, for example, Ref. 6). 

If we allow the spin of the A°-particle to be 
ereater than 3/2, then the spin of the @meson 
can be greater than l. To date no angular correla 
tions have been obtained which would confirm a 
greater spin for the @meson; however, the 
Statistics of these experiments are quite inade- 
quate 4, 

As for the isotopic spin of the @particle, the 
model under consideration predicts a half-integral 
value, consistent with an isotopic spin of 0 for 
the A°-particle*. In addition, the anti-particles 
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[6°] =({n] + A®) and [6+] = ([p]+ A°) corre- 
spond to the doublet 6°= (n + [A°]) and 6+ 
=(p+[A®]) 2. 

2. At present, in addition to the A° hyperon, 
there exist the hyperon >? and, to all appear- 
ances, &° 4»? with a mass ~ 2370 m,, all of which 
decay into a nucleon and a meson. It is 
natural to consider them as forming an isotopic 
triplet*. Assuming that these hyperons are ex- 
cited nucleons, it is natural, in the light of the 
Fermi-Y ang hypothesis, to permit the existence 
of heavy mesons, each consisting of a system of a 
nucleon and a[ J. We shall label these hypo- 
thetical particles as 6,. The isotopic spin of the 
6, particle can be 1/2 or 3/2. 

If the difference in mass between the 6,-and 6- 
particle exceeds the mmeson mass, then the inter- 
action in which the isotopic spin is directly con- 
served and whichis strong, according to the Gell- 
Mann scheme”, leads to the decay 6, > 0+ 7 with 
an extremely smal lifetime (~ 10-22 sec). (We 
assume that no ‘‘unexpected’’ exclusion rules 
exist here.) 

If the difference in mass between 6, and @ is 
smaller than the 7-meson mass, then an electro- 
magnetic interaction which conserves the Z com- 
ponent of the isotopic spin induces, practically 
instantaneously, a decay of the form 6, >6+y 
(analogous tothe decay 2° + A° + y 4+”). Only 
the 0**-particle may be “‘stable’’ (in the case 
that the isotopic spin of 6, equals, 3/2 and the 
emission of a 7-meson is forbidden by the 
energetics). 


Note added in proof: After the communication of this 
letter, the author learned that M.A. Markov® con- 
sidered particles analogous to the 0, -particle. 

* We are not considering the ‘‘cascade’’ hyperon 
~E(E7> A° +77) since at present there are no ex- 
perimental data which permit one to make definite con- 
clusions concerning the isotopic spin of FE. 
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Production of a Nuclear Star and z-Meson 
by a Gamma Photon 


Iu. A. VDovIN 
Physico-Engineering Institute, Moscow 
(Submitted to JETP editor November 26, 1955 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 782-783 
( April, 1956 ) 


P OMERANCHUK has considered! the production 
of a 7-meson pair by a collision between a y- 
photon and a nucleus where, in the final state, 
there was a 7-meson pair while the nucleus 
suffered only a slight recoil. In the present work 
a process is considered in which one of the mesons 
of the resulting 7-meson pair is absorbed within 
the struck nucleus and produces a nuclear “‘star”’- 
Thus, one has an unusual mechanism for the crea- 
tion of nuclear “‘stars’’ by y-photons where, in the 
final state, one also has a fast 7-meson which 
carries off energy of the order of the total energy 
of the star. All considerations are ultra*rdativ- 
istic and only the small angles between the y- 
photon momentum and the emitted 7-meson 
momentum play an essential role. For these condi- 
tions on the indicated process, distances greater 
than the dimensions of the nucleus play the same 
role as in the formation of a free mmeson pair ’ 
This follows from a consideration of the corre- 
sponding integrals and is tied in with the small 
longitudinal transfer of momentum to the nucleus 
in the process of pair formation (from the un- 
certainty relation Ar), ~ h/Apy). 

The intense interaction of the 7-mesons with 
nuclei implies that the nucleus can be considered, 
in the first approximation, as ‘‘absolutely black”’ 
as regards 7-mesons. 

In this process the absorbed meson exists in the 
same condition as in the process of y-photon 
emission where a meson is absorbed by a nucleus. 
This process was studied by Landau and Pomer- 
anchuk® by asuitably constructed Green’s func- 
tion and by an approximate solution of the corre- 
sponding wave equation. An analysis of their 
resulting expressions indicated, however, that the 
process can be studied with the aid of a radiation 
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transition matrix element in which the absorbed 
meson is represented as a spherical wave con- 
verging on an arbitrary point of the nucleus and 
the square of the modulus of the matrix element 
must be integrated across the nucleus cross sec- 
tion. Consequently, we shall represent the meson 
absorbed in our process by a converging spherical 
wave. 
The matrix element has the form 


m= 4 =\uiue s—hw yea 


(# =c =1) where w is the y -photon frequency and 
j is its polarization. Let us apply index 2 to the 
free meson which we describe by a plane wave 
plus a converging wave diffracted by the ‘‘ab- 
solutely black’’ nucleus? 


Yo : etre + 


= so 
V 2E, 


a \ |, 2 


where E, and p, represent the energy and momentum 
of the escaping meson, £ > pu. The integration 
over s” iscarried over a circle of radius R 
perpendicular to p, and passing through the nucleus 
center; 7R? is the cross section for all inelastic 
collisions between the z-meson and the nucleus. 
Furthermore, 


Vp emir —s] 


! 
v1 hil r= s\| 


Vp e ia r—s) 
Br! ears ie 
where the normalization is so chosen that the 
differential cross section for the process has the 
form 

do; (p>, ke) = 2r \ |M|2ds|F|2(2n)-*dpadky. (4) 
Here k, is the transverse momentum of the 
escaping mmeson, w'k, =0 and F is a constant 
(form-factor ) which allows for.the possibility of a 
nonlocal interaction of the mparticles with the 
nuclear background!-3, Comparison of the 
theoretical conclusions with experimental facts 
will permit one to specify this constant, which is 
of great interest to the theory. 

Thus, the outlined method is based on a very 
strong interaction between the mesons and the 
nucleons while the interaction with the electro- 
magnetic field is considered in the first approxi- 
mation of perturbation theory. It has proved 
possible to carry out the calculation for heavy 
nuclei, i.e., wR > 1, where p is the rest mass of 
the meson. For the differential cross section we 
have, 
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do; (Pa, ke) 
e? Es (w — Ee) 4 ae Dyas ) 
aa ers TOL OCR rer (©) Teen en ae 
wed ; veut 
+ K(e) (“Peoste + sin® e) | FldEat, (5) 


where # =k,/p; e? =?/(1+7?) ;j k, =k, cos 
dn =ndnd Py K and E are the complete elliptical 
integrals of the first and second kind, respectively. 

Averaging of the polarization of the y-photon we 
obtain 


Be —E 4 
do (E2,ke) = — eA eetS yc 2) la 


4r? ws 


(6) 
x (2K (e) — E(e))| F |? dndEy. 


From Eq. (6) it is evident that the effective 7~1, 
i.e., the effective angles 0~ p/E,. The form- 
factor F can be determined by comparing Eq. (6) 
with experimental data. . 

We note that, even though the total cross sec- 
tion appears small compared to the nucleus, the 
differential cross section for small angleshas 
larger values for greater E,. Thus for 7 =1, the 
differential cross section equals 


do | d9dE, = e7E, (w — Ey) w-3(E3/ v?)(R/u). (7) 


For lar ger values of E, the factor E2/u can 


compensate for the small factor e?. 

One cam integrate, if one sets F = 1, Eq. (6) 
over FE, and 7. Performing the integration with 
7 varying from 0 to some 7, ~ 1, we obtain 


o = (e?/12n) (R/U) O(Mnax)3 (8) 
Nmax 
5 Oia) A areal 
: nda (9) 


— alae 


The value of 1 ,ax 18 defined by the fact that we 


have neglected the form-factor and also by the 
fact that all considerations are applicable for 
small angles. 

The tota cross section does not depend upon the 
photon energy and is proportional to R/ rather 
than R%, i.e., the periphery of the nucleus with a 
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width of 1/p enters into the cross section. This 
circumstance is due to the wave properties of the 
mmesons. Actually, in the region effective for the 
process (in front of the nucleus ) the w-function 
of the escaping meson has a shadow and the entire 
process is determined within the region of the 
penumbra. 

If we set Nimax = then 

6 =[(r /132) e®R J w~ 10-88 om? (10) 

The preceding considerations were based on a 
specific model of the nucleus, viz., an “‘absolutely 
black’’ sphere of radius R. Employing a method 
developed in Ref. 2, one can generalize the problem 
to any arbitrary law of interaction between 7- 
mesons and nucleons. The correction for semi- 
transparency which occurs for the case of strong 
absorption by heavy nuclei is of the order of 
1/pR to the cross section for “‘black’’nuclei. 

The author expresses his sincere gratitute to 
I. Ia. Pomeranchuk for his valuable advice and 
continuing interest in this work. 
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Contribution to the Theory of Reactions 
Involving Polarized Particles 


A.M. RALDIN AND M. I. SHIROKOV 
P. N. Lebedev Physical Institute, 
Academy of Scienges, USSR 
(Submitted to JETP editor December 6, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 784-785 
(April, 1956 ) 


ee general theory of the correlation phenomena 
which depend on the law of conservation of the 
total angular momentum has been considerably 
developed in Refs. 1-3. 


We have obtained the tensor momenta (see the 
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determination below) for the two body problem in 
the most general case, when the incident and 
scattered particles and the particles of the target 
are in arbitrary spin states (for example, polar- 
ized ). 

The diagonality of the S-matrix with respect to 
the total impulse, total energy E, total angular 
momentum J and its projectim Mis made use of, 
and the transformation theory of Dirac? is applied 
systematically. The advantage of such an ap- 
proach lies in the fact that it establishes a direct 
connection between its results and the conserva- 
tion laws, allows errors and inexactitudes to be 
avoided more easily than in other approaches 2-5 
and allows a direct generalization to the case of 
reactions involving more than two particles. 

The reaction a + b + A + 0 was considered. 
Particles A and @ are in general different from a 
and b. All the particles have spins and rest 
masses not equal to zero (they could be either 
nuclei or “‘elementary’’ particles). 

All the investigations are caried out in the 
center of mass system; hence, the indices of the 
total impulse and the diagonality with respect to 
them are not shown expressly. 

The elements of the S-matrix have the form: 


(tgs la! | S"= V2 1,sla) 8, S58 == ee) 


where the symbols are as follows: i q, ig are the 


particle spins, s and sare the total orbital 
angular momenta of the two particles relative to 
the center of mass before and after the reaction, 
respectively, o and o “are the remaining variables 


which are not specified here (for example, vari- 
ables connected with the internal state of the 


particles). Equation (1) is an expression of the 
conservation laws. 

Since the magnitudes expressly shown above 
are not directly measured, but instead the direc- 
tions of motion and the projections of the spins 
are measured, we must obtain the elements of an 
Smatrix corresponding to experiment from the 
elements of (1). In order to do this we must first 
of all go from the s’l’JM representation to the 
s’vl’u” representation (the corresponding unitary 
transformation is the matrix of the Clebsch-Gordan 
coefficients CM vy and then with the help 


of the transformation 


-Ly* s/y! J 
L Ynys (9, %,) Cini gt 


go from the /’1’s’v “representation to the JapaAn 


representation ( 0 , a are the spherical angles of 
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the vector impulse of the particle A in the chosen 
system). The right side of (1) is transformed 
analogously. 

The initial and final states in the problems under 
consideration must be assigned not to wave func- 
tions but to density matrices® (fa example, an 
unpolarized beam of particles must be assigned to 
the density matrix 5»). The density matrices 


of the initial and final states are connected by 
means of the S-matrix 


The average value of the operdor A, which oper- 
ates on the spin variables, in the form of a density 
matrix (m,|p|m,) as just described, is given by 
the formula 


A=SpeA= ) (m| | ms) (m2| Am). 


MM 


(3) 


If we use the Wigner-Eckart theorem’, Eq. (3) 
transforms to 
(=) 


q 
A” = (i|| A] ere as (4) 


where 
ae (5) 


=V2FT DY) (— 1) CP nas tm, (a | 0 | a), 


MM, 


so that in order to find Aq directly, the magnitude 
of 7% rather than the density matrix is needed. 
The assignment of magnitudes T% completely 
determines the density matrix, ad conversely. 
Equation (5) may be considered as the transforma- 
tion of the density matrix from the m, yn, repre- 


sentation to the qg, «representation. 

We call the magnitudes 7% the tensor momenta 
(compare Refs. 1 and 3). 

In this new representation the corresponding 
transformation of the spin operator matrices takes 
the form 


Any a (6) 


x > (es fe Gene tM, (ms | A my). 


MM 


Using Eq. (2) and carrying out the corresponding 
unitary transformation, we obtain from {bile ve . The 
ab 


q,49 
magnitudes of T N'@ ore determined in terms of 


“XO 


[(2i , + 1) (2ig + 1))/2 


al -i j,—M ,j—ig—me i 
x Ben cin 
mm! Be ELON 
7e*6 5 , , 
x S Deter (nvE jm amex | e|n, EL, mymex) | 
Ol 0):0) 0 


the matrix elements (1), the Clebsch-Gordan coef- 
ficients and the spherical harmonics, a somewhat 
q 
cumbersome expression for T de 
HA % 
After simplifications, the final formula takes 
the form: 


IAW , qx 
Tyexeg MrEns #) = Dy Cannagone (7) 
q'x’ 
x Dd) [aq +1) (299+ 1) (2s; + 1) (2s), + 1)]" 
S1S2¢ 
XX (inI gins 819895 igGgig) TH (My, Ens, 550), 
where 


2 
TE =F (in + 1) (ig + 4)? 


[(2ig + 1) (Zig + A)" DS} (1) tate x 
X [(2s, + 41) (2s + 1) (28, + 1) (2s, + 1)1"7G,, 
x UUs tte S,) 
X GE (Iilys1; Sq; Jalese) (ini 9, ae | RY" (E) | ig ipsalae) 
X (ip igSg fe'| R’? (E)| i, tpSalat) Dz, (9, 9,0) T%; 


cs (n,, ES Si, So, 0) 


= DS) [24g +1) 2a, + 1) (2s; + 1) (2sy + 4)]"2 (8) 


Tab 
X X (ig da bai $19825 1495 tp) (9) 


9449 
X Di TnaasxyT aay Ma» Eas 2) 
Xg*b 
The summation & in Eq. (8) is to be taken over 
Jif: Lyd llosysol, and over x. 
The coefficients (ee X are detamined in Refs. 
3 and 8. Dire (A> 0A, 0) is the matrix element 


corresponding to the irreducible representation of 
the group of rotations of weight J. 
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The canection of our tensor momenta with the 
density matrix is different from the connection 
between the density matrix and the tensor momenta 
which were derived by Simon (see the corrections 
to Refs. 2 and 3), but when normalized they are 
the same. In the particular case when gg =0 and 
q, = 9 our expression yields a formula which 


differs from Eq. (3.2) of Ref. 3 by several factors. 
The distinction basically depends on the difference 
in the definition of the tensor momenta. This dis- 
tinction does not affect the final results, as 
compared with experiment, since a change in the 
definition of the tensor momenta must be accomp- 
anied by a corresponding change in the derived 
matrix element. 

An essential factor which is needed under the 
summation sign 2, as compared with Eq. (3.2) of 
Ref. 3, is (-1)% 

In conclusion, we express our gratitude to Prof. 
M. A. Markov for his constant intrest in the work. 
We also thank L. G. Zastavenko for his advice on 
a number of questions concerning the theory of 
representations of rotation groups. 


* As has been pointed out in Ref. 5, spherical 
harmonics must be preceded by id otherwise the result 


of the action of the inverse time operator will not be 
invariant with respect to complex mgular momenta. 
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Scattering of Fast Neutrons by tionspherical 
Nuclei. III 


S. I. DRozpov 
(Submitted to JETP editor December 26, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 786-788 
(April, 1956) 


N a previous communication?! an effective cross 

section was calculated for the scattering of fast 
neutrons by a “‘black’’ nucleus having the form 
of an ellipse of rotation and a zero spin (even- 
even nucleus). In the present note these calcula- 
tions are generalized to nuclei with spins differ- 
ent from zero (odd nuclei). In the adiabatic 
approximation the effective cross section is de- 
termined by the matrix element 


Fain (2) = \ dog, (0) f(@, 2) e,(@). (1) 


The amplitude for the scattering of a neutron by a 
stationary nucleus is: 


2 
Flo, 0) = 1S ey; (2) 


t == kbO [E2 (yw) cos (@ — @) + sin?(&— 9)", 


where €(u) =[z?2 + (1+ 22) p?]*, z=a/b. The 
quantity 6 is the radius of the largest circular 
cross section of the ellipsoid and 2a is the length 
of the axis of symmetry. The spherical angles 3 
and ~ specify the direction of the axis of symmetry 
w and the angles 0, ®, the direction of scattering (). 
The polar axis of the external coordinate system is 
chosen to lie in the direction of the incident beam. 
We shall assume a strong coupling between the 
motion of the nucleons in the nucleus and the 
motion of the nuclear surface2, In this case the 
wave functions for the rotational states of the 
nucleus ¢, (@) can be represented by the proper 
functions of the symmetric top*, 


Pn () = VAI 1) Bm Diyx (o), 3) 


where / is the total nuclear moment, M and K are 
the projections onto the external axis and axis of 
nuclear symmetry, repsectively, and  =(¢,9, 9) 
represents the Eulerian angles which describe the 
orientation of the nucleus relative to the external 
coordinate system. The rotational states of the 
nucleus are given by 
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= (R2/2J) {11 + 1) —K (K+ 1}; (4) 
1=K,K+4,..- 


To determine the cross section for the excitation 
of different rotational states n” one must compute 
the corresponding matrix element (1). Employing 
Eq. (1) through (3) along with the known relation 


for D! 


oe (@) we obtain 


Fain (Q) = fim (2 ) 


; Ha (ee)? 7 
<4 Foye ol Va + 1) (22 + 1) 


(«— M+ My)! 


xM—M’ 7x0 
x > Cr MCT —KIK (x + M’— M)! 


x 
1 

x \ dutéi(u) P#— (y) 
—1 


a 


x | dg cos (M’ — M) 
0 


t = kbOV &? (x) cos*e + sin?9, (5) 


Here Ce. 


aoe ray is the associated Legendre polynomial. The 
external axis of quantization is chosen to be in the 
direction of the incident beam. 

The differential cross section for the excitation 
of the rotational state un is given by 


vis the Clebsch-Gordan coefficient and 


1 J'M’R’ 
ox (8) = 374 2: | frux® (2) |? 
Hence, inserting Eq. (5) into this expression and 
employing the known relations for the Clebsch- 
Gordan coefficients we find 
egy 44RbY! Gy OU $4 
VK 0) = pr 2 So Cee ee) 


ho) — Be) acer ole +4) “= = ae 


an 
I(t 
dé (u) Py (v) \a cos mea ; 


1 0 


x 


| ems 


The functions 1,69) were investigated in Ref. 1 


in the study of scattering for even-even nuclei. Re- 
cause of the symmetry of the nucleus they are 


different from zero only for even x, m in which case, 
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The functions J, (8) oscillate, 


roughly speaking, like the ranted J, ERA/ERO) 
wherein the value of @ for which /,, nO) = 0 de- 
pends upon x and m. 

For /’=/ Ea. (6) becomes the differential cross 
section for scattering without an energy exchange, 
ViZ., 

Jk __ 4(Rb)s 
ilk —— “pep 


2I +14 
2s e0), eal (CTR K )? Le (9). (7) 
m 


We see that this differential elastic cross section 
for neutron scattering by nonspherical nuclei with 
spin different from zero (K 4 0) does not pass 
through zero for scattering angles 0<1. This is 
understandable since the cross section given by 
Eq. (7) is represented by a sum of cross sections 
which correspond to transitions between states 
with different projections of /, i.e., M before, M” 
after scattering. Qn the other hand, thereis the 
exceptional case of an even-even nucleus with 

1 = K = Owhere the angular distribution for elastic 
scattering has a zero similar to the cross section 
for elastic scattering by the diffraction of fast 
neutrons by a spherical nucleus. Actually, for 

1 = K = 0 Eq. (6) shows that the cross section for 
exciting the state €,-of an even-even nucleus is 


D>) Fm 
m=—l' 
in agreement with the result of Ref. 1. From this 
equation we see that the cross section for elastic 
scattering is 


4 (kb)! 
Tepe 


op (0) 


4 (k (KO) 


Tepe 


6, (8) = I (9). 


The differential cross section for scattering into 
the direction © with the excitation of different 
nuclear rotational states is given by 


1 z ‘K 
oO eT fie (0) 


It is convenient to represent this cross section in 
another form (see Ref. 1): 


1 
olf (8) = Ti d\ do | F(o, 2) 9, (@) 


Employing this equation with Eqs. (2) and (3) we 
find 


alk (6) 


4 
= et (AKC ran F? crx \ dois (2) | Fs 2) 
x, M 


Furthermore, it is easily seen that, 
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ek hiees 1'S. I. Drozdov, J. Exptl. Theoret. Phys. 
= =) Cr Mrmr I— KK P00 (o) = 1, (8) 28, 734, 736 (195); Sioy Phys. fered. ae Be 
tes 2 
A. Bohr and B. Mottelson, K. Danske. Vidensk 
Selsk. Mat.-fys. Medd., 27, No. 16 (1953). 
05° (6) 7 ; 
a ranslated by A. Skumanich 
2 (kb) ¢ CPanel nes 
ar \ ane ) \ ao [ is ,] =0,(6). (9) 
0 0 
Thus, the differential scattering cross section 
a, (0) does not depend on the initial state of the Concerning the Radiative Correction to the 
nucleus, i.e., on the index /, K. Graphs of the u-Meson Magnetic Moment 
function o,(9) for different degrees of nuclear de- 
formation and different neutron energies have been V. B. BERESTETSKIUI, O. N. KROKHIN 
published ?. AND 
The integrated cross section a, = [dQo, (0), does A. K. KHLEBNIKOV 
not depend on the energy (in agreement ware the (Submitted to JETP editor January 7, 1956) 
results of Ref. 1) and has the form J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 788-789 
1 (April, 1956 ) 


o, = 7b? \ dé (u). 
0 


The dependnce of a, on the degree of nuclear de- AY of the structure of the present 


ak was considered in Ref. 1. quantum theory of fields indicates its inappli- 
The total cross section for all scattering proces- te ko distances of ar order of #/ A, ~ 10-13 
ses is specified by the imaginary part of the I - Consequently, for those quantum- 


amplitude for elastic scattering evaluated at 0=0, electrodynamic processes where momenta (real 
. or virtual ) of the order of A, play a role, devia- 
1.e., g Play 


tions from the usual formulas are to be expected. 
AS: > Im flue (9) ; For the evaluation of these deviations in the 
re IMK aU : ; : em 
K 2/ ae integrals which appear in the determination of 
radiative corrections (integrals over virtual 
This reduces with the use of Eq. (5) to the total momenta ) one can restrict the upper limit of in- 


1 tegrationto A. Sj th int l e 
; fe eae Wet he g o- Since these integrals converg 
cross section 0, = 0, 7b* f dudy s for momenta ~ m, then the deviations should be 


; f 0 : of the order of m?/ 2, where m is the mass of the 
cross section for capture is 0, = 9, = 0, = 9,. chaged particle. This is why the deviations for 
Thus, the total neutron scattering cross section the magnetic moment of the electron appear only 
and absorption cross section do not depend on the in the third order radiative correction, viz., 
initial state of the nucleus either. a%(a=e7/#ec) *. Inthe case of the heavier 

It is easy to see that for the case of spherical j.-meson, the finiteness of A, affects the first 
nuclei the above formulas reduce to the formulas radiation correction (~ «) and one expects a dif- 
given by the diffraction of neutrons by “‘black” ferent value than predicted by Schwinger’s formula. 
spherical nuclei. If one assumes that the H- meson is devoid of any 

The author expresses his gratitude to B. T. specific interactions which are greater than the 
Geilikman and V. M. Strutinski for many vduable electromagnetic one, then the problem can be 
discussions. treated as one in pure electrodynamics. 
[a For the determination of the magnitude of the 

* Because of the reflection symmetry of the nucleus, change in the radiative correction to the magnetic 
the wave function (3) has to be symmetrized corre- moment of the p- meson (a change which is de- 
spondingly?, However, for our purposes we can use pendent upon He finiteness of A, ) we shall con- 
the nonsymmetric expression. sider, as is customary®’*, the Site portion of the 


scattering matrix of the third order A.. The 
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linear term of its expansion in wave vectors of 
the external field g/# has the following form 


[G = d%o5 12 4G F991: 
Ay = (6? | 2m)F (149 — 14). (1) 


The coefficient F serves to specify the raliative 
correction to the magnetic moment, 1.e., 


Ap / p= (a/2n)}F. (2) 


For |A,| =, we have F = 1, and Eq. (2) is just 
the Stinger formula. For finite 4), we can write 


F=l- —5F(,), and hence 
Au /u = (a /2n)[1— 8F (A)]. (3) 


F is expressed by integrals in momentum space of 
the form 


GRU Ra Reaks| 
J —- aes an ee ee ee 
\ (Rk? — 2pik) (k® — 2pok) k° 
(p, and p, are the initial and final momenta of the 
meson and p, -p, = q). Instead of integrating 


over a finite region one can retain the infinite in- 
tegration limits and introduce Feynman’s® 
truncating factor Aa/r?2 +k*, Then 


J (Xo) = J (c0) — 8 (9), 


where 
dk (1; Rg: ko®eI° 
100) =| Gap pT 


Continuing the calculation in the usual manner®’4, 


we obtain for the apex the following expression 


ho) = Aj (co) — BA, (Ao); 


SAj(Ao) 


1 1 
= \2x ax\ dy {(1—y — xy) v4 (L—x + xy) 14} 
0 0 


Te? mx 
2.9 Das 
x py (1 esc.) Bays 


x (4) 


where 
Py=IyPit(1—Y) pr 


Let us first perform the integration over y. Since 
we are only interested 1 in Loa linear in g, we can 


substitute p* = —m? for Py in the integrand. Then 
Fq. (4) assumes the form of ys gan OD ape 


SA, = (n? / 2m) (v4 —4Y4) BF (Ao); 


where 
1 
ca (x) xe (5) 
ate) a\ Thelma 


; { 
Seay eA idee 


fay 2,8 de dee 
Vi+4/y 1) As apy 


(y= AS /m?). With y > 1, the value of the integral 


is 


SF) 2m ee (6) 


1.1/2 Van day and fh Pomeranen ak Dok b Acad aneee 
SSSR 102, 489 (1955); I. Pomeranchuk, Dokl. Akad. 
Nauk SSSR 103, 1005 (1955); Dokl. Akad. Nauk SSSR 
104, 51 (1955). 


2 G. Gandel’man and Ia Zel’dovich, Dokl. Akad. Nauk 
SSSR 105, 445 (1955). 
3 R. Feynman, Phys. Rev. 76, 769 (1949). 


4 A, Akhiezer and V, Berestetskii, Quantum Electro- 
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Charged Particle Green's Function in the 
“Infrared Catastrophe’ Region 


L. P. Gor’KOV 
Institute for Physical Problems 
Academy of Sciences, USSR 
(Submitted to JETP editor January 3, 1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 790-791 
(April, 1956) 


ik the electrodynamics of the electron Abrikosov! 
has shown that the interaction with the electric 
field leads to the appearance in the Green’s func- 


tion of the electron in the infrared regjon (|p? -m?| 
<« m*) of the additional singularity 
m2 (e/27) [3—d (0)] 

(aa) (1) 


as compared with the simple pole for the Green’s 
function of the free electron. An analogous jn- 
vestigation in the electrodynamics of spin zero 
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shows that the same singularity arises in the 
Green’s function of a charged scalar particle, 
where the result obtained coincides exactly with 
(1). Hence, it seems worthwhile to present a re- 
sult from which this effect would follow independ- 
ently of the nature (spin) of the charged particle. 
The present letter is devoted to this question. 

The Green’s function of the particle is defined: 
in the usual way: 


G(x, x’) = <€(¥(x), ¥("))Ho 


The brackets indicate a time-ordered average over 
the vacuum, W(x) is the particle field operator, 


w (x) is the adjoint operator. The operations of 


conversion between W and w are evidently Hermi- 
tian conjugates. 

The Fourier components of G(x, x”) in the re- 
gion p” ~ m” are determined by the matrix element 
.<0| U(x) |p >, where p? ~ m?. In other words, in 
the Fourier expansion of the operator W(x), it is 
sufficient to determine only the part of the spectrum 
of w(p) where p2 ~ m?. In the state in which p” 
~ m~“, there is a single particle interacting with 
the electric field, and the magnitude A = |p” 
-m*|m7* is a measure of the energy of the photons 
which this particle may emit or absorb. We make 
the assumption, justified below, that for the ef- 
fect under consideration only a connection with 
the low frequency part of the electromagnetic 
field is necessary. Choosing a system of reference 
in which the motion of the particle is nonrelativ- 
istic, we may write the nonrelativistic Schrédinger 
equation 


j BE) fin 0A (a) + oh (Bea COM ¥(0),@ 


where p=-i V. This equaion is correct for the 
description of the interaction of the “‘free’’ part 

of the Fourier expansion of w(x) (p? ~ m?) with the’ 
low frequency part of the electromagnetic field. 
Neglecting terms quadratic in the field, since, as 
may be shown, they giverise to a higher order 
contribution in the final result, we substitute into 


Eq. (2) 


tt 


I(t, ’) = 


, 


\ 8 (Te) TACK a), A(x, 7) JJ,aT av; 


[A, (x), A, (x’)] = — 4ni8, ,D (x — x’); 


Voce —2)[A, (2), Ay (x, Aide de 
tt 
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t 


(x, t) = P, exp {i Wuncs T) ar| pi Xond)s (3) 


where P_ is the time-ordering operator and iu 
={e, ev}*. 


The operator W(x, t) satisfies the 
free particle equation 


10, | Of = (m + p? / 2m) dy. 


In the approximation e” <1 we may consider 
A pS T) in Eq. (3) as the free-field operator; 
hente: YW, and Ay, commute. For the Green’s func- 


tion G(x, x’) (more exactly, for the “‘free’’ 


ee ane 


part 
in the Fourier expansion ) we obtain 


fy 
Gil Gen 2 NSC CREE) < PsP (exp \-i \ Ages) ar\ 


t 


Xexp \i \ SA (X, 2) ar) >» 
. 2 


where G(x, x”) is the free particle Green’s func- 
tion. 
Using the formula 


exp(A + B)= exp (A)-exp(B)-exp (- > [A, B}) ; 


which is correct when there exists a number [A,B 1: 
and taking an average over the photonic vacuum, 
we obtain the following simple transformations: 


G (x, x’) = Gy (x, x’) (4) 


t 
on 
+ * C(Au(X's t), A(X 7) Dghahyte ar") 


K(AL (S50), AUK, 7) 0 Sut yat dt’ 


jan 


fan 


r{feae 


where 


SAC Ke ey) Podudy at at’ + / (1, on, 


tot, (5) 


pee 
(Ay (x), Ay (*')) >) = 4t7Dpuy (x — 2’). 


764 


The assumption of adiabaic cessation of the 
interaction 


ike 
CaN 


allows us to neglect the values of all the integrals 
taken at the lower limit. In particular, Eq. (5) 
depends only on the lower limit, and hence is 
equal to zero. Carrying out the integration with 
respect to dTand dt’ in Eq. (4) in the indicated 
manner, and varying Eq. (4) with respect to Se”, 
we take the Fourier component of the resulting re- 
lation in the momentum region |p” —m?| <m 
which is of interest tous. We find 


sapias 


(To > — ©) 
é exp at, 


36 (7) = ZV 16») —Gip— ay [2 A) OY 


k2 
(vk)? dh 
40) | ray) 


The calculation is most simply carried out in 
the system of reference in which the velocity of 
the particle v = p/m is equal to zero. Then 


86 (p) = “E {\ 1G ()—G(p— a [(1 —-22) 
d*k 


Se ar a(e)| vest (E2 aie i: 


Carrying out the integration with respect to dw ac- 
cording to the usual rules of contouring, we find 
that the terms sought are obtained by taking a cal- 
culation at the point £2 = 0: 


de? (¢ 
5G (0) = SF {\ 16 @) — 6 (p— ay EN 13 — a 0) 


(o=+|R)}). (7) 


The essential logarithmic region of interaction in 
this integral is |p? — m?| /m<Kk<m. The 
region of high frequencies leads to renormalization 
effects, which, naturally, cannot be correctly taken 
into account in this technique. Carrying out the 
integration in (7) for low frequencies, we obtain 


26 (p) = G(p) (3) [8 —a(0)] n( =) 


or 


m2 \ (22/2) [3d (0)) 
Gy (P)( ) 


p?— m?* 


where G,(p) differs from the Green’s function of a 
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free particle by the renormalization factors. Thus, 
the appearance of the additional singularity (1) in 
the Green’s function of a particle interacting with 
an electromagnetic field is connected only with 
the classical properties of the electric current 
being produced by the particle in its uniform motion. 
In conclusion, I wish to express iny deep grati- 
tude to A. A. Abrikosov and I. M. Khalatnikov for 


discussions of this work. 
* Designations are those used in Ref. 3. 


1 A, A. Abrikosov, Dissertation, Institute for Physi- 
cal Problems, Academy of Sciences, USSR, 1955. 


21. P. Gor’kov, Dissertation, Institute for Physical 
Problems, Academy of Sciences, USSR, 1955. 


3 R. Feynman, Phys. Rev. 76, 749, 769 (1949). 
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Transformation of Positive Helium lons 
Colliding with Inert Gas Atoms 
into Negative lons 


V.M. DUKEL’sku, V. V. AFROSIMOV 
AND 
N. V. FEDORENKO 
Leningrad Physico-technical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor January 14, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 792-793 
(April, 1956 ) 


iB studying the processes which take place dur- 
ing the passage of He+ ions through rarefied 


gases, we noted that negative ions He occurred 
in the beam after it had passed through the gas. 


The experiments were carried out in the double 
mass spectrometer arrangement described in Ref. 
1. A beam of He* ions of given energy was 
separated by the magnetic mass-monochromator, 
after which it entered the gas-filled collision 
chamber. For a gas pressure of ~ 3 x 1074 mm Hg 
in the chamber, we can keep the pressure in the 
remaining parts of the apparatus at a level <1 
x 10-° mm Hg. The composition of the beam which 
has passed through the collision chamber is in- 
vestigated by means of a magnetic mass analyzer. 

If we admit a beam of Het ions into the collision 
chamber and select a suitable intensity of mag- 
netic field in the mass andyzer, we can pass 
through it He+ ions which will retain their charge 
and their velocity after the passage. On reversing 
the direction of the magnetic field in the mass 
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analyzer, we discoveredthe presence of negative 
ions in the beam coming from the collision chamber. 
These ions passed through the mass analyzer for 
the same value of magnetic intensity as did the 


were He” ions 
e+ ions and 


Hetions. It is obvious that the 
which had been formed from the 


which had kept their velocity. 


= 
=) 


O(n?) 


SS 
om 


Dependence of the effective cross section for the con- 
version process He' > He ™ in He, Ne, Ar, Kr on the 
energy of the Het ions. 


The formation of the He’ ions was established 
for the Het ion energy interval from 15 to 175 kev 
in four inert gases: Kr, Ar, Ne, He. We are con- 
vinced that in the case of Kr, Ar and Ne the effect 
is proportional to the pressure of the gas in the 
collision chamber right down to a pressure of 5 


x 10-4 mm Hg, that is, the process He* > He™ oc- 
curred during single collisions of He+ ions with 


the atoms of the gas. This shows that in inter- 

acting with the atom the He* ion must have simul- 

taneously taken two electrons from it. In order 

to show the magnitude of the observed effect, we 

adduce an example. For aHe* ion energy of 80 

kev and a pressure of 2.5 x 10-4 mm Hg of argon 

in the collision chamber (16 cm path length of the 

ions in the gas), the current of secondary He 

ions was equal to 1.4 x 10-12 amp when the current 

of primary He* ions was equal to 3.3 x 10-7 amp. 
On the basis of the measurements performed, we 

carried out an approximate determination of the 

effective cross sections for the process He*>He’. 

In order to do this, it was necessary to know the 

transmission coefficient k_ of the mass analyzer 

for the secondary ions He. We measured the 

coefficient k, for the primary ions Het, scattered 

in the gas, and used its value in calculating the 

effective cross sections for the process He* > He. 

In the energy interval which weused, the value of 
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k , changed only slightly and was equal to 0.4-0.5. 
It was also verified that the angular distribution 
of the He™ ions was only slightly different from 
that of the primary Het ions after going through 
the collision chamber. 

Our results are given in the figure in the form 
of curves showing the dependence of the effective 
cross section Q for the conversion process He*++He™ 
on the energy T of the He* ions. The curves for 
neon, argon and krypton have a maximum for an 
energy of 60-70 kev. As the atomic number of the 
gas atoms decreases, the curves become lower, 
keeping the same general shape. For krypton the. 
magnitude of Q corresponding to the maximum of 
the curve is 1.5 x107!9 cm?. In the case of 
helium the conversion effect is very small (Q of 
the order of 10-2! cm), and hence we were not 
able to determine the form of the Q(T) curve. 

The formation of negative ions on the collision 
of positive ions with gas molecules was first 
observed for protons?>3, and later for oxygen 
ions*, The Het + We process which we have 
observed is of special interest in viewof the 
fact that the very possibility of the formation of 
the He~ ions is unexpected. As was shown in 
Ref. 5, the energy of an He™ ion in its normal 
state (1s?2s)*s (similar to the ground state of 
the lithium atom ) should exceed the energy of the 
normal state of a helium atom; hence, such an 
ion should not exist. In arecently published 
work® it was pointed out that a highly excited 
state of the negative ion He~ was possible, which, 
if it existed, would have to be metastable (with 
respect to the process of auto-ionization ) and 
possess an average lifetime 7 of the order of 107+3 
sec. This theoretical result coincides with the 
results of Ref. 7, in which an analysis of the 
composition of canal rays showed a weak He line. 

On the basis of our experiments we cannot 
judge whether the He™ ions which we have ob- 
served are stable or metastable. The He ions 
travel a path of 70 cm in our apparatus; for an 
energy of 60 kev the time of flight is 4 x10°7 sec. 
If the He~ ions which we observed were meta- 
stable, with 7 = 107° sec, then the fraction 4 
x 10-4 of them should disintegrate by spontaneous 
emission of an electron while going along the path 
from the point of collision to the receiver. Such 
an insignificant decrease in the number of He ~ 
ions because of their disintegration in the 
apparatus could not be detected in the results of 
our experiments, in particular, in the form of the 
Q(T) curves which we obtained. 
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Concerning a Certain Generalization of a 
Renormalization Group 


A. A. Logunov 
Moscow State Univesity 
(Submitted to JETP editor January 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 793-795 
( April, 1956 ) 


§ Be basic goal of the present note is the generali- 
zation of the Lie equations for the Green func- 
tions for the case of an arbitrary longitudinal 
coupling of photons. 

1. We shall work with finite Gren functions and 
shall assume that all divergences which exist in 
the theory have been eliminated by meas of the 
subtraction formalism?. However, there still re- 
main, even after the elimination of the infinites, 
final ambiguities which are associaed with the 
finite counter-terms introduced into the Lagrangian 
of the same operator which occurs in the elimina- 
tion of the divergences 2, In the case where the 
zroth coupling of the photon contains o admixture 
of an arbitrary longitudinal coupling, 


Ree RAN ik 


mon 


GS... d(k?) = a (e"" aa om) a 


men 


Rk? Re? 


w*d, (k?), 


the calculation of the introduced counter-terms 
introduces a multiplicative renormalization factor 
for the transverse part of the photon coupling 

but does not change its longitudinal part. Insofar 
as the introduced finite counter-terms (for the 
transverse photon coupling ) led to a renormaliza- 
tion of the Green function and of the electron 
charge, then, in the present problem, because of 


. ° és 
the circumstance shown above regarding the “‘in- 
complete renormalization’’ of the zeroth coupling, 
we shall work with the following transformation 
group: 

G; > G. = ZG); GY, — ©, = Z,8,1; Dy) Cae Coe ee 

ee ee eo EN AP ls 0 2 

et e= 23 a, 8, > OF Z,045 YA, ae Zs. (1) 

This transformation group is a generalization of 
the transformation group! for the case of an arbi- 
trary longitudinal photon coupling. The signifi- 
cance of these transformations is that the set of 
quantities (G,, ©,,T,, Cas @,) and (EP Ooulias 
€y, @,) can be used in the same form for the speci- 


fication of particles with their mass and charge 
eqial to the experimental values. 

2. The transformation group obtained above per- 
mits one to derive the equations for the Green func- 
ede If we represent the Green functions in the 
orm 


ra (k®) +- mb (k?) (2) 


kh? — m? : 


G(k) =i 


j kk ‘7 RR 
6, (A) = aaa eal d (kh?) + is a 0d, (k?) 
ad if we reason as in Ref. 1, we obtain with no 
difficulty the following functional equations, 
d(x, y, e)=d(—t,y, e)d(x t,y/t,e’d(—t, y, e%)), 
t>0. (3) 


s' (xy,0%e)— 5 Clb ylt ott, etd (— tye) 
. s'(—1,t, y/t, w*d-1, e7d (— t, y, e%))’ 


where 


Re xe omy Aw, 


s’ (x, J; w?, e*) = S (x, J; @?, e*) exe (— i J; w?, e*), 


Thefirst of these equations agrees with the analo- 
gous equation for d in Ref. 2, insofar as the 
transverse part of the zeroth coupling. 

Differentiating each of the above equations with 
respect to x and setting t = —x, we obtain, 


0 2 
Gq Ind, y, e”) (4) 


= = ls d (é = = , e'd(x, y, || ee x<0, 


aS Ins’ (x, y, we?) 


os Foe = [= s’ @ — = » w'd-1, e®d (x, al ay) | its 
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The functions s*(x, y, w?, e”) and d(x, y, e2) are 
real in the region x <0. In order that we deal 
only with real functions in the region x > 0, we 
can write the Lie equations separately for the real 
and imaginary parts of the Green functions: 


0 
—— Ind, (x, y, é*) 


* (5) 
sap Get : 
= = Ee In dp (z, re » @ a fora x, ae é ee 
* Ind,{x, y, é”) 

2 ga Ind ( 2, ed(—x, y, e))| : 
BTS OE WA er b=1 
= In Sp il%p, 9,0": 2°) 

Agena getters 2 | 
== [sense eas w*d-!, ed (— x, y, e*) Bae 


= In ay (44, J; w?, e*) 


Lf ms Eo outs 9 4] 
= 7 [sins (2 2 ore, ota Awate 2) E=1 


where d = dp + id,; s’=Sp + is;. 
3. Let us consider the asymptotic region of 
large momenta, i.e., for m? <|k*|. According to 


excitation theory we find: 


Pe] co 
k2 9 2 25 eg (6) 
I, = 5, €) = 1--— \ d, (2) dz, 
In (—hk2/m2) 
Re 
5, Gz @}, <i) 
e sear pS 
=i |e (— ar) \ a,(2) dz], 


In (—k?2/m?) 


where d)(z) is a slowly varying function of z and, 
a, and b, are counterparts of the real electron 


Green function. If we consider the obvious rela- 
tion between the function s(x, y, w*, e”) and the 
real electron function s, (x/y, o2, e2) 


S.(x/y, 02, e°) 
2 : 
SHA ¥, 208 762) 


(7) 


S' (x, J; w?, e*) = 


A 4 4| 
o? = oid, * (— y ; é) ,e= efd,(— re 23) 


then we obtain 


’ 
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a’ (x, y, @*,..6*) = ee. d,(z) dz, 
In (—+x/y) 
B(x, Y, eo", 2") 
a —In y 
=1— ZF [3in(—2) $a d, (2) dz] . 
In (—x/y) 


If we insert these expressions into Eq. (4), we 
have 


, e2w? 

a' (x, y, @?, 6) = exp eae \ d, (2) dz], (9) 
In (—x/y) 
b’ (x, J; w?, e”) 
a he) y 
e? : e2qm2 
= (soem (—»)| exp ln 7 dy (2) dz). 
In (—x/y) 


Let us consider the region k? ~ m?, where the 
functions a’and b’ possess an ‘ 
teristic.” 

If we represent s’ in the form 


‘infrared charac- 


we can transform Eq. (4) to 


x 
a | 
wd, ed (x, 9, e))| , 
m=—1 


from which, by means of the formulas of excitation 
theory, 


0A’ (n, x —1, w?, e?) (11) 
dy 1=-1 
ae 6+ %d? 20d! 
--£|-—"4+ 2 
(4 — x) (2249 — 6) In (4 — x) 
= i 3 ie oral | : 
9B’ (a, x—1, @?, e?) 
On n=—1 
e 20, | 1—* x+ *| 
== (3— ord) | ms In(4— x) + ’ 
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we obtain 


kh? aes (3—d?) (12) 


, / 
a IEE (1-4 


? 


2 0 
perigee pon 


m2 


Equations (9) and (12) which we have obtained as 
a qualitative illustration of the method of renormali- 
zation groups agrees with those results obtained 
earlier? by means of a summation of a series of 
Feynman “‘primary diagrams.”’ 

In conclusion, I wish to express my deepest 
thanks to Academician N. N. Rogoliubov under 


whose guidance this work was completed and, in 
addition, to D. V. Shirokov for discussion of this 
work. 


; N. N. Bogoliubov and D. V. Shirkov, Dokl. Akad. 
Nak SSSR 103, 203, 391 (1955). 


2. N. Bogoliubov and D. V. Shirkov, Usp. Fiz. 
Nauk 57, 87 (1955). 


31. D. Landau, A. A. Abrikosov and I .M. Khalatni- 
kov, Dokl. Akad. Nauk SSSR 95, 497, 773 (1954); Dokl. 
Akad. Nauk SSSR 96, 261 (1954). 
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On the Mass of the Photon in Quantum 
Electrodynamics 


D. A. KIRZHNITS 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor January 18, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 796-797 
(April, 1956 ) 


[ the present quantum theory of fields, point 
(local) interaction is often considered as the 
limit of smeared (nonlocal ) interaction!>2; this 
permits oneto operate with finite expressions in 
the intermediate calculations. For this purpose a 
scalar smearing function F, a form-factor which 
contains a cut-off parameter A, is introduced into 
the interaction Lagrangian. This factor converges 
to unity when A+ oo. In this point of view the 
interaction has the form 


S~ex\ F(p, ky p—k, A)Y(p) A(R) Y (p —h) dtpate 
+ charge interaction. (1) 


In order that the smearing function does not lead 
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to a violaion of physical reality (i.e., the Hermitian 
character of the Lagrangian ) it must satisfy the 
condition °*4 


CD: k, p—k)="F* (p—R, Keep): (2) 


To each node in the Feynman diagram (or to each 
operator of the vertex portion ) there will corre- 
spond a factor in F which depends on the momentum 
associated with the node. 

It is known that the use of the simplest square- 
form smeaing functions* leads to a violation of the 
gradient invariance; a violation which appears in 
the form of a nonzero photon mass. In this con- 
nection in Ref. 1, where a square-smearing func- 
tion was used, the photon mass was eliminated by 
subtraction. In addition to this it was expressed 
by these authors ( whose larger goal was the 
elimination of the divergences without the use of 
a subtractive procedure ) that the assumption about 
the existence of such a smearing function leads 
automatically with its use to the falling-out of the 
photon mass. This note is devoted to a considera- 
tion of this question. 

The mass of the photon corresponds to the value 
of the polarization operator at k =0 (the symbolism 
of Ref. 1 isused here ): 


P,, (0) (3) 
ej 
= =i SP\ G(p)T, (p, p, 0) G(p) y, | F (p, 0, p, A) |? dtp. 


The appearance of the square of the modulus of F 
is associated with the Hermitian character of the 
Lagrangian [Fiq. (2) ]; it specifies the presence of 
two vertex parts in the diagram of the polarization 
operator for which the momenta differ only in 
direction**. 


To study Eq. (3) we shall use the asymptotic 
expression!,5 ; 


GW) — pil P, =aye (4) 


which means we will consider the case where the 
longitudinal part of the photonic Green’s function 


“ i equal to zero. With the help of Eq. (4), we 
in 


P,,,(0)=P,, (0) + [P,, (0)=- F., (0), 
e2 


B= (s(t, 


(5) 
ni \~P es te 5%) | F |? d4p. 


If, as is customary (see Ref. 2), F(p, 0 
LCL. ? P> Ys Pp, A) 
= f(p2/A2), then : 


LETTERS TO THE EDITOR 


Be e . , (6) 
P,, (0) = ap AS uy la)? ax. 


The eliminated part of Eq. (5) was of the order of 
In( A?), An analogous evaluation occurs in the 
more general case of F(p, A) = f(p?/A2, p?); at 
the same time, of course, one assumes that 
Folas Aso, 

In this fashion the problem of dealing with the 
elimination of the photon mass for any sufficiently 
large A by means of the selection of a suitable 
form for the smearing function rests, in all cases, 
upon the necessity of reducing Eq. (6) to zero. 
This leads to the condition 


(7) 
JIF@) [ax =0, 
0 

which cannot be satisfied because of the essential 
Positive definite form for the integrand. 

It may be remarked that the elimination of the 
photon mass by the Pauli-Villars method® is possi- 
ble because the method does not depend on the 


smearing of the Lagrangian; therefore, the form- 
factor. 


bef 
( MG (2) 
i ie ale 


with 4, > m, which corresponds to |F(p, A) |? in 
the present method, is an oscillating quantity. Fq. 


(7) assumes the well-known form [ A2G(A)dA = 0, 
r 


0 
then the condition can be satisfied. 
. . ? 
For the case of a nonzero longitudinal Green's 
function d), P yh) becomes an explicit function 


of d, inasmuch as the phase factors in G and [’ : 
which depend on d, cannot be completely reduced 
in expression (3). Consequently if, indeed, one 
could eliminate Pf) with the aid of smearing, 
then the corresponding function F should depend 
. explicitly on the arbitrary and abstract (i.e, with- 
out direct physical meaning ) quantity d). 

In this exceptional case the use of a square- 
smearing function allows one to calculate the 
magnitude of P iA?) exactly. Transforming Eq. 


(3) with the help of Warden’s equality 
V,(p, p, 0) = 9G" (p) Op, 


we obtain the expression *** 
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PN 
1 0 


Pay = — az \ dp, SP Crd ap (8) 
} | 


va 


to which the Gauss theorem can be applied. At 
the same time, the surface integral around the 
point p” = m” disappears in view of the proximity 
of a series of poles of G at this point’. As are- 
sult, it appears that P ,,,{0), like its value in the 


second order perturbation theory, is cut off at the 
momentum A. This is associated with the fact 
that over the surface of radius A nonexcited func- 
tions must be inserted in Eq. (3). In the excep- 
tional case investigated it appears that P (0) 


does not depend on d, because the region peaasy 
where the phase factors are different from unity, 
does not contribute to Eq. (8). 

Thus, in the elimination of the photon mass by 
means of a smeared (nonlocal ) interaction through 
the use of a scalar form factor F one meets with a 
serious difficulty; in view of this fact one cannot 
possibly avoid the use of one or another form of 
the subtraction process. 

My deepest gratitude to Academician I. F. Tamm 
for his interest in the work and for valuable advice 
and to FE. S. Fradkin for detailed discussions. 


Note added in Proof: Academician L. D. Landau has 


graciously directed my attention to the possibility of 
eliminating the mass of the photon by a method which 
is tied in with the use of a spinor F-function together 
with the customarily used (see the ay references) 
scalar F-function. The analysis of this question, how- 
ever, is difficult in view of the absence of an aymptotic 
theory for such a smearing function. 


* A square-shaped smearing function (F(p, A) = 0 for 


p2 > A? and F(p, A) = 1 for p2 au\e) corresponds to the 
customary cut-off for integrals in momentum space. 


** The question of possibly using a non-Hermitian 
smearing requires special study. 


*** In the derivation of Eq. (8)fhe smearing func- 
tion is essentially constant for p” < A2 (and equal to 
unity ). 
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Effectof the Rate of Flow of a He II Film on 
Its Thickness 


V.M. KONTOROVICH 
Physico-Technical Institute, 
Academy of Sciences,Ukrainian SSR 
(Submitted to JETP editor January 27, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 805 ( April, 1956) 


T is well known that below the A- temperature 

point the wall of a container of liquid helium be- 
comes covered with a thin (~ 3 x 10-16 cm), 
rapidly creeping film which moves (under iso- 
thermal conditions ) in the direction of a lower 
level!-4 (i.e., toward a lower gravitational po- 
tential). It is of interest to ascertain how the 
motion influences the thickness of the film. The 
fact that some influence is expected follows from 
the dependence of the thermodynamic potential of 
He II on the rate of relative motion of the super- 
fluid and the normal component®’®, 

We shall consider the leaking of a film over a 
vertical wall. Therate of overflow of the film, 
i.e., the volume of fluid Q, transported by the 
film in unit time and across a unit perimeter, shall 
be considered as a known quantity. The hydro- 
dynamic equations of motion in a constant potential 
fie ldare obtained in the customary manner from the 
conservational laws and the requirement of the 
existence of a velocity potential for the super- 
fluid motion®’®. The equations of motion for the 
superfluid component prove to be 


VaeV (1/202 IP Wes (ORE — 0). (1) 


~ 

Here py is the chemical potential of helium per 
unit mass in the absence of a field, U is the 
potential energy per unit mass of fluid. For the 
problem under consideration, U equals By? +2, 
where f is a constant specifying the Van der 
Wall’s interaction with the wall. The y-axis is 
directed along the normal to the wall and lies in 
the plane that contansthe horizontal surface of 
the helium in the container. 

We shall consider the motion quasi-stationary. 
In view of the extremely small film thickness we 
can neglect the motion of the normal component in 
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comparison to the superfluid: v, =0. If we insert 
rs =p(P, T)—- (p,/2p) v2 into Eq. (1) and inte- 


erate over the free surface of the film, we find that 


(0, /2e) v2 + u(P, T) + gz —BS-% = v (Po; To); (2) 


where 6 is the thickness of the film at height z and 
P,, I’, is the pressure and temperature, respec- 


tively, at the horizontal surface. We shall con- 
sider the flow isothermal. Then 


u(P, T)— (Po, To) =(P— Po)/- (3) 


The boundary condition at the free surfacé re- 
quires 


Pea P= P,, (4) 


where Bes is the pressure associated with the 


curved surface. The change in the pressure of 
helium vapor with height is neglected. If we 
consider a z sufficiently large in comparison with 
the capillary constant of helium so that the film 
can be considered plane-parallel, then we obtain 


from Eq. (2) through (4) 


(P,/ 29) v2 + gz — BS-3 — 0, (5) 
In this part of the film the flow rate is 
8 


zee 


= *\0,,dy= v,8°, 
io & le) 


Expressing v, in terms of Q and allowing for the 
fact that 


(°/6es) (Q7/8) (8 / gz) "== 4 <1, 
we find from Eq. (5) that 


8 = (8/gz)/*(1—@). (6) 


For observed values of Q we find that g ~ 107! to 
10°? “** . For 0 =0 we obtain the usual equation 
for thin stationary helium films’, We note that the 
form of the first term in Eq. (5) is specified by 
the dependence of the chemical potential on the 
relative rate of flow. 

I use this opportunity to express my sincere 
gratituile to Prof. I. M. Lifshitz for detailed dis- 
cussions on the problems considered in this note. 
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5 I. M. Khalatnikov, J. Exptl. Theoret. Phi, the character of the magnetic anomalies in solid 
(U.S.S.R.) 23, 169 (1952), oxygen. The absence (in the expression for the 

STA Ven Tas cake Me Petite Mechanics of heat capacity ) of a term which depends linearly 
Continuous Media, Ch. 7, 1953, on the temperature suggested that, at liquid 

7 Rag tL, Bieakel ato Wsr4l.Pheoret. Phys. (U.S.S.R.) helium temperatures, solid oxygen is in an anti- 


10, 650 (1940), ferromagnetic state. It was surmised that a transi- 


tion of the oxygen to an antiferromagnetic state 
Translated by A, Skumanich took place in the temperature interval between 
aot 4° and 10° K. In order to verify this surmise, 
measurements of the heat capacity of solid oxy- 
gen have been carried out between 4° and 20° K 


Specific Heat of Solid Oxygen between 


20° and 4° K in the present work. 
A calorimeter similar to that described in Ref. 
M. O. KosTRIUKOVA 2 was used for the measurement of the heat 
Moscow State University capacity”, A high vacuum was produced in the 
(Submitted to JETP editor March 22, 1956 ) container as a result of the adsorption by activated 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1162-1164 charcoal of heat-exchanging helium or hydrogen 
(June, 1956) introduced therein. The temperature scale inthese 


experiments was established with the aid of a 
carbon resistance thermometer, which was 
W* have previously reported measurements of calibrated before each experiment in terms of the 


the heat capacity of solid oxygen below 4°K *. vapor pressure of helium and hydrogen*. 
These were undertaken to clarify the question of 


TABLE 


j ; Thi i e ts 
First series of measurements Second series of measurements Third series of measuremen 


Pall cal ie cal 

iting E mole-degree ioe . mole-degree C mole-degree 
4,275 0.0364 12,50 4.06 
ee eee 432 0.0367 13.06 1.16 
4.723 0.0481 4.66 0.0463 13.15 1.24 
4°89 0.0544 4, 685 0.0485 13.93 1.43 
4.947 0.0556 4.727 0.0481 14,02 1.36 
5.235 0.0686 5.01 0.0592 14.09 154 
5 282 0.0756 5.12 0.0575 14.17 1°42 
5.47 0.0788 5.67 00840 14,26 1.48 
5.52 0.0798 5.74 0.0883 14.73 161 
5.76 00937 6.49 0.140 14.8 1°62 
5.81 0.0961 6.55 0.140 14,89 1.60 
6.32 0.118 7.44 0.213 14.7 4°69 
6.37 0.132 7.46 0.2145 15.06 1.66 
6.95 0.167 8.14 0.285 15,39 1.80 
7.67 0.227 8.19 0.304 15.47 1.83 
7.78 0.236 8.25 0296 15.95 2°03 
8.70 0.346 8.43 0.312 16.04 2.01 
8.75 0.350 8.63 0.350 16.13 1,98 
9.25 0.424 8.68 0.343 16.78 2'98 
9,72 0.470 8.76 0.359 16.88 2,15 
: ie 8.82 0.364 16.97 9.95 
x Be 8.97 0.397 17.68 2.59 

599 

= &: es : = 18.52 2.74 
ise = if = 18.64 2.82 
35 e) = se 19.25 3°03 
= a = a 19.35 3.08 
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2 
C/T (cal/mole-degree ) : 
ars = 


i WOH) 

F 

@- Data of author, O- Data of Clusius, +-Data of 
Giauque and Johnston. 


The results of three series of measurements of 
the heat capacity of solidoxygenbetween 20° and 
4° K are given in the Table. These same results 
are plotted in the graph (which gives C/T asa 
function of T2) and are compared with the re- 
sults of the measurements of Clusius® and 
Giauque and Johnston* which extend, respectively, 
to 10° and 13° K. The dotted line in the draw- 
ing represents an extrapolation of the cubic 
temperature dependence of the heat capacity of 
oxygen, found in measurements between 4° and 
16° K |. It is evident from these results that 
the heat capacity of solid oxygen increases 
smoothly for the temperature range 4°-20° K, 
while, beginning at 5°K, the departure fromthe cubic law 
of change of heat capacity with temperature in- 
creases. The smooth character of the change in 
the heat capacity between 4° and 10° K bears 
witness to the absence of any antiferromagnetic 
transformation in solid oxygen in the temperature 
range investigated. 

The measurements were caried out at the 


Institute for Physical Problems of the Academy 
of Sciences, USSR. 


* A ‘thermometer made from a radio resistor was 


kindly lent by B. N. Samoilov. 
1 
M. O. Kostriukova and P. G. Strelkov, Dokl. Akad. 
Nauk SSSR 90, 525 (1953). 


2M. O. Kostriukova, Dokl. Akad. Nauk SSSR 96, 959 
(1954). 


3K. Clusius, Z. Phys. Chem. 3, 41 (1929), 


4 
W. F. Giauque and H. L. Johnston, J. Am. Chem. 
Soc. 51, 2300 (1929). 
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The Theory of Cyclotron Resonance In Metals 


M. Ia. AZBEL AND kK, A. KANER 
Physico-Technical Institute, Academy of Sciences, 
Ukrainian SSR 
(Submitted to JETP editor January 31, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 811 (1956) 


4 Pie present work predicts and studies theoreti- 
cally a new form of resonance in metals, which 
differs fundamentally from diamagnetic resonance. 
In metals close to resonance, the skin-depth 6 is 
much less than the radius r of the orbit in the mag- 
netic field.* Thus in a constant magnetic field 
H(A .=H, H =H,=0), parallel to the surface of the 
metal z=0, a electron which moves in a helical 
orbit through a number of revolutions (//2nr>> 1 
where / is the mean free path) will return several 
times into the layer of thickness 6 <<r where the 
electric field is large. Thus the motion is similar 
to that of an electron in a cyclotron with a single 
dec, so that for a value of w which is a multiple of 
the ‘cyclotron’ frequency Q,=eH /me (w=qQ,,, 9 
=],2, .. .) we shall have resonance. This 
resonance in metals we shall call cyclotron reso- 
nance (as distinct from diamagnetic resonance, ** 
which occurs only in semiconductors, for w=, ). 

If the magnetic field is not parallel to. the surface 
of the metal, the electrons will pass through the 


layer once only, and resonance will be absent since 
the impedance does not depend on the magnetic 
field. 

The condition for cyclotron resonance 6 <<r<</ 
corresponds to the anomalous skin effect, so that 
the system is governed by Maxwell’s equations 
together with the kinetic equation for ip (25E po); 
the perturbation to the Fermi distribution function 
(E —energy, p— momentum, T=(eH/m,c)t,t— 
periodic time of electron in orbit2 ,m — effective 
mass of electron). The role of boundary condition 
on f, is played by the requirement that f, shall be 
periodic with respect to Twith period =m") dS/dE, 


together with the condition of diffuse reflection 


at the surface. The problem is solved under the 
most general conditions of the electron theory of 
metals — for arbitrary energy dependence E =E (p) 
and arbitrary collision term (df, /dT), eset 
turns out that in the anomalous skin eeu region, 
because of the particular form of fe the collision 
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integral can be put in the form fy /to(p) ( in the 
zero approximation where 6/1 << 1. 

Omitting all calculations, we give the final 
equation for the surface impedance Z.=R.+iX 


x (j=x%’, y) close to resonance, where J 
je|H 
~ lee Q) 
Moc es, a 
jel fy <4 < VV 2rmgn; POSSE 
Under these conditions 
fi ‘Aniw zi (0) 
ie C2 E, (0) (2) 
V3re Is 
n/3 = 
oF | 7B, m/s. y~ 4 


If Q >>1/t,, and Q is not close to a resonance 
a/ q(q=1,2, . .) the denominator of the inte- 
grand in Eq. (3) is near unity, and Z does not de- 
pend on the collision integral. For Q~/q, the 
denominator becomes small, and for 


2n|e| HH 


res 


o . c | 0S/de.| 


q@ 2 
ext q | = (4) 
A\<1: 2 ate 
JAl<1; g=1, <a as) 


we have resonance. The relative heights of 
resonance, KR. . 7 Be and X_., /X > are determined 
by K=1/ot ,, and differ considerably in the 


following cases: 
l. If the surface E (p).=E, is an ellipsoid, 
dS/dE is independent of p, ; 


Rog! Rom, aXe gi Xo reel, (5) 


2. If E(p) =E,Q is not an ellipsoid, and the 


extremum of dS/dE is a minimum; 
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where x’, y’ are the principal axes, and B. js the 
principal (diagonal) value of the tensor B sass 
u 


16¢2m, \ Uj (71) Up (71) 


’ 


Bi, = , 7 1 
BR) om) | (3) 
Qn (1 \ oa: 
[a LEE) 
_ Qnle|H. rue 


Soe es Be pee = 0); 
c |0S / de | Uz (Fos Px» 7) 


—— 6 
5 he i oboe 
Py (Eq, Px 7) = 0; (=) == e t ’ 


0 
S—cross-sectional area of Fermi surface E (p) 
pe by the plane p, =const., (assuming the Fermi 
surface is closed; if the orbit is open, resonance 
3 XK 2 
is absent) 


2—ot,=10; 8&— wt) = 50 


Rres/ Ro nes, Xreg/*o ~ xls, (6) 
If the extremum of dS/dE is a maximum: 


R [Ryo~x''s, Noe! X)~xils, (7) 


res 


Here Z,, is the surface impedance in zero mag- 
netic Bela 1/t,is the value of 1/t | for P,.=Po 3 
Po is the value of p, at which dS/dE has its ex- 
treme value. 

The relative shift of resonant frequency A (cf. 
Eq. (4) ] differs for R and X. The shift of order 
K which occurs for X in all cases and for R in case 
(7) is connected with the growth of the number of 
revolutions of the electron between collisions with 
increase of H. A shift of order K!/? (for R in 
cases (5), (6)), although it leads to a phase change 
of m in the electric field after (2q | A| )trevolutions 
of the electron, also turns out to be profitable, 
since it is equivalent to a small change in phase of 
the electric field in the layer 6(X>>R). 
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The character of the resonance can be seen in 
the sketch, where is shown R(H)/R, versus 
w /Q=mew/ eH for various ratios of w to 1/t, , 
in the simplest case of an ellipsoidal Fermi sur- 


face with 1 /t, independent of p,. 
The conclusions reached above are also valid 
when several zones are present. An experimental 


study would in principle allow one : (a) to find 
out, from the existence or not of the resonance, 
whether the surface E (p)=E is closed, (b) to 
determine the degree of filling of the zones, i. e. 
how far the Fermi surface differed from ellipsoidal 


shape;(c)to establish the speed of electrons at 
the Fermi surface (4), by determining from H/_, 


the value of (dS/dE) ,,,- In the presence of sev- 
eral surfaces, we can determine the speed on each 
in turn; in equation (4) only (dS/dE ) ,,, enters. 
Note that here we discuss only the main surfaces, 
not the anomalously small zones.5 


The authors thank J. M. Lifshitz, L. D. Landau 


and M. I. Kaganov for discussions. 


*8l/r~Hm'!sh-in— "+ ~10-§ H<1, In semicon- 
ductors, where diamagnetic resonance is observed, 
s/r > cm/(|e| to)? (nkT) '*SS1 _ (t,—time of free 

ath, n—density ot electrons,@t, >> 1, w—angular 
Pegueney of electromagnetic field, T —temperature). 


**Unfortunately, diamagnetic resonance has often 
been called cyclotron resonance in the literature. The 
hee ene nomenclature seems more appropriate. 

Itturns out that near resonance, for a non-quadratic 
law of dispersion the complex tensor B,, can be reduced 
to principal axes. For a quadratic law of dispersion 


E(p)=% bj, Pj PE and 1 /t) independent of p, , this is 


ossible for all @ and H, and equation (2) is valid for 
5 <<< | and becomes an interpolation formula for all 
H<vV 2xmon ~ 10°¢, 


KK ; ) : 
The derivation ot these equations, and detailed 


discussion of some further points, will be the subject 
of a separate article. 


Note added in proof: Quite recently a paper has 
appeared® on a resonance in bismuth: this is to he dis- 
tinguished from the resonance discussed here, since the 
latter (1) occurs at multiple frequencies, (2) occurs in- 
de pendently of the sign of the magnetic field, (3) occurs 
only for magnetic fields exactly parallel to the surface 
of the specimen (the angle@must satisfy > (6/r)?/5). 
In particular, condition (3) is not fulfilled in the work 
referred to. 


la. G. Dorfman, Dokl. Akad. Nauk SSSR 81, 765 
(1951); R. B. Dingle, Proc. Roy. Soc. (London) A212, 
38 (1952); Dresselhaus, Kip and Kittel, Phys. Rev. 98, 


368 (1955). 
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K. Fuchs. Proc. Camb. Phil. Soc. 34, 100 (1938). 


4]. M. Lifshitz and A. B. Pogorelov, Dokl. Akad. 
Nauk SSSR 96, 1143 (1954). 
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Quantum Theory of Electrical Conduction 
in a Magnetic Field 


I. M. LiF suit z 
Physico-Technical Institute, Acadmey of Sciences, 
Ukrainian SSR 
(Submitted to JETP editor January 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 814 (1956) 


I N a previous paper we have developed a theory 
of galvanomagnetic phenomena in strong mag- 
netic fields, treating the electrons classically as 
Fermi-particles with a general dispersion law E=. 
-E (p).! There, however, we did not treat certain 
specific phenomena connected with the quantisation 
of the electronic energy levels (for example, the 
oscillations in resistance as the magnetic field 
changes). Such effects are observed experimen- 
tally“, but previous theoretical investigations” are 
not entirely satisfactory. In the present paper we 
shall construct a consistent quantum-mechanical 
theory of metallic conduction in a magnetic field. 

1. In quasi-classical approximation, the spacing 
of levels in a magnetic field in the z direction is 
given by 


Ac i= Snty —e, — tee ll (1) 


pan h . Dita oS 
Pra.” ey: 


where S=S(E,p,) is the area cut by the surface 
£ (p)=E in the plane Pp, =Constant. Thus the 
essentially quantum-mechanical effects appear 
when p*H~KT. 

The Hamiltonian 4 of an electron in a magnetic 
field H =H and an electric field E may be written 
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# = #40, U=—ckr, (2) 


where 7° is the kinetic energy operator of an 
electron in the magnetic field. This is obtained 
(at least in the quasi-classical approximation) 

from E (p , Py >Pz ) by substituting for the momentum 
components of the kinetic momentum operator satis- 
fying [p_, Dp ] =eH /c, suitably symmetrized. 

The exact significance of this need not be dis- 
cussed in this approximation. 

According to the quantum theory the electronic 
state is described by the density matrix ‘z In the 
absence of an electric field, f=f° is the equili- 
brium Fermi distribution. 


P= PIBY, EF (2) = (ttle ORD) 


When the electric field is present, we put ae 
+ f°. The kinetic equation for f? is given by 


[P, #4) +1P, #)+ Wht, =0 


or including only terms linear in FE 


[f, H+ WA/t =P, V] (3) 


~w 
where W /t 9 isa certain linear transformation, 
corresponding to the collision integral, and ¢, 
has the nature of a relaxation time. The operator 
fi is diagonal with respect to p, but not with 
respect ton. Equation (3) when written in terms of 
matrix elements becomes 


i > 1 
+ (Eps a, é,) bs n’ aig (WH) n, n’ i 
oO 


where v ,is the matrix element of the velocity 
which corresponds to the classical quantity 
v=dE/dp. From equation (1) we have EE, 
=(n’—n) p*H. Thus assuming that f! =— et ky, 
we get after some transformation 


rab) 


~ 


RP, YW Pe = ELV R: 


ve? Ai Hy = mc /et,; 


= 


PT aetko= tpt Ve, nth = Vp (E,); 


Sr = (P(e, + hut) — f0(e,)] / kur 


R+0; gy) =0f?/ de. 


In the quasi-classical approximation, the matrix 
elements v, are the Fourier components of the 
classical velocity vector v expanded in terms of 
elke , where ¢ is the angle variable around the 
orbit in momentum space 


MY (s, Pz ?) — > Ver": 


al 


e=2n\ 
Uy 


dl 
— ;jdi=|dp|, 
/ WE 


VI aw oe Uy: In the limit 4 -0,(u*H -0) 
we have 8 ~df° / dE , and equation (4) becomes 
the classical equation for the Fourier components 
of the distribution function “he quantities 
W, ,7 in this case become the Fourier components 
ot the collision operator. At low temperatures 
where impurity scattering is predominant, W Ea 
in (4) coincides with its classical analogue. 
Similar substitution is not however permissible 
for the quantity g, when p*H ~ kT. 

The expressions for the current j and the con- 


ductivity ~~ are given by the formulas 


j=eSpfiv; of = — e% Spo” (5) 


e*ty a . 4 = x , 
=e a + 2Re > vi, ¥i tap, m* Ag... 
n k=1 


In the limit % ~0 the expression (5) also tends to 
the corresponding classical formula. 
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2. The connection established above between 
the quantum-kinetic Eq. (4) and its classical _ 
analogue allows us to find an expression for the 
quantum effects by means of the solutions of the 
classical equations investigated earlier” , and in 
particular to clarify the connection between the 
quantum oscillations of conductivity and their 
mean values, and also the oscillations in sus- 
ceptibility (de Haas-van Alphen effect). Omitting 
all calculation and discussion (which is rather 
lengthy) we shall give here only the results 
obtained. 

Let us write the expression for the classical 
conductivity tensor in terms of the ‘ mobility 
tensor? g™* =q”” (E,p,,H) (the value of 
q** is obtained from the solution of the classical 
problem): 


ot ahs \ \ fea" * mt dedpi= NG" *. 6) 


Here N° is the numberof electrons in the con- 
duction zone, and q*»* is the mean value of the 
mobility, taken with the weighting factos f.° 
Then the expression for the oscillating part 

Ao ~* ( for x,x’# z,z) may be written in terms 
of the independent variables H, € as 


(Rom Vet Gee (dnS Oe) AM 117) 


where AM * denotes the oscillatory part of the 


moment M? in the de Haas-van Alphen effect and 
the values q_“’* and (dInS/dE)_ are taken 

at the extreme cross-section of the Fermi surface 
E(p) = ¢ by the planes p, = const. An analogous 
expression for A o ** , not given here, contains 
Ao 77 and alsod AM?7/ dH. 

As is known‘ each zone (or more precisely, 
each extreme section of the Fermi surface) gives 
a separate contribution to A Mz, and in ge 
~ 104 G only anomalously small zones show 
themselves.* Note that ing ™* the major con- 
tribution is from ‘normal’ zones, which compli- 
cates comparison of Eqs. (6) and (7), 

In comparing with experiment, we must also 


take account of the oscillations in the chemical 


potential ¢ =¢ (7), which are determined by the 


conditions that the total number of electrons in 
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all zones remain constant. Taking account of 


the additional term Ao* *’= (dc™ 700) AC, we 
obtain finally for the case where several con- 
duction zones are present. 
ONva 
LR OH = 5 Ve khtk 
Ac® "= 2 {aris > =o (8) 


ane) ain, 
Ny ee GAN 
» ef ( F) ) i 


k 


(the summation to be taken over all zones). 
Thus, for example, for a single zone with a 
small number of electrons and an isotropic dis- 
persion law E = p?/ 2m, q*” == ec/H(1+y?), 

and we have: 


The presentation of other results and also the 
mathematical treatment will be the subject of a 
detailed communication later. 


The author is grateful to L. D. Landau for 


valuable discussions. 
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Concerning the Choice of Physically 
Acceptable Solutions of the 


Schrodinger Equation for the 
rlydrogen Atom 


Te EES 


Torun’ University, Poland 
(Submitted to JETP editor January 15, 1955) 
J. Expl. Theoret Phys. (U.S.S.R.) 30, 948-949 
(May, 1956) 


ie a calculation of the stationary states of hydro- 
gen atoms a representation of the wave function 
in the form 


Yr, 9, 9) =R(r) Pi" (cos 9) etim? (1) 


leads to the following differential equation for R 
and £ <0 (in atomic units): 


a?R 2 dR 2Z I(1+ 14) 
Wate et (e+ — “i )R=0, (2) 


r dr Tr 


The characteristic equation corresponding to the 
differential equation (2) has two roots / and 
—(1+1)at the pointr=0. Consequently, the ex- 
pansions of the particular solutions R, and R, be- 


ahs respectively. The 


gin with the term r! orr 
eigenfunction R,, which behaves in the expansion 
asr ‘'+1) is discarded for 1 > 1 since the condi- 
tion of quadratic integrability cannot be satisfied. 
For 1 = 0 Sommerfeld and Kramers’ and Rellich” 
proposed that there is no basis for discarding the 
second eigensolution, since all eigensolutions are 
normalizable. Subsequently, Falk and Marschall® 
showed that the second particular solution &, still 
should be discarded because of the normalization 
condition, and the problem appeared to be clari- 
fied. 

The proposals of Sommerfeld, Kramers and 
Rellich are indeed incorrect. However, the proof of 
Falk and Marschall is applicable only for the case 
1 - 2z/x=—n, n=0,1,2... and therefore, it 
tacitly assumes the continuity of the solution at 
r=(. The purpose of the present letter is to show 
that for the case / = 0 there is only one solution 
which can be normalized. It will also be shown be- 
low that it is necessary to impose some local 
condition at the point r = 0 in order to obtain the 
correct spectrum of eigenvalues. 

For 1 = 0 we have the following independent 


la 
eigensolutions: 


27 
Bey 0 lis es ; 
Re A(t 7 296)» (3) 


Rese? @ (122, 2,0), 
x 


The following abbreviations were introduced in 


Kq. (3): 
2E = — x2/4; xr =p >0. (4) © 


ie denotes the confluent hypergeometric series, 


and ® is the second independent solution of the 
confluent hypergeometric differential equation. 
As is well known‘, ® may be written 


PU —2) _ ani (5) 
® (a, b, x) ero a é 
(0+) 
x Pave. 20 ede 
co-el? 


— 2S 9 <A/2. 


The asymptotic form of this function for x++.00 
is 


O(a, b, x) = x * [1 +0 (4/x)]. (6) . 


Therefore, our second solution R, has the follow- 
ing form for p > + 0: 


Ry = e-P/2p-U-0Z1)1 14 4. 0(4/o)], (7) 


This formula shows that the second eigenfunction 


Re can be normalized for large r. For small r the 
relation 
: pe 
lim #* O(a, b, )=Pb—NT@; b>4 (8) 


shows that R, approaches in the limit of p++Othe | 
expression 


eo /2 


F 1 
ieee TUESCZIO) | (9) 


> +0 


Equations (7) and (9) show that Rs can be normal- 
ized for all eigenvalues E <0. Thus there always 
exists a solution that can be normalized. Further- 
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more, we note that the normalization conditions 
are not sufficient to obtain the correct spectrum of 
eigenvalues, This deficiency can be overcome by 
imposing an additional regional condition, namely, 
the condition that the function be regular at the 
origin. If we demand that 1 ~2Z/x)=—n,n=0, 
1,2..., then ® goes into the Laguerre polynomial, 
and consequently, the function R, is regular at 
r=0. For 1-(2Z/x) =-—n the functions R, and 

R, are lineraly dependent and for ea ven: —n 
they are linearly independent. In conclusion, we 
note that for J = 0 the theory of Weyl also demands 
some regional condition. In the present case the 
demand that the solution be regular corresponds to 
the choice of some fully determined boundary condi- 
tion of Weyl forr =0. In this way the demand of 
regularity guarantees the physical correctness of 
the spectrum of eigenvalues. It is also possible 

to substantiate the regional condition at r = 0 by 
making a useof the Hermiticity conditions®. 


nA Sommerfeld, Atombau und Spektrallinien, 2 Auf. 
2 Bd., Braunschweig, 1944; H. A. Kramers, Quanten- 


theorie des Elektrons und der Straklung, Leipzig, 1938. 
2 F. Rellich, Math. Z. 49, 719 (1943-1944), 
3G, Falk u. H. Marschall, Z. Phys. 131, 269 (1952). 
4 F.G. Tricomi, Math. Z. 52, 668 (1950). 
5 T, Tietz, Ann. Physik 15, 79 (1954). 
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Nuclear Capture of Neutrons with an Energy 


of Several MEV 


V. L. GUREVICH 
Leningrad State University 
(Submitted to JETP editer January 4, 1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 961-962 
May, 1956) 


4 pe object of the present note is to cdculate 
the cross section for neutron capture by exci- 
tation of the nuclear volume vibrations. 

The incident neutron, interacting with the vibra- 
tional motion, gives up its energy aid goes into 
a bound state in the nucleus. We consider the 
excitation of the first radial vibration, the fre- 
quency of which QO, corresponds to an energy of 


the order 10 mev.! ‘The corresponding level has 


an appreciable width y as a result of dissipation. 
However, such a mechanism of capture makes sense 
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if the width of the level is not too large compared 
with the vibrational energy. 

The Schrodinger equation of the system, nucleus 
+neutron, is 


[— (h2/2M) V2 + U, (r) 
+U(r, QD+T+WI|Y=EF, 


where r is the radius vector of the neutron, U, 

is aspherically symmetrical potential well of depth 
V, and radius R; U (r, Q) is the potential 

arising from the nuclear density vibrations des- 
cribed by coordinates Q; T and W are the kinetic 
and potential energies of vibration. According 

to Ref. 1, for a two-fluid compressible model of 
the nucleus 


(1) 


7 { : 
VW = +\ (ade; + 2630,89,, + a8e2) dt, (9) 


where Sp, and dp, are t he deviations of 
neutron and proton densities from their static 
values ad On no (rc) Q; 


n,p 


Fp 7) = Dyphg (QP) + PopJo (Gar) (3) 
Fa 1) = DyyFg (947) + Dont G20): 


Here the constants D and q depend only on the 
number of neutrons and protons in the nucleus; j; 


is the spherical Bessel function of order J. 
In zero order 


¥ = ¥(r) 9 (Q); 


2 
—— Vb + Uo = EO, (T+ W)o =e9. 


Bearing in mind the short range of nuclear force, 
we consider that the interaction energy of the 
neutron with the vibrations is proportional to 
the density deviation 5e = 89, + 89, at that 
point where the neutron is located. We define 
the coefficient of proportionality such that the 
interaction with a single-fluid static distribution 
of charge could be described by a potential U,: 
After summation over all final states of the’ 
captured neutron, the cross section is, to first 


approximation in perturbation theory; 


== =(2n/h Cpeitce 
o Den ( Py a @) 


where / is the angular momentum of the captured 


neutron, n is the quantum number of the bound 
state with momentum 7; 
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4nr3V 
Unt = — gaz | Yur (Q) 80H, 2g (Q) 42 4Q, (5) 


where R=r, A —. W,., and w, are the wave 
functions of the captured and incident neutron, 
h, (Q) is the wave function of the oscillator 
ground state. Recause of the rapid fall off of 
the latter, in the integration indicated in Eq. (5) 
small Q are important and therefore the wave 
function of an excited level of width y is 


? (Q) = {y/m [(e — &))* + y?]} /* A, (Q), (6) 


where h, (Q) is the wave function of the first 
excited state of the oscillator. 


Carrying out the integration in Eq. (5) and 
using Eq. (2), we obtain 


4n* (21 + 1) r4v2 7” 
ent 9A) ah ®MRK? 


ye £08 MF 1 (RR) + (—1)' sin 1y/_)_, (BR) 
J, (KR) 
heooy 


> ER a a Ly ie Oe ae 
(EO — BY — to +e 


Fru (), 


where 
he =V 2MEO; 4K = V2M(EM+V,) x, is the 
[th phase shift from the potential Us ; 


Fat (@) = FD) + FR), FED (h) (8) 


Ke +%2)— 47 = 
= a;| Py DE sien suet ™(q; + %_1— K)® 


tty, = V 2M (En? + Vo)» 


where P, is the Legendre polynomial of order J, 
a, is a imensionless constant of order unity, 
which can be expressed in terms of D and q 
and, consequently, depends only on the number 
of neutrons and protons in the nucleus. In carry- 
ing out the integration of Fq. (5) we use the 
rel ation4 

me 

\ Fo (ar) ii (Kr) Fp Cr) 7? ar 


Ritip eee) 


(9) 


cos (q; + ead 
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valid forK —x<qg <K +x; q;Ris the order of 
several units; if® = 40 mev, the inequality 


‘57 
is satisfied. The formula (7) is valid only for 
1 <<x%R, which is also satisfied, in so fa asin 
Eq. (4) only those terms are important for which 
E (0) — F(0) iw, ~yand so far as for large / there 
are no bound states. ; 

Taking) a=3.4x105 cm® gmz! sec”? and 
considering the order of several mev, we obtain a 
cross section of order 10-26 cm 2 

The author expresses his deep gratitude to 


K. A. Ter-Martirosian for valuable advice and 
discussion of the problem. 


‘1: M. Araujo, Nuovo Cimento 12, 700 (1954), 


VERA, Fock, Summary of Lectures on Quantum 
Mechanics, delivered in 1936-1937 at Leningrad 


University, duplicated, Leningrad State University, 
1937, 


3N, Mott and H. Massey, Theory of Atomic 
Collisions, 

4G. Watson, Theory of Bessel Functions. 

5R.K. Adair, Phys. Rev. 94, 737 (1954). 
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Characteristics of the Levels of Nonspherical 
Even-Even Nuclei 


I. S. SHAPIRO 
Moscow State University 
(Submitted to JETP editor February 12, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 
975-977 (May, 1956) 


N the adiabatic approximation the state of 

motion of external nucleons in a nonspherical 
nucleus which possesses an axis and center of 
symmetry is defined by quantum numbers that are 
completely analogous to the quantum character- 
istics of electronic terms for a diatomic molecule 
containing identical nuclei.’ In this case the sum 
Q of the projections w, of the nucleonic spins on 
the axis of symmetry of the nucleus and the parity 
of the state P= +1 are integrals of the motion. 

In the present note we consider the character- 
istics of levels with Q =0. Analogous to the = 
terms of a diatomic molecule, in the case of 
Q=0 there is an additional qiantum number 7 =+1 
which characterizes the behavior of the wave 
function under reflection with respect to a plane 
passing through the nuclear axis of symmetry, 
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i.e., forthe transformation r+, %—°%,, 


= — o.wh r, % , are the polar coordi- 

anes of a as end dis eRevecinaitiel angle 

of the plane with respect to which the reflection 
is performed. This transforms the wave function 
Wg p into I YQ p=Wop. Since the Hamiltonian of the 
system (neglecting rotation of the nucleus) is 
invariant with respect to the above reflection 
because of the axial symmetry of the entire prob- 
lem, each term will be doubly degenerate in (. 


For 0 =0 


LoYorn = py 1= +4, (1) 


so that instead of the degeneracy there can be two 
levels with different values of 7 .* 

The states with 0=0 can exist in nuclei with 
even A. Particularly in even-even nuclei (even 
Z, even A ) levels with 0=0 surely are to be 
found. These include, for example, the ground 
state (total spin J =0, P= +1) and the first 
excited level (J =2, P = +1) which is of rotational 
origin. The ground and first excited levels of 
even-even nuclei will be characterized by 
identical values of 7 [ see (2), below ] . The 
same refers to all levels which differ only in 
excitation of collective degrees of freedom. 
Levels which differ in the states of external 
nucleons can in principle have either identical 
or different 7). 

The following selection mule for radi ative 
transitions is associated with 7: transitions 
between levels with identical 7 can only be of an 
electric multipole type, whereas transitions 
accompanied by a change of the sign of 7 can only 
have magnetic character. 

Since we are actually considering transitions 
between levels with = 0 the projection w, of 
the angular momentum of the quantum on the 
nuclear axis of symmetry must also be 0. The 
wave function of the quantum will therefore be the 
eigenfunction of the operator /@ with eigenvalues 
7,=+1. On the other hand, it is easily shown 
that in the most general case 


n= (—1)'P. (2) 


When we apply (2) to electric and magnetic 
2!-pole radiation we obtain 


Pr =(—1)', np = +1; 
Py == ap, mu =e ©) 
Since 7 is an integral of the motion the following 


relationship must be in effect between the quantum 
numbers 7, , 7, Of the initial and final nuclear 
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states: 


LU Nase ed UW: (4) 


From Eqs. (3) and (4) it follows that 7;=+7, 
for electric ( +) and magnetic (— ) transitions, 
respectively. 

The above-mentioned selection rules have 
several interesting consequences. Let us, for 
example, consider two levels: i, f with 0 =0 
and | AJ| < [ona Pe (en ( we assume 
that J. 4 0 and dae 0). In this case electric 
2! -pole and magnetic 2'-1- pole transitions are 
allowed simultaneously by the parity and spin 
selection rules. If, however, they are not 
specially forbidden, the magnetic transitions should 
predominate, as the ratio of the squares of the 
matrix elements of an electric 2! -pole anda 
magnetic 2/-1 -pole transition is equal ( in order 
of magnitude) to [(/? —1)/l (21 + 1)] (R/X)?/8?, where 
R is the nuclear radius, A is the radiation wave 
length divided by 27 and B is the ratio of nucleon 
velocity in the nucleus to the velocity of light. 
When the transition energy is of the order of a few 
hundred kev for a nucleus with A = 100— 200, this 
ratio will be much below 1. The above selection 
rules for 7 can change the situation; for 
example , the matrix element of a magnetic 
transition between levels with 7, = Tecan have 
a considerably reduced value. ng forbiddenness 
of the magnetic transitions is, of course, not to 
be expected, as Q and 7 are good quantum numbers 
only in the adiabatic approximation, which can be 
assumed to be valid for nuclei which are markedly 


nonspherical. When the nonsphericality is small 
we can expect only a certain reduction of magnetic 


transition probabilities leading to mixed radiation 
[E(1)+M(1-1)]. 

In view of the above it is interesting to examine 
the experimental data for even-even nuclei. 
Among these are nuclei whose first two excited 
levels are characterized by J = 2, P= +1 (expressed 
briefly as 2 +)3-5 for which the 2 + — 2* transi- 
tion is usually mixed (E2 +M 1). An important 
point is that the farther the numbers Z and N=A—Z 
are from the magic numbers the smaller the M1 
contribution ( see the table). Since the nonspheri- 
cality of nuclei increases with the number of 
nuclei outside closed shells the data of the table 
clearly show that the probability of F 2 radiation 
from the 2+ ~ 2 + transition in even-even nuclei 
is augmented as the nucleus becomes less spherical. 
This is also supported by the position of the 
first excited (rotational ) level, which is lowered 
with greater nonsphericality. Among the nuclei 
included in the table the lowest of the first excited 
levels is found in the isotopes of Pt, for which 
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the M1 fraction in the 2 * ~ 2 + transition is 
also smallest. For Pt nuclei, in addition, 

|N-N..|28,|Z-Z,_,, | 24, whereas for the 
other nuclei in the table IN-N,, 2. 22,|Z-Z_ 


ag 
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2 2. This fact can be explaned by the selection 
rules which were referred to above. If, indeed, it 
is assumed that for the states being considered 
Q = 0, then by (3) 7; =n-= +1, so that magnetic 
radiation will be forbidden. 


7 - sas . ° 
2 ae transitions in even-even nuclei 


Nucleus | zozmee| ‘42H 
meget? Ag: 20—66 
1227 970 foe 20 
macass v4 95,6 
roapy 16 - 5—6 
septs ag 2 
198} {g118 ae 30—50 


Les energy in | 
transition, 


Position of first 


transition c 
excited level in kev 


650 560 
680 560 
710 930 
330 360 
1480 330 
680 410 


In connection with these considerations it 
would be desirable to obtain the following ex- 
perimental data: a) a comparison of the non- 
sphericality of the nuclei in the table through 
observation of the Coulomb excitation ( at present 
data exist for Cd 114 6-7 ); b) more accurate 
information concerning the multipolarity of the 
2* + 2+ transition in Os!8® (at present we have 
only areference to a private communication by 
the author of reference ° ); ¢) a study of the 
level schemes and transition multipolarities of 
strongly nonspherical even-even nuclei of rare 
earths and heavy elements (in the majority of 
cases only the characteristics of the first 
excited levels are known at present; see Ref. 5). 


*This is completely analogous to the > * and = 
terms of a diatomic molecule (see Ref. 
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Concerning the Correlation Function 
for Quantum Systems 


Iu. L. KLIMONTOVICH 
Moscow State University 
(Submitted to JETP edit or February 13, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 
977-979 (May, 1956) 


dB correlation function for a classical system 
of weakly interacting particles can be deter 
mined by an approximate solution of the.equation 
for the binomial distribution function. In this 
method the distribution function f, in the set of 
equations is approximately expressed in terms of 
the binomial distribution function f, . 

The method of Bogoliubov is used in the present 
letter to determine the correlation function of a 
quantum system of interacting particles. Instead 
of a set of classical equdions for the distribution 
function used by Rogoliubov! we use a set of 


equations for the quantum distribution function. 
The approximation of the quantum distribution 


function f, by a binomial quantum distribution 
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function is made excluding the exchange effects. 
For the correlation function the following expres- 
sion is obtained: 


v(k) F(k) ina; 


where 
San = 1 +\ fo(p’) fo(p"e's PP” dp’ dp” (2) 


is the quantum correlation function of an ideal 
gas.° This correlation function of ideal gas, de- 
pendent on exchange effects, was first considered 


by V. S. Fursov and A. D. Galanin. In Eq. (2) 
fo = 1/(27h)%rtq [A exp (p?/2mkT + 1)] (3) 


is the momentum distribution function of particles 
distributed uniformly in space. The minus and 
plus signs apply to particles obeying Bose-Kin- 
stein and Fermi-Dirac statistics respectively. 

The second term in Eq (1) is determined by the 
interaction of the particles. The functions F'(k) and 
v (k) entering into it are evaluated in the following 
way 


fy (p + 2k/2) — fo (9 — hk/2) 


F(x) =4-1\ =" ap, (4) 


¥(k) =) @(1q1) eg, 6) 


where ® (|q| ) is the potential energy of interaction 
of a pair of particles. 

For h =0 Eq. (1) goes over into the expression 
for a correlation function of a classical system. 


e(la) =1—@ny*\ 2% 


AcE etka dk, (6) 


obtained by Zubarev.’ For completely ionized gas 
and h = 0 one obtains the Debye correlation 
function! from Eq. (1). 

We shall consider several particular examples. 
For a completely degenerate Rose gas, Eq. (1) 


assumes the form 
g(a) 

Se ned (oa noe wares WC en bee: 
feet gat \ v (kK) 1 + h2k?/2m 
For small momenta we may set v(k) = 1 (0). Then 

we obtain from Eq. (4) 


v (k) (7) 


ef Kd gy. 


(141) = &¢—Clatmyr21 ql) exp(—| qr), (8) 
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where 7, = h/ 2 mc is the correl ation radius, 
c=\VV 0) n,/m is the velocity of sound in the 
gas. For helium r, = 10 “8 om. Equation (7) for 
the correlation function agrees with the expression 
that can be obtained from the work of Bogoliubov 
and Zubarev® and Zubarev®. From Eq. (7) we can 
also obtain the correlation function for charged 
Bose gas. 

For a completely degenerate system obeying 
Fermi-Dirac statistics 


F (k) eo 
9 

ee Mie te (Ey - 23] (ets) 

Op?” Aptnr U2 Clesei\ Po men ee 


forhk << pF (1)/= —3m/p,”. If the con- 
sidered system is plasma, then we obtain for 
tk <K py the following expression for the 
correlation function of electrons 


gd) =, —Clammort |ql)exp(—lq\/ra) (10) 


where 


ry = (pi/12ne7n, ys (11) 

is the Debye radius for degenerate Fermi gas. This 
determination of the correlation function of Fermi 
gas is for the case in which the average interaction 
energy is less than the limiting energy of the Fermi 
distribution. 

In the above approximation for completely ionized 
gas it is possible to disregard the set of equations 
for quantum distribution function and one may limit 
oneself to a solution for the quantum distribution 
function? of the kinetic energy equation with self 
consistent field. Indeed to compute the thermo- 
dynamic functions of completely ionized gas one 
must know the magnitude of the energy in excess 
of the energy of ideal gas.. The magnitude of this 
additional energy is determined by the distribution 
of the potential U around an arbitrary ion. 

To find the equation for the potential U of a 
quantum system we shdl use the kinetic equation 
with self-consistent field for quantum distribution 
function, which can be written for electron-ion 
plasma in the form? 


(12) 


= Sle F)—o( a+ 2) 
X #£(n, p) exp lit (4 — p)] dtdn; 


AU = — 4re AACE p) dp — nj}. 
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From Eq. (12) we obtain the relation for U assuming 
that the deviation of the distribution function from 
fy is small, i.e. 


1(4, P) = fo(p) +7” (q, p); 1" (q, p) < fo(p). (13) 


Substituting Eq. (13) into Fq. (12) and retaining 
only the first order terms, we obtain for 0t/ dt 
=O the following equation for the potential 


AU = — 4me? | F (k) e'* (9-9 (7 (q") dkdq’. (14) 


In Eq. (14) the function F (k) is given by Eq (4). 
For 4 = 0 Eq. (14) turns into the expression 
derived by the Debye theory. For Hk <p, we 
obtain for the potential of a quantum system the 
equation 
_,-2 

ee a (15) 
which agrees with the reldion obtained in the De- 
bye theory, except that it is for a different corre- 
lation radius. For a completely degenerate Fermi 
gas, the correlation radius is determined by Eq. 


(11). This result agrees with theresults of 
Landau and Lifshitz. ° 


The expressions obtained for the correlation 
function are therefore correct in the case of weak 
interactions both for classical and quantum sys- 
tems of particles with central interactions at 
arbitrary temperatures. 


IN. N. Bogliubov, Problems of the Dynamic Theory 
in Bitical Physics, State Publishing Co., 1946. 


$fqs1.¢Kiimontovich and V. P, Silia, J. Expl. 
Theoret, Phys. (U.S.S.R,) 23, 151 (1952), 


31. D. Landau and E. M. Lifshitz, Statistical Physics 
GITTL, Moscow, 1951. 


“n, N. Zubarev, Dissertaion, Moscow State University, 
1953, 


5N. N. Bogoliubov and D. N. Zubarev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 28, 129 (1955); Soviet Phys. 
JETP 1, 83 (1955). 


6D. N. Zubarev, J. Exptl. Theoret. Phys. (U.S.S.R.) 
29, 881 (1955); Soviet Phys. JETP 2, 745 (1956). 
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Interaction of 7~-Mesons with Protons at 4.5 BEV 


A. I. NIKISHOV 
(Submitted to JETP edita February 16, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 990-991 
(May, 1956) 


dj late experimental data on the n-p interaction at 
1.7 bev and the 7 —p interaction at 1.37 bev do 
not contradict the statistical theory which takes 
into account the isobaric states of nuclei!2, We 
have carried the calculation for the 7” -p interaction, 
the energy of the incident meson being equal to 

4.5 bev in the laboratory system. 

In the calculation of the final state density, we 
have taken into account the conservation of mo- 
mentum and the indistinguishability of mesons, as 
well as the exact nucleonic mass ( or the isobaric 
state). We have, however, neglectedthe mass of 
the meson. [he last approximation is justified by 
the fact that, as we shall see, in the most important 
processes there are no more than four particles in 
the final (or the intermediate isobaric) state. Even in 
the worst case (process 3N”) the kinetic energy 
per particle amounts to 0.365 bev (total erergy in 
the center-of-mass stystem 3.1 bev). If every one 
of the four mesons, created in the process of anni- 
hilation of a nucleon and an antinucleon, possessed 
such an energy, the correction factor to the meson 
mass would amount to 0.7 (according to I. L. 
Rozental’ and V. M. Maksimenko ). We take ex- 
actly into account only one (the heaviest) mass 
and the correction, therefore, will be even smaller. 
Only the processes 4N ’ and 5N may substantially 
depend on it, but their role is small at such high 
energies. 

We shall use the following notation!»?; )V-- 
nucleon, N ’--isobaric state; n/--state with n pions 
and one nucleon, nN --state with n pions and one 
isobar. The statistical weights of the processes 
under consideration are given in Table I. 

As usual, we take R = 1.4 x 10°15 (R is the 


parameter determining the nonshortened interaction 
volume es 2Asa aR) 


Table II givesthe division of the charge states 
for all processes. 

Some of the implications of our calculations can 
be already compared with preliminary experimental 
results on the 7 —p interaction at 4.5 bev’. In 
Ref. 3 the relative proabilities are given of elastic 
nondiffractive collisions and of inelastic colli- 
sions producing two-, four- and six-prong stars. 
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TABLE II 
Te 
TABLE [| 
. Number Products of Distribution | Distribution 
Number Type Statis- of pions the Reaction of nN of(n-1) N’ 
of Pions of tical e 
process| weight 
1 1N il (he 4 
2 aN 1.13.0 : Dx areas 
ieee 72340) ; 
3 3.N | 21,67 2 p—0 0.378 0.274 
2aNG 1952 nO 0 0,155 0.163 
i 4 .N 9,72 eae 0.467 0.563 
ad ns eat 0.276 0.248 
5 N 3 p+—— ‘ ‘ 
: 4.N ae p—00 0.200 0.174 
: n+—-0 0.462 0.508 
n0Q 00 0.062 0.070 
4 pied 0.358 0,326 
Fe ae oe 0.209 0.229 
p00 0 0.096 0 086 
; : —0 0 0,316 0.338 
The experimental and the theoretical values of the i =“ 000 0.021 0.021 
relative probability of the processes are compared has: ane 
in Table II. As it can be seen, the agreement is S P rlatseaa, 0 age 0/282 
satisfactory. es Gee 0.337 0/357 
I wish to express my gratitude to Prof. S, Z. nes 0.0 80 0.182 0.192 
Belenkii for interesting discussions and his con- an . ‘ : oe oe 
stant attention to the present work. LL) See Se RS LCR 
TABLE III 
: Statistical Calculation 
Experi- - 
mental | isobaric states isobaric states 
data accounted for neglected 
Elastic nondiffractive 
scattering 2 4 2 
2-prong stars 44 49 56 
4-prong stars 28 24.5 las 
6-prong stars 1 0.5 0.4 


1S. Z. Belenkii and A. I. Nikishov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 28, 744 (1955); Soviet Phys. JETP 1, 
593 (1955). 


2 A. I, Nikishov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 601 (1956); Soviet Phys. JETP 3, 634 (1956). 


3 Maenchen, Powell, Saphir and Wright, Phys. Rev. 
99, 1619 (1955), 
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‘" Smoothing Out’’ of Charge Density in 
Polaron Theory 


M. Su. GITERMAN 
Moscow State Pedagogical Institute, Saransk 
(Submitted to JETP editor February 21, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 991-992 
(May, 1956 ) 


in the effective mass method (E.M.M.) is used 
in the polaron theory”, one must solve an 
auxiliary equation for a ‘‘ smoothed out’’ wave 
function 


h? i 
(— 44 w)e=ee: e= dae™, (1) 
k 


where p is the effective mass of an electron. The 
polarization potential W(r) in Eq. (1) is not 
computed from the exact wave function (the so- 
called detailed wave function ) of the polaron 


U(r) = Lay (r) (yy is the Bloch wave function), 
i.e., not as Wy = ~ecf [ye (r’) - dT’ but from a 


Pr’ 
‘* smoothed out’’ function y(r). Such smoothing 
out of potential which brings Eq. (1) into a self- 
consistent form, introduces a definite error into 


the value of the computed energy. The purpose of 
the present letter is to evaluate the error committed 
when the criterion of applicability of E.M.M. r, 
>> a(r_ is the polarization radius, a is the sepa- 
ration between neighboring ions) is barely met. 
Such is the case for the majority of the alkali- 
halide crystals. 

Applying perturbation theory, we obtain for this 
error 


E, = \ (Wy — Wig) le Rat (2) 


=a ete (HDPE ara 
rr | 


ban ( le mi pout ? aed’. 


We neglect here the dispersion of the crystal and 
the dependence of its polarization on the wave 
length, assuming c = 1/n? — 1/e = const. Because 
of considerations discussed by Tolpyg” we shall 
start from the approximation of strongly bounded 
electrons, according to which 
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Y= dye", (Ir—n)), 


where n is the radius vector to the center of a cell 
coinciding with the nucleus of the positively 
charged ion. Pekar! used a variation principle to 
replace the integration of Eq. (1) and, as an ap- 
proximation, the following function may be used: 


9 (r)= 


an (ar), (ar)s 
4 . welt —ar 
rel 3 Eo eh Je 


where « is determined by minimizing the corre- 


sponding potential which yields 


« = 0,821 (u/m) c/a, 


where a, is the Bohr radius. . 
The second term of Eq. (2) is integrated directly 


after the substitution of y(r). The result is 
0.2613 e2c a and, after substituting w(r) 


=> a, Wy, (r), the first term of Eq. (2) has the form 
k 


| Myletde 


=A) e(n)¢" (n’) 


n,n’ 


(3) 


x JM 9) i dra) Wig (ear, 


where A isthe volume of the elementary cell. 

We further demand (analogously to Tolpyg”) that 
W (r) be expandable in a series of (r-n) within the 
boundaries of each cell. After substituting such 
expressions into Eq. (3) we obtain for the case 
n=n’ 

y(2) i yp 

Dd! (n) [YW yt VW nyt ar VW ay Fo ‘| 


n 


pr) — (a (| r—n’ |) ren dt. 


The last expression is computed by passing from a 
sum over n to an integral. The terms with n £n’ 
in Eq. (3) are computed on the assumption that 

the maximum value of the integrand in the overlap 
integral lies midway between the lattice points, 
which follows from symmetry consideration. W (r) 
is expanded in orders of |r— _4(n+n’)|. The 
numerical calculation was carried out for the 
sodium salts. The function yy, was approximated 
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with sufficient accuracy from the data of Fock ad 
Petrashen®. 


Ya (r) = (0727 (4ra$ ys (r/ao a5 4) Pmt hdd 


The result is 
Ey = (0.01873 - 10-22 + 0,07221%10-32 af +...) ca. 


For example, for the crystal NaCl a= 1.109 


x 10° and the error in Pekar’s’ energy evaluation 
due to smoothing out of the potential is about 15%, 
which lowers the computed energy value after Eq. 
(1) is brought to a self-consistent form. We note, 
however, that using the approximation of strongly 
bound electrons increases somewhat the estimate 
of the energy error, and in reality this error is only 
about 10-12% for NaCl. 

Tolpyg” considered higher order terms in the 
E.M.M. and showed that the E.M.M. of Pekar 
overstates the energy values, for NaCl in particu- 
lar by 12-18%. Thus, the above errors are 
approximately equal and in opposite directions, 
which verifies the applicability of E.M.M. for cal- 
culation of energies, even when rs is greater than 
a by a factor of 2 or 3. 

The author expresses a deep gratitude to K. B. 
Tolpyg for his help in carrying out the present 
work. 


Psa Pekar, Investigations of the Electron Theory 
of Crystals, State Publishing House, 1951. 


2K. B. Tolpyg, J. Exptl. Theoret. Phys. (U.S.S.R.) 
21, 443 (1951). 


3 Vv. A. Fock and M. Petrashen, Physik Z. d Sowjetunion 
6, 369 (1934), 
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On Annihilation of Antiprotons with Star 
Formation 


S. Z. BELEN’KII AND I. S, ROZENTAL’ 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor November 29, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 595-596 
(March, 1956) 


Co of the antiproton with the proton 


and the annihilation of both particles results in 


the liberation of not less than 1.8 x 10° ev (if 
the velocities of both particles are small). This 
energy is sufficient for the formation of 13 7- 
mesons. It seems natural to apply to the investi- 
gation of stars of such high energy the statistical 
theory of multiple particle formation (see Refs. 

1 and 2). The theory of thermodynamic variants 
leads to the following formula for the complete 
number of the formed particles”’®. 


N =k(E/Mc?2), (1) 


where M denotes the mass of the nucleon 
and k is a coefficient determined from ex- 
periment. For large energies( E > 101? ev )k~2. 
If this value of k is used with the energies of inter- 
est, NV ~ 2. For such a small value of N the ap- 
plication of thermodynamics is not justified and 
we, therefore, turn to a variation of statistical 
theory suggested by Fermi! for the investigation 
of stars with the formation of not too many patti- 
cles. 

We shall start with the following formula (see 


Refs. 1, 4 and 5): 
S (1) = fy, 7 [(Q./8n9h3]"-1 W,, (Ene. (2) 


The value of S(n) determines the probability of 
meson formation, Q the effective volume in which 
the energy of the colliding nucleons is concen- 
trated and where the formation of particles takes 
place, E the full energy of star formation, 


WCiye) = dQ (E,)/dE ), Q (E) the volune of the 


momentum space corresponding to the energy E), 
f,» 7 afactor accounting for the conservation of 


isotopic spin and the equivalence of particles 
(see Refs. 4 and 5), T the isotopic spin of the 
system. The effective volume was taken as 


(47/3 )(%/pc)*, where p is the mass of the 7— 


meson. Justification for this selection was the 
fact that similar computations for multiple forma- 
tion of particles for p-n and -p collisions re- 
sult in a satisfactory agreement with experiment 
when the same expression is used for the evalua- 
tion of the effective volume. It should be noted 


that the energy es in these cases ~ | bev, i.e., 
not strongly different from the energy ~ 2 bev under 
consideration. 

The magnitude of W (E,) has been computed in 


Ref. 7 with consideration for conservation of 

energy and momentum but on the assumption that 
the formed particles are ultrarelativistic. As it 
will be shown further this assumption is approxi- 
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mately correctin our case. The formula forW (£ a 
is given as: 


x’! (4n —4)! (2n —1) ie (3) 


Wn (Fo) = St (On — DIP en 0 


The factor f, ,,, accounting for the preservation of 
isotopic spin and the identity of particles is given 
by the following formula (see Ref. 8):f, 

= g,(T)/n!, where ; 


a (D=er+9 YEN (4)F4). (4) 


Values of ie (T) for different d and T are com- 


puted in Ref. 8. 


S(n) 
8 


Be & FF WD NH 


™ 


&n 


In the collision of two particles, proton and 
antiproton, the values of the isotopic spin may be 
equal only to 1 or 0. Indeed, the eigenfunctions 


(pp ) ( p--proton, p--antiproton ), (nn) (n--neutron 
and n--antineutron ), (np) and (pn) can be ex- 
pressed in the following manner through the eigen- 
functions of states with a given value of T (upper 
index ) and its z component 7 , (lower index ): 


—_ 


(pn) =}; (pn) = O},; (5) 
(pp)= 2/2 (08+ O)); 


(nn) =2 ‘1s (Ot O%). 


In the Figure are shown the probabilityS (n) for 
the distribution of the n-meson formation for 
values of isotopic spin 7 =0 and 7 = 1. It is 
seen from the presented data that on the average 
four particles are formed, thereby making the 
energy per particle of the order of 0.5 x 10° ev. 
This justifies the assumption made that the parti- 
cles are relativistic*. It is also of interest to in- 
vestigate the distribution of the formed mesons ac- 
cording to charge, For the case of 2 and 3 meson 
formation this type of investigation was carried 
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out by others (see Refs. 9 and 10). 

In conclusion, we express our thanks to Messrs. 
M.I. Podgoretski and J.E. Tamm for their partici- 
pation in the discussions of questions pertaining 
to this work. 


* Computation of the statistical weight by the exact 
formula for the case when two particles are in the fine! 
state (see Ref. 11) showed that Eq. (3) gives values 
different from the exact values by about 1%. 


i Fermi, Progr. Theor. Phys. 5, 570 (1950). 

2 L. Landau, Izv. Akad. Nauk SSSR, 17, 51 (1953). 

3S, Z. Belen’kii and L.D. Landau, Usp. Fiz. Nauk 
56, 309 (1955). 

4 & Fermi, Phys. Rev. 92, 452 (1953). 

5 E. Fermi, Phys. Rev. 93, 143 (1954). 
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Concerning Papers of S. E. Khaikin, 
S. V. Lebedev and L. N. Borodovskaia 
Published in the J. Exptl. Theoret. Phys. 


(U.S.$.R.) in 1954-1955 


I. F. KVARTSKHAVA 
(Submitted to JETP editor June 15, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 
621-622 (March, 1956) 


N the works of S. E. Khaikin, S. V. Lebedev and 
i |. N. Borodovskaia, a presentation was given of 
the results of experiments in which processes oc- 
curring in metallic wires during the passage through 
them of large impulsive currents were studied. From 
an analysis of the results obtained, the authors 
came to two conclusions of significance in the 
physics ofmetals: 
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1. With an impulsive current density of 10°-10° 
A/cm*,the substance of the wire passes into an 
abnormal nonmetallic state, differing ‘* by a sharp 
change of the character of the dependence of the 
resistance R of the wire on the energy £ intro- 
duced into it.” 

2. In a series of experiments conducted on tung- 
sten and iron wire in vacuum, an ‘‘ abnormally high 
electronic emission’’ from the surface of the wire 
was discovered, accompanied ** by the violation of 
the law of Boguslovskii-Langmuir’’ and associated, 
in the opinion of the authors, with the transition 
of matter into an abnormal state. 

In the first three articles! ~°, the character of the 
abnormal state of matter was not made precise. In 
succeeding articles*’®, it was surmised that this 
state bears a purely electronic character. Charac- 
terizing this new state, Lebedev asserts* that 
‘the existing theory of metals not only did not 
predict the results of our experiments, but appar- 
ently cannot generally explain them without adding 
a new physical hypothesis to the theory.”’ 

Careful scrutiny of the above-mentioned works 
leadsus to the conclusion that the evidence put for- 
ward by the authors is not sufficiently convincing. 

The first conclusion of the authors (concerning 
an abnormal state of matter) is based on the 
fact that the amount of energy introduced into the 
wire during various durations of passage of the 
impulsive current, calculated on the basis of os- 
cillographic data, appeared to be greater than the 
wire could take up, while being in the usual state 
for metals For example, according to the 
authors’ calculations, the wire, maintaining a solid 
state during theimpulsive heating, can take up an 
amount of energy considerably greater than the 
energy of fusion. 

Similar experiments were conducted by a group 
of co-workers together with the anthor of this letter, 
in order to study the properties of the substance of 
a wire during the passage through it of impulsive 
currents of great power®’’. The experimental method 
was similar to the method used in the works under 
discussion here, the only difference being that 
simultaneously with oscillography, shadow photo- 
graphs were taken of the wire in various stages of 
explosion, and particular attention was paid to de- 
creasing t) a minimum the inductive distortion of the 
oscillograms. The current impulses were shorter, 
and accordingly, the current densities achieved were 
greater than in Refs. 1-5. As a result of these ex- 
periments, it was possible to show that Ohm’s law 
for the solid state is maintained up to current 
densities ~ 10° A/cm?. 

With relatively low voltages on the condenser 
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(<5 kv), within the accuracy of the measurements, 
no particular abnormalities in the behavior of the 
substance of the wire was observed, and up to the 
first current maximum the energy introduced com- 
pletely corresponded to the resistance of the wire. 
The contradictory results obtained in Refs. 1-3 can 
be explained, apparently, by the fact that the oscil- 
lograms from which the authors calculated the energy 
reveal considerable inductive distortion. In Ref. 
1, in the calculation of the energy introduced into 
the wire according to Eq. (2), no correction to the 
magnitudesof the voltages V , and V_ were made for 
the inductive fall of the voltage, amounting to 
several tens of percent of their maximum value (see, 
for example, the oscillograms in Fig. 7). Since the 
product of Vp and V’, occurs under the integral sign 
in Eq. (2), exaggerated values are found for the 
energy. The apparent surpluses of energy are 
greater, the greater the derivative of current with 
respect to time, i.e., the greater the amplitude of 
the impulsive currents. Similar inaccuracies occur 
also in Ref. 8, which is referred to by the authors 
as a work confirming their results. But as regards 
the calculation of the resistance of the wires ac- 
cording to Eq. (1)!, sufficiently correct values are 
given, since in this equation the ratio of Vp and 

V enters, and their percents of inductive distor- 
tion are approximately the same. 

Also considered in Ref. 1 is the question of the 
abnormal trend of the dependence of the resistance 
R of the wire on the amount of energy E introduced 
nto it. According to the data of our experiments, 
such a dependence always occurs only at the end 
of the region of impulsive current before its so- 
called pause, and is associated with the intensive 
motion of matter arising as a result of the rapid 
thermal expansion of the wire, the strong compressioi 
of separate parts of it in a radial direction (caused 
by the action of the magnetic field of the current), 
the very rapid evaporation of these parts, etc. In 
this region, the wire is capable of taking up a con- 
siderably greater amount of energy than is neces- 
sary for its complete evaporation. Thus, that 
state of matter which the authors call abnormal, in 
actuality evidently represents the beginning of the 
stormy process of destruction of the wire. In the 
epxeriments in vacuum with refractory wire, in view 
of thermoelectronic emission from the surface of the 
wire, particularly from its superheated parts, and 
the associated shunting discharge, the wire may not 
obtain sufficient energy for explosion or even for 
fusion. Therefore, during the impulsive regime of 
heating in vacuum, the wire frequently remains un- 
melted. 
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The second conclusion of the authors (regarding 

abnormal electronic emission from the surface of re- 
fractory wires) is based on the fact that during 
heating by a largeimpulsive current, and in the 
presence of a certain anode voltage, the anode cur- 
rent is hundreds of times greater than the emission 
current of the wire at its fusion temperature in a 
stationary regime of heating, while the same wire 
here frequently remains unmelted. The authors 
make numerous attempts to prove that the abnormal 
increase of emitted current is not associated with 
some manifestation of a discharge in the gas or 
other secondary currents. Resting on these proofs, 
they concluded that the abnormal emission is due 
to an abnormal state of the substance of the wire. 
It should be noted that here, no account is taken of 
two circumstances which might be essential for the 
correct understanding of the appearance of abnormal 
electronic emission: 

1. During impulsive heating almost to the 
temperature of fusion, occluded gases and part of the 
substance of the wire are evaporated from its sur- 
face. The mean thermal velocities of molecules 
and atoms at the temperature of fusion, for example, 
of tungsten (~ 3400°) is of the order of 10° 
cm/sec. Therefore, during several microseconds 
(duration of the impulse for the greatest currents) 
the majority of them are able to fly only several 
millimeters fromthe surface of the wire. In view 
of this, in distinction to a stationary regime of 
heating, in the regime of impulsive heating a non- 
uniform distribution of gas pressure arises between 
the anode and cathode, with maximum pressure on 
the surface of the wire. With such a pressure dis- 
tribution, in the presence of a sufficiently great 
electric field along the wire (several hundred 
volts per centimeter) and a magnetic field perpen- 
dicular to it, there exist, evidently, suitable condi- 
tions for the occurrence of discharges with large 
currents shunting the wire. In experiments on the 
explosion of wire in vacuum we visually observed 
that with a tungsten wire with a diameter of 0.1 
mm and with a eurrent of several thousand amperes, 
the visible diameter of the discharge does not ex- 
ceed 4-5 mm, which evidently indicates the presence 
of a pressure gradient in the direction of the 
radius. Moreover, in this case the untwining of the 
discharge is also possible, caused by the action 
of the current’s own magnetic field. Hence, it 
follows that in the comparison of the results of ex- 
periments in the impulsive and in the stationary 
regimes, disregarding the above-mentioned state- 
ments may lead to incorrect conclusions. 

2. Certain deviations from the law of Boguslov- 
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skii-Langmuir in the initial part of diode charac- 
teristics are known, caused by the action of the 
magnetic field of the current of the incandescent 
cathode on the motion of the electrons. Here, 
there exists a critical value of anode voltage U,, 
below which the electrons in general do not strike 
the anode. In the case of a cylindrical anode with 
a coaxial wire cathode, re is associated with a 


heating current i by the relation (see Ref. 9, p. 
125): 


J —4 72 ey 
Uxy = 188-1074 i La : 


where Vee is expressed in volts, i in amperes and 
Ps and r, are the radii of the anode and cathode. 


Under the conditions of the experiments considered 
herein, i ~ 10°A, r, < 0.05 mm, the anode is plane 
with area ~ 1 cm” and is at a distance of 1 cm from 
the cathode. If a cylindrical anode is taken in 

place of a plane, the magnitude of UT is evidently 


not decreased. Therefore, a magnitude of 1 cm may 
be assumed for r. Then the above equation gives 


UL ~ 100 kv, and with a current of i~ 102 4, 

UL, ~ 1 kv. Thus, in the experiments considered, 
the authors would not have obtained electron cur- 
rents differing from zero hadthe emission been 
normal, since the anode voltage in these experi- 
ments did not exceed lkv. In that case,in order to 
explain the abnormal emission, it is necessary to 
assume the existence of initial velocities of thermo- 
electrons sufficiently large to surmount the mag- 
netic field of the current. A calculation of electron 
trajectories under the condition considered indi- 
cates that an initial electron energy < 10 ev is in- 
sufficient tosurmount the magnetic field of the 
current. The assumption of significantly higher 
energies is not physically justifiable; therefore, 
evidently, it is fitting to acknowledge the basic 
role of a discharge shunting the wire. The abnormal 
electron emission could be easily understood if it 
were assumed that in the process of the impulsive 
regime of heating, an increase in the emitting 
surface occurs with a simultaneous decrease in the 
magnétic field on this surface. Both of these condi- 
tions are satisfied if a shunting discharge with a 
large shunting current develops along the wire. 
Here, the emitting surface is increased, and simul- 
taneously the magnetic field of the current is de- 
creased because of the decreased current density. 
From this, evidently, there is also associated the 
possibility of drawing off large electron currents 
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In conclusion, I wish to thank [u. K. Khokhlov 
and E. M. Leikin for discussions of the problem 
treated in this note. 
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15, 81 (1945). 
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photo nuclear studies, which are, as a rule, carried 
out over broad spectral ranges of the y-rays. It 
would be of particular interest to study such reac- 
tions in the ‘‘ giant” resonance region. 

An anlysis of the data on (p, y) reactions with- 
out cascade emission of y-rays enables us to 
draw definite conclusions as to the predominance 
(although it is not overwhelming) of E1 y-ray 
absorption in this energy region. In some in- 
stances such data also provide definite information 
concerning the cross sections for anisotropic 
proton emission in (y,p) reactions. For example, 
the integral cross section for levels 3, 5 and 6 in 
the S°2(y, p) P?! reaction, which levels corre- 
spond to the emission of protons in the p-state, 
is o;,,= 4.5 mev mb. One must keep in mind the 
contributions of individual levels to the aniso- 
tropic emission of photonucleons in comparing the 
spectrum and angular distribution of these nucleons 
with calculations from statistical theory. 


TABLE 


Levels and type of] @ 


: int 
gamma absorption 


‘in mev mb 
jliterature 


6 .89(M2) 

7.48(E1) 

8.89(M1) 
10.83(?) 


16 10(E2) 
16.57(M2) 
17.22(E1) 


} 
| 
18 .39(E2) | 
| 
) 


5-8 


5,9,10 
18, 86(?) 

19 .25(?) 
20 .25(?) 
20.49(?) 


8.06(E1) 
8.62(M1) 
8.70(E1) 
9, 18(Et) 


9,65(M1,F1) |0.0 
9.93(M1,E1) |0.0 
10.68( E11) 2 
10.77(E1,M1) | 0 
10.84(E1) nl 
10.90(E1) 0, 

1 

3 


5,11 


14,16 


11.40(M1,E1) 
14.12(M1, Et) 
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during the explosion of a wire in vacuum. The 
ionic currents drawn off from such a discharge 
must be hundreds of times smaller than the elec- 
tronic currents, because the ratio of these currents 
with the same anode voltage is determined by the 
square root of theinverseratio of the masses bearing 
the charges, which is also confirmed in the works 
considered. 
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(y, p) Reactions Associated with the 
Formation of Ground State fuclei 


V. I. GOL’ DANSKII 
P. N. Lebedev Institute of Physics 
Academy of Sciences, USSR 
(Submitted to JETP editor January 30, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.)30, 969-971 (May, 1956) 


ppeRns the last few years a great deal of 
confirmation has been obtained for the existence 
of the so-called ‘‘‘giant”” resonance in photonuclear 
reactions [ such as (y,n) and (y,p) reactions ] 
which is caused by the location between 15 and 25 
mev of the center of gravity of dipole levels 

excited through nuclear absorption of £1 y-quanta. : 
Beginning in 1952, a group of Canadian physicists?“ 
have distinguished an entire series of separate 
resonance levels inthe “giant” (y, n) resonance 
of a few light nuclei (Li’ , C Pa eee). ‘The 
study of the photonuclear excitation function fine 
structure is of decided interest both for nuclear 
spectroscopy and for the determination of the 
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character of y-ray absorption by nuclei. In con- 
nection with the latter question it is especially 
important not only to determine the contribution 
of any of the individual levels to the observed 
yield but also to reveal the nature of the final 
nuclear state [ which is not usually done in the 
study of (y, p) and (y, n) reactions ] as well as 
the angular distribution of the emitted particles. 

In the present note we wish to estimate the 
contribution of individual levels to photonuclear 
(y, p) reactions, which can be obtained from ex- 
perimental data regarding the cross sections of 
reverse (p, y) reactions that take place without 
cascade emission of y-rays(o__ ). The cross 
sections 0 ) reactions connected with the 
formation df Bround states in the final nuclei are 
related to the (p, y) cross sections by the simple 
relationships of detailed balancing; for example, 
in the case of 016 (y, p)N 15 we have: 


16 me? (hv — Q) 22y + 1 
ov9 a Syn2 15 2 
es) (Ay) 2lo +1 


Here I, (=2) and I, (=0) are the spins of NI5 


and N°, m is the proton mass, Q(=12.11 mev) 
is the energy released by the reaction, hv is the 
energy of a y- quantum associated with the pro- 
ton energy (E) in the (p, y) reaction by the re- 


lationship hv = Q +(15/16)E_. From an analysis 
of the data in the literature, considerable informa- 
tion can be obtained concerning (y, p ) reactions 
associated with the formation of ground state 
final nuclei in the case of five light nuclei: B’°, 
Cees O!° and $2”. The results are summar- 
ized in the Table and Figure. 

As can be seen fromthe Table andFigure, the 
maximum cross sections for (y, p) reactions con- 
nected with the formation of ground state final 
nuclei associated with individual levels, some- 
times exceed by a large factor the maximum cross 
sections in ‘‘ giant” resonance. The integral 
cross sections of such reactions which are associ- 
ated with individual levels amount to about 10% of 
the integral cross sections in “‘ giant” resonance, 
which encompass al] possible states of the final 
nuclei. Consideration of this fact leads to some 
increase in the experimental values of the gamma 
absorption cross sections (a@,,) and to reduction 
of the difference between the’ theoretical and ex- 
perimental values of a, | for light nuclei as has 


been noted in Ref. 15, for example. It will be 
necessary to use extensive experimental data con- 
cerning (p, y) and (n, y) reactions in order to 
make an independent check of the results from 
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Capture of K--Mesons by Deuterium and 
Hyperon-Nucleon Interaetion 


L. B. Okun’ AND M. I. SHMUSHKEVICH 
Academy of Sciences, USSR 
(Submitted to JETP editor February 14, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 979-981 
(May, 1956 ) 


T HE study of K-meson capture in hydrogen and 
deuterium can provide valuable information not 
only concerning the properties of K-mesons but also 
concerning the interactions between hyperons and 
nucleons. In particular, it may be possible to an- 
swer the question about the existence of bound 
states of a hyperon-nucleon system. Examples of 
such reactions ( occurring with conservation of 

‘“ strangeness’’! and, consequently, possessing 
large cross sections) are 
1) K>-+d>A+n+4+r°, 
2) K-+d-A+p4r, 
3) K>+d—-2-42n+7r', 
4) Kod = Sn Er, 
5) K- +d > E°tn+r°, 
6) K>+-d>2°4+p4r, 
7) K>+d>2>+p+r, 


V") K-44 po Ate, 

2’) K-t+tn-Ator, 

3’) K- + p 2-4 nt, 
4’) K> + p> Eta, 
5") K+ p+ EP +, 
6’) K7-+n > 2° -+ 27, 
7) K>-+n>it747r°, 
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As definite examples we shall consider reactions 
3 and 3’. 

Assuming that the hyperon has spin 1/2, the 
amplitude of reaction 3’ will in general be of the 
form 

A=a+bo, (1) 
where a and b are functions of the K- and 7-meson 
manenta; of & and p and of the spin of the K-meson, 
if this amplitude exists. The differential cross 
section of this reaction, averaged over the spins of 
the heavy particles, is 


ds = (Ja|? +16 |*) dQ. (2) 
If we consider the formation of 7+-mesons near 


the upper limit of their energy spectrum in reaction 
(3) we have for the corresponding cross section in 
the momentum approximation 


do=|$ 0; (6) exp 9} 4 (0) do |” A ao, (3) 
eet Sie ee 


Here M, and My are the nucleon and hyperon 
masses and f is their relative momentum. Aver- 
aging over the spins of the baryons, we obtain 


do tia 2 /a) (3) (Fe 0 (4) 
+5 [8 1? | 1, 3} (22) 8f? df dQ, dQ. . 


Here 

2 t, ao fie > > 
I, 5 =J of" (e) exp {2%} 0 (0) do. 

Taking 
y— %&O 

=) a/ 27 ¢ ' (5) 
P 
Be =215 4 —ife 

er) =expfife}—(e — t) 4 


SY) ike 
2ife ’ 
where 5 , is the S-phase in the triplet and singlet 
states of the hyperon-nucleon system, we obtain 
(after integrating over all directions ) 
Ve 2dQ, = 8ra {aoe 
{ 4s POs [a* + — f)?] [0® +(e + AP 
etek (ei)! 


+551 
EAP FL uA © 


x [sin 28), ( arctg Be + arctg =! f 
io 
a? + (f -F ol 
a® + (f — x) 
™ . 
= Ar sin®3, , [(arctg erin -+-arctg “=I F 


a 
+ OEEER)D 


When we make use of the relationship 


—— sin?d, sin 
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Ey =V yu? + k? — (Mp —™M) (7) 
2 — k)? M, + Mp 2 
oa oeet alan SOR aA SM 


Eqs.(4) and (6) give the pion distribution near the 
upper limit of the spectrum. Assuming cotd, 
=-B, en, and considering mesons whose energy 


differs from the upper limit by an amount of the 
order 87/M, we obtain 


op aac oes ‘(1 ena a) (8) 
Te 2(M, + M?*) _ Ms, 
a |?+ ?/3| b |? 
x —w — (w®— m)/2 (M+ M,)| 
2) Ce ee a 
e+ [E, — w— (w* — m?)/2 (M, = M,)] 


a 2M aay 


si yoo 


Here «, = 6), (M, +M,)/2M,M, and x, and 
w_, are the limiting values of x and w = 


V m* +p? (for f=0). According to (8), the pion 
energy distribution near the upper limit of the spec- 
trum has two sharp peaks whose position and 

width is determined by €, and e,. An experimental 
investigation of this process in hydrogen and in 
deuterium would enable us to determine these 
important quantities as | a| and | 5]. 

If bound states of the nucleons and hyperons ex- 
ist there will be discrete lines in addition to the 
continuous portion of the pion energy spectrum. We 
obtain as the corresponding cross sections 


do, “| lars gor jeV se ‘ (9) 
x 


tg ——_, 
et ee 


“Ps arct = 
Shek 0 EH es 

In connection with the capture of a K—meson 
from the K-shell or from the continuous spectrum, 
but with emission of a pion at a small angle with 
relation to the K-meson momentum, certain con- 
clusions can be reached regarding the magnitudes 
of a and b (see the Table). Here a and oF are 
the parity and spin of the K-meson; P,, is the 
parity of the hyperon relative to the nucleon. 


For the study of the interactions between B- 
particles and nucleons we can use the reactions 


K~-+d- K++ 4n, K-+d—>K°+5-4 p 


along with the corresponding reactions with pro- 
tons. These reactions are impossible in connection . 


- 
+4 a= p00) aoe qa 
at 0 
—1 } = a—O| a= eeu 


with the capture of K--mesons from the K-shell 
because of the energy threshold. 

We note in conclusion that the interaction be- 
tween nucleons and hyperons could also be studied 
by investigating the energy spectrum of K-mesons 
in reactions such as 


A+ Kt (Paar aAy 
oe ae p+n>fn+dt+ Ke 
\p+E-4+Kt 
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Spectra of Neutrons Produced by Bombarding 
Light Nuclei 
with 14 mev Deuterons 


G.F. BocpANov, N.A. VLASOV, S.P. KALININ, 
B.V. RYBAKOV AND V.A. SIDOROV 
(Submitted to JETP editor February 15, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 981-983 


(May, 1956) 


N the previous work of our laboratory! it was 


found that the spectra of neutrons, produced by 
bombarding tritium and deuterium with 14 mev 
deuterons, are not monchromatic. Besides the 
neutron groups, corresponding to the production of 
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the He* and He® nuclei in the ground state, other 
groups of slower neutrons were observed. The work 
was continued with other light-element targets in 
order to explain the mechanism of neutron produc- 
tion in these reactions. The experimental setup 
used analyzed the time of flight of the neutrons for 
the 285 m distancebetween the target and the 
counter. The details of the experiment are given in 
Ref. 2. 

Two types of targets were used: gaseous H, He? 
and He*, and solid-T (in zirconium), Li, Be, B, C 
and Cu. The gaseous targets were 4 cm thick and 
at the pressure of 2 atmospheres (in the case of 


He®, 0.8 atmospheres). The entrance window of 
the targets, 30 mm in diameter, was covered by 
platinum foil 30 thick. The back wall, upon 
which the beam was falling after passing through 
the gas, was covered by a thick layer of lead. The 
solid targets, about 0.5 mev thick (for 14 mev 
neutrons ) were set up on a thick lead base. Since 
comparatively few neutrons are produced in the 
lead during the bombardment, the difference of the 
results obtained with the target and with the 
empty holder only could be could only be regarded 
as caused by the element under examination. 

The obtained neutron spectra are shown in Figs. 
1-3. The measurements were carried out at the 
angle of 0°. The neutron energy was in the case 
of solid targets equal to 14.4 mev, in the case of 
gases, 13.0 mev. 

The curves shown are the averages obtained from 
several series of measurements having a spread 
up to +20%. This spread is basically due to the 
phase instability in the cyclotron. 


The resolving power of our apparatus can be 
characterized by the width of the y-peak, shown 


in the Figures. In the case of a solid target an- 
other 0.5 mev should be added to this width in 
order to account for the thickness of the target. 
The resulting resolving power permits the observa- 
tion of separate levels of the final nucleus in the 
case of bombardment of H and He isotopes only. In 
all other cases, the spectra should appear to be 
continuous. 

If the secondary groups of slower neutrons in the 
T +d and D +d reactions were produced in the re- 
sult of the deuteron stripping without any change in 
the bombarded nucleus, we could expect a similar 
effect in the case of other light nuclei. The neu- 
tron spectrum and the effective production cross 
section should, conseqiently, depend smoothly on the 
number of the nucleons inthe nucleus. In reality, 
nether the spectrum nor the cross section change 
smoothly. When the reaction has a large positive 
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value of Q, the upper limit of the spectra exceeds 
the maximum energy of a neutron produced by 
deuteron stripping, without any change in the bom- 
barded nucleus. In consequence, the state of the 
final nucleus has a marked influence upon the 
neutron spectrum being investigated. 


The comparison of the neutron spectra obtained 
by bombarding T and He® targets is of special 


interest (see Fig. 1). These nuclei differ only in 


Intensity (arbitrary units) 


30 6 


WA Te 


Fic. 1. Neutron spectra obtained by bombarding T and 


mev 


He® with 14.4 mev and 13.0 mev deuterons,respectively. 
The y-peak is shown. 


their charge, which should not greatly influence the 
stripping cross section for incident deuterons, 
since the energy of these is much larger than the 
Coulomb energy. Nonetheless, the neutron produc- 
tion cross section is almost twice as large in the 
T+d reaction as in the He® reaction. The mean 
neutron energy in the both cases differs also, by 
approximately 3 mev. The cross section differ- 
ence is partly due to the reaction (d, 2n) reaction 
nor by a possible nonuniformity of the energies of 
the incident deuterons. This difference is evi- 
dently due to the production of the He4 nucleus in 
an excited state which was discovered previously 
investigating the T(p,n )He? reaction 3>4, 

The results of Henkel, Percy and Smith®, who 
studied the neutron yield bombarding the H and He 
isotopes with deuterons of energies close to the 
stripping threshold, are also in agreement with 
our deduction. As it can be seen fromthe graphs, 
the production cross section for neutrons emitted 
at the angle O° is several times larger for the T 
target than for the He® target. This difference can 
be explained by taking into account the existence 
of an excited state of the He4 nucleus, since the 
reaction (d, 2n) has a 1.2 mev higher threshold 
than the deuteron stripping. 

Comparison of the production cross sections and 
of the neutron spectra in the reactions T +d and 
He® +d confirms, therefore, the existence of the 
excited state of He’ with the excitation energy 
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equal to about 22 mev, and also indicates the ab- 
sence of a similar state for the Li* nucleus. It 
should be expected that H4, similarly to Li*, does 
not exist in such a state. This confirms the as- 
sumption made by Smorodinski and Baz’® that the 
isotopic spin of the 22 mev excited state equals 
zero. If the isotopic spin of He® in this state were 
poet to 1, similar states would exist for Li* and 
for H*, and the neutron spectrum of the He® +d re- 
action would be analogous to the neutron spectrum 
of the T +d reaction. 

The neutron spectrum obtained by bombardment 
of He* is of equal interest. The final nucleus ob- 
tained in this case for the (d, n) reaction is Li?. 
For this nucleus the existence of a 2.5 mev ex- 
cited state is currently assumed’, besides the un- 
stable ground state. It is well known that the 
energy | difference between the two states of Li 
(or He® ) represents the very important spin-orbit 
splitting constant. It should be noted, however, 
that the data indicating the existence ot the ex- 
cited state are so far not convincing’. The neutron 
spectrum obtained by bombarding He* with 13.0 mev 
deuterons is shown in Fig. 2. The arrows indicate 


Intensity (arbitrary units) 


15 0 6 g mey 


Fig. 2. Neutron spectra obtained by bombarding He* 
with 13.0 mev deuterons. Arrows indicate neutron ener- 
gies corresponding to the ground state (0) and the sup- 


posed excited state (1) of i. The y-peak is shown. 


the position of the centers of the energy groups 
which should correspond to the ground state (left) 
and to the excited state(right) of Li°, It can be 
seen that in the neutron spectrum of the He* +d 
reaction the excited state of Li>® does not show up 
markedly, which is in accord with works denying 
the existence of a similar state for the mirror 
nucleus He®, 

We have estimated, for various elements, the 
effective production cross sections for neutrons 
emitted at the angle O° to the direction of the in- 
cident deuteron beam. For all light elements in- 


Intensity (arbitrary units) 


Fic. 3. Neutron spectra obtained by bombarding H and 
He with 13.0 mev neuteron, and Li, Be, B, C and Cu 


with 14.4 mev deuterons. The y-peak is shown. 


vestigated, with the exception of tritium, the cross 
section equals about 50 mbarn/sterad per nucleon, 
i.e., is roughly proportional to the number of 
nucleons in the nucleus A. For heavier ele- 
ments the cross section diminishes; for Cu it is 
equal to 200 mbarn/sterad only. 

The authors express their thanks to the staff of 
the Cyclotron Laboratory of the Academy of Sci- 
ences, USSR, who enabled the successful accomp- 
lishment of the present work. 
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Magnitude of the Nuclear Spin-Orbit 
Interaction 


I. I. LEvVINTOV 
Institute of Chemical Physics, 
Academy of Sciences, USSR 
(Submitted to JETP editor February 16, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 987-989 
(May, 1956) 


A WIDE group of interaction phenomena of nu- 
cleons with nuclei is at present sufficiently 
well described by a central potential with added 
spin-orbit term 


a 


Ajp (r) + Ag (1, 6) de/r dr, (1) 


where p(r) is a function representing the density 
distribution of nucleons in the nucleus. Polariza- 
tion effects in elastic scattering of medium and 
high energy nucleons as well as the spin-orbit 
splitting of single particle levels belong to this 
group of phenomena. In the case of polarization 


and scattering the A, » are complex, 4 is 


=V, e 12 and, besides, there is a basis for the 
assumption that Eq. (1) describes the scattering 
processes adequately in the case of not too large 
angles only . In the case of single particle 
levels the A 1,2 are real (a1 4 = 0), Eq. (1) being 


applicable, however, only in the case of nuclei 


with strongly closed kernel (nuclei of the type of 
He®. Q?’”, etc.). In these cases the kernel is 


only little deformed by the external nucleon, the 
criterion of which is closeness of the values of the 
magnetic moments of such nuclei to their Schmidt 
values. 

In this note we intend to present the relative 
values of the moduli ele , the ratio of the central 
and of the spin-orbit potentials, based on all data 
available to the author. 

1. The ratio ea, can be obtained from the 
high energies (100-300 mev). 
It is not necessary to determine the function 
p(r) if we assume that the added spin-orbit term 
(so) in Eq. (1) has only a small influence upon the 
phases (d7°< 1 ) while the phase shift caused by 
the central part of the potential may be arbitrarily 


polarization data at 


Va AB Ro 
a Aaa 


large. This approximation is correct for all nuclei 
and leads to an expression for the neutron palariza- 
tion similar to the well-known Fermi formula , ob- 
tained by him, however, under the assumption of 
small phase shift 


P (0) = 20k? |V2/V4| sin (%, — a) / [1 + 4 \Vo/Vi)? 07]; (2) 


(for details, see Ref. 3). It follows from (2) that 
Ug NE = kg and sin (eae = oo) =P , where 


@ is the angle of the maximum polarization P 
m 


Since the angle 6, is not very small (12°25 % )iwe 
can obtain the value of V/V , from (2) with the 
help of well-known data! onthe proton scattering 
polarization (see Table below), The mean value 


obtained for ee is 3.5 x 10°27 em. 


2. The estimation of the ratio V, /V , from the 
low-energy scattering data on nuclear levels and 
shells requires the determination of the function 
p(r). The evaluation is, however, correct in 
several cases: 

1) Levels of He°® and Li>. The well-measured 


phase dependence of P;, and P,, levels in 1 to 
2 2 


15 mev nucleon scattering by He4 can be exactly 
calculated assuming p(r) ~ exp (-r?/a). Best 
agreement with experiment is obtained in Ref. 4 
for the potential: 


[1 2(.0) 2] A exp — 4/04), 


where a=2.3x 10°19 cm, A = 47.32 mev, B 
= 7.4 ( 2/Mc2) (Mis the nucleonic mass). We 
then obtain the value of ies = 3.3 x 10°?’ em?. 
2) Single particle doublet levels of 0!” and 
Pb?°°, The estimation of the absolute value of 
V, in Eq. (1) was done by Blin-Stoyle® for the 
levels of Pb?°°, for the case of an infinitely deep 
well. We have obtained a more exact result, solv- 
ing the Schrédinger equation for a finite potential 
well with flat bottom and diffuse walls, making 
use of Airy functions. The expression for Vo/V 1 
in the first approximationof the perturbation theory 
is: 


(82/4m ROE o)[(Ey-H4/2)® — (1 +4/2)?] + (Ey + 4/0) 8 + oF? 8? 
oe AT diag 2)" Bae ele ae te 
(1 + £,3 + 1/5£98%)(1-43/,8) 8) 


ee ae 
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where AE ., is the value of the doublet splitting, 
E __ is the center-of-mass energy of the doublet (de- 


Pred as the binding energy of the lower doublet 
+1 
AE, )s Ro 
i 


component + is the total radius 


Se Ee ee ee ee eee 
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of the nucleus (taking the diffusion into account): 
R, = (1.33 4¥3 + 1.3) x 10°19 em, 8 is the rela- 


tive value of the diffusion*, given by: 


re E,= i 2 V2mE,. Krenn (R Nae V 2mE,,) 
Ky4ay, (Rita V 2mE.,) 2 


? 


Data on V/V, 


Source Nucleus Seiad (V/V 4)x 1077 cm? 
| 
Polarization of high-energy He 315 3.3 
protons C 290 3.4 
C 430 Bao 
Be 315 4 
Be 430 3.0 
Al 290 Ban 
Al 130 4.5 
Fe 130 3.0 
Cd 130 4 
Jn 130 3 
Bi 130 3.5 
U 130 Dad 
Scattering Het — p 4 — 10 ong 
He* — n 1— 18 3.3 
Single-particle levels or ae 3.9 
Pp? soe 5) 3.0 
209 ete 
Pb Sit, 2) 3.3 
Shells — — 4. 


where Kiyy is the modified Bessel function. The 


values of V, for 5 << 1 are determined from the 
logarithmic derivative condition: 


Fy * {Ry (1 — 8) 8-2 V 2m (V1 — E.,,.)} 


— Ey* {Roh V 2mE,,} = 8. 


E, and Ff are tabulated in Ref. 7. We obtain from 
the above a (Pb2°° ) = 54 mev for 5 = 0.29. 


There exist two single particle doublets in the 


Peecich Ph’? 
3D 7 (AE, = 0.98 mev, E,, = 1,91 ‘mev), 
Zin lS ——————— 
2G, ai (AE. = 2.03 mev, ja =— 2.9 mev). 


In the case of O!”, one doublet’: 


1Ds),_-s), (Ee = 1.81 mev, ALES, =— 5.08 mev),. 


In general, the values of Voor and 6 can be de- 


termined for the case of Pb299 in a unique way with 


the help of Eq. (3). However, the simultaneous 
solution of Eq. (3) for the both doublets gives a 


much too low value of 8(~ 0.08). This fact is 
evidently connected with a substantial deformation 
of the kernel of the Pb?°? nucleus. We have, 
therefore, for the estimation of the ratio V/V 
chosen the values of 6 and V, . according to the 
potential of Ref. 9: The values of V Gas in the 
Table are calculated for 6 = 0.57 (O 017), d=0 
(Pb*°?) and V, = 50 mev. 

3. The sequence of level filling in shells, cal- 
culated using potential of a form in-between the 


oscillatory and the square-well potentials, gives 
the value of V,/V, =4x 10-27 cm? 


The relative value of the spin-orbit potential is 
therefore constant for wide variations of nucleon 
energies and of the size of, the nucleus being equal 
approximately to 3.5 x 10°27 cm”. This fact can 
be interpreted as an indication that the effective 
nuclear potential is the mean potential of the nu- 
cleons forming the nucleus. It is essental that, 
averaging over closed shells, forces depending on the 
products of spins of the external and the nuclear 
nucleons (e.g., tensor forces ) do not appear in 
the first approximation. The forces leading to 
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the desired interaction are of the form 


V (r)§1( 3, +¢.)$* Theexistence of a strong spin- 
orbit Preeaetion is an indication of the presence of 
such forces, and the interaction constant expresses 
their magnitude in relation to central forces in the 
nucleon-nucleon interaction. 

[ wish to express my thanks to L. D. Landau and 
A. S. Kompaneits for discussion and advice. 


felt and 6 are Sse according to the potential of 
weeds: and Saxon® V (r)=V we + i€){ 1 “ exp 
x Urorg)/ al” Es = 1,33 4¥8 x 10°! cm, o=0.49 
x 10°13 cm. In our case this potential can be approxi- 
mated by a trapezium-shaped well with R onl 334% 
+ 1.3) x 10°"? cm, 5= 4.3 a/R,, Vo BS Oe €=0. 
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Modification of Double Proton Scattering 
Experiments 


L.N. ROZENTZVEIG 
Institute of Technical Physics, 
Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor December 8, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 597-598 
(March, 1956) 


S CATTERING of nonrelativistic protons by 


nuclei of zero spin is described by a two-row 
scattering matrix. 


(9, 9) =A (8) +B) (no), (1) 


LETTERS TO THE EDITOR 


where n denotes the normal to the plane of scatter- 
ing, and functions A and B are expressed by 


phases according to known formulas, The function 


P(0) = (AB* + A*B)/(\AP? +18) (2) 
determines the polarization as a result of scatter- 
ing of the originally nonpolarized beam as well 
as the azimuthal asymmetry observed when polar- 
ized protons are scattered. 

For the experimental determination of P it is 
necessary to subject the protons to double scatter- 
ing. By measuring the ratio of intensities for n, 


=n 


» and n, =—n, equal to 


R=(1+ P,P.) /(1— PiPs)s (3) 
we find the product P, Pos and if the factor i is 


known we obtain P, (or vice versa). The success 
of measurement of this kind therefore depends on 
the existence of a “‘ standard’’ scattering process 
for which the dependence of P on the angle of 
scattering and energy E is previously known. Note 
that even if both scatterings are by the same kind 
of nuclei and 0, = @,, P, + P, since the energy 


E., before the second scattering is smaller than 
the initial energy E, by the amount of energy im- 
parted to the nucleus,which is considerable in the 
case of scattering by light nuclei. 

The purpose of this note is to describe an ex- 
periment which in principle permits the direct de- 
termination of P,. Let the beam of hydrogen 
molecular ions H, incident on the scattering 
target be such that its ratio g of the number of 
parahydrogen ions to the number of orthohydrogen 
ions is considerably different from the equilibrium 
value gq, = % . Upon entering the target the 
molecular ions “‘break up’’ and the two protons 
are scattered independently of each other. If two 
counters register coincidences due to protons from 
the same molecular ion scattered in directions 6, 
~, and @, ¢,, the number of coincidences D is 


proportional as follows: 
; 1 
ie: Es a yoo oe 


where yx , and y™ are wave functions of the proton 


spins for the para- and orthomolecules and F is 
the “ direct product’? of matrices fy and fe 


F= f; (8, 21) X fo (8, 99); (5) 
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f, and f, act upon the spin variables of the first 
and second proton, respectively. 
Indicating 


Hy 27 Ody); (6) 


pt Gt ye te 
and making use of (1) we can write PY, in the form 


Fyq = A*xo—B? (nN2) Xo (7) 
+AB (ny—ms, ¥3) —iB? ([ning], 4), 


from which 


(Fyo, Px%q) = 09 (8) [1 — F* ©) (n,n,)}, (8) 


where 0, (0) =|4 |? + |B |? is the scattering cross 
section for the nonpolarized beam. The m summa- 
tion in the right side of (4) is obtained from the 
condition that when g = q,),D~ o* (6) 


SD) Fx, Fa?) = 405) — (Fro Fx) (9) 
m 
Accordingly, Eq. (4) takes the form: 
3q—1 7 
Dito (6) i Pt (10) 
and for the determination of P? it is sufficient to 
measure D for Cass a dired: and for (n,n, ) =-l. 


Unfortunately, the experiment under discussion 
will require considerably longer exposures than for 
usual double scattering. Indeed, the maximum per- 
missible current in the incident beam is determined 
by the ratio of the effect under investigation to the 
background of chance coincidences. Let v denote 
the number of scattered protons entering each of 
the counters, n the number of H* jons incident on 
the target, 7 the resolving time of the coincidence 
circuit. The numbers of true and accidental co- 
incidences are v7/2n and 27Tv”, respectively, i.e., 
the condition n << 1/4 7 must be fulfilled. There- 
fore, even when 7 ~ 10°!° sec, the instantaneous 
value of the current into the target must not exceed 
108 to 10° ion/sec, which is considerably less than 
current generally used in double scattering experi- 
ments. It should be noted that the formation of a 
molecular ion source of H} cq >> 1 producing a 


current of the order of 109 jon/sec is apparently 
quite feasible. 
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lsomeric Transition of the Sn!!7* Nucleus 
S. M. KALEBIN 


(Submitted to JETP editor December 22, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 957-959 
(May, 1956) 


A RADIOACTIVE source containing the tin iso- 
tope Sn'+?* was obtained by bombarding chemi- 

cally pure cadmium with «- particles in the cyclo- 
tron. Radioactive tin was obtained by the reactions 
Cd110(a, n)Sn113; Cd114(q, n)Sntl7# eae ee 
addition, reactions with the formation of radio- 
active indium isotopes took place. The separation 
of the radioactive tin into pure form was carried 
out chemically. The irradiated cadmium was first 
kept for five days. In this time all short lived 
radioactive isotopes decayed. The central feature 
of the chemical separation of radioactive tin into 
pure form was its distillation in the form of bromide, 
SnBr,, into a collector filled with concentrated 
hydrochloric acid?"’. This sufficed to separate tin 
and indium. The distillation mentioned above was 
carried out twice; the first product was radioactive, 
the second, not. The contents of the distillation 
apparatus in both the first and second case were 
radioactive. The experiments carried out gave 
reason to believe that the source obtained in this 
way contained radioactive tin. Later on, the y- 
spectrum, electron absorption curve, decay curve 
and electron spectrum of this source were obtained. 
The results of these experiments agree well with 
the data in the literature if we consider that 
Sn?!7* and Sn1!3 are in the source obtained. The 
radioactive transformations of these isotopes, in 
agreement with the published data of Ref. 8, follow 
the scheme shown on Fig. 1. 

Starting fromthis decay scheme, identification 
of the peaks of the y- spectrum from this source 
was carried out. This spectrum is shown in Fig. 
2. Itwas obtained on a 20-channel luminescence 
spectrometer developed by G. R. Kartashev. A 
crystal of Nal was used. Four peaks are indicated on 
the spectrum. The peak at 154 kev relates to the 
cascade y-transition of Sn ; the peaks at 260 
ad 398 kev, to the cascade y- transition of Ine 
A peak at an energy of 325 kev is also present in 
the y-spectrum. Of all possible combinations of 


800 LETTERS TO THE EDITOR 


= . * 
y- transitions of radioactive In114 or Sn???” iso- 


topes,such an energy can be obtained, only from 
the sum of two y-transitions of Sn ; therefore, 


it is natural to assume that this peak comes from 


Ag 17* 
the direct transition of Sn!!7* from the metastable 


to ground state. This transition has not previously 


been observed os ates ae he Including this, the 
decay can be considered to follow the scheme 


shown on Fig. 3. 


a 6 
"7 se 
si Pi a 
19 kev 
ae) 
255 kev 
162 kev 
2 "17 
ng S Sa 
hh 


113 


Fic. 1. a--Decay scheme of Sn b--Transition 


* 
scheme for isomeric oo : 
/A4y counts/min 
700 + 
600 ; 
500} 
“9p 
00 
200 | 
we 2 2 3 Ekev 


FIG. 2. y- spectrum of the radioactive tin isotopes 
Sn 118 aad Snil7* 


sf 


Fic. 3. Transition scheme for isomeric Sa 


From selection rules the multipolarity of the 
new transition should be £5 or M6. Under the 
assumption that the 160 kev transition h! OS) 

+ d°/2 of Sn'+7" corresponds to an M4 multipolarity, 
and the new 320 kev transition to an £5, the rela- 
tive probability of these transitions was calculated 


and found to be Wore ~ 100. 


This theoretical calculation is in satisfactory 
agreement with the area of the 154 and 325 kev 
peaks. The large multipolarity of the radiation in 
the new transition indicates that this transition 
might be found by conversion electrons. In fact, 
such a transition was found when the electron 
spectrum of the source was obtained. This electron spec- 
trum is shown in Fig. 4. This spectrum was ob- 
tained on a wide-aperture magnetic toroidal 
spectrometer developed by Vladimirskii, Trebu- 
khovskii and Tarasov’, Spectrum a (Fig. 4) shows 
two electron peaks; the energy of the lage peak 
was determined as 368 kev*. If we take into 
account the binding energy of the K-electron in 
indium of approximately 27 kev, then the electron 
energy of 368 kev obtained is in good agreement 
with the energy of the conversion electrons of the 
y-ray fromthe isomeric transition of In'}?. The 
energy of the small peak in this graph was de- 
termined as 291 kev. Taking into account the 
binding energy of about 29 kev of a K-electron in 
tin, this energy agrees very well with the energy 
of conversion electrons from the direct y- transition 
of Sn’ '** from the metastable state to the ground 
state. A month-and-a-half later this electron spec- 
trum was taken again (Fig. 46). The peak at 291 
kev did not occur in the spectrum obtained. This 
is understandable if the 291 kev peak is considered 
to come from the isomeric transition of Sn/!7*, 
which has a half-life of 14 days. Therefore, this 
confirms the assumed decay scheme (Fig. 3) of 
Suan 


0+ N N 
ac wp 
a a BY 
20 
bi 
| a 
160" i 291 308 Ekev 
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Fic. 4. a--Electron spectrum of the radioactive 
coer ti 113 LTS 
isotopes of tin, Sn and Sn . b--The 


same spectrum 14 months later. 
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The magnitude of the conversion coefficient of 


the observed 3 25 kev transition is of great interest. 


However, it is impossible to calculate a more or 
less reliable value from the data which were ob- 
tained in this experiment with spectrometers of 
poor resolution. A qualitative estimate of the mag- 
nitude of this conversion coefficient was carried 
out. To do this, the values of the conversion co- 
efficients and the ratio Pe for In! !3 were 


assumed known. For the transition considered a 
ratio of SPYAS ~ 0.3 was obtained. The theoreti- 


cal value of the conversion coefficient for a 320 
kev, £5 transition in a nucleus with atomic 


~ number 50 is about unity. Therefore, the experi- 


mental and theoretical values of the conversion 
coefficients are near to each other. 

In conclusion, I should like to use this oppor- 
tunity to express my gratitude to Iu. V. Trebukhov- 
skii, G. R. Kartashov and V. S. Kuryshev, who gave 
me the opportunity of using their apparatus for 
carrying out this experiment. The author is 
particularly thankful to V. V. Vladimirskii and 
N. P. Rudenko for valuable suggestions and ad- 
vice. 


* This transition is convenient to use for calibrating 
the B-spectrometer. 
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T IIE presence of excitons in an ionic crystal lat- 
~ tice is responsible for its polarization '~° which, 
in turn, reacts on the exciton. This interaction 
with the lattice is small in crystals with a weak 
inertial polarization, and also when the effective 
mass of the electron and hole are approximately 
equal. In this case the exciton is called ‘‘non- 
polarizing’. The object.of this note is to clarify 
the influence of the inertial polarization of the 
lattice on several properties of nonpolarizing 
excitons. The polarization of the medium is cal- 
culated by macroscopic methods. The Hamil- 
tonian iswritten in the effective mass approximation. 
The Hamiltonian of the system consists of two 
terms H = lh + He where ie is the Hamiltonian of 


the exciton and free phonon field 


2 


Wes il 
Hy = 5a +H, + Ese (fafay, () 

and H is the interaction 
Hem Qi Aplee, (oh a, + ate_p(eR]..() 


Here we employ 


H Pr e iy, (f, r =? 
—= ae ems é,(r) = e 2 = tYs (f, r) 


Se 8) 


r > 


A, = — (e/f)V 2rhac/V, y, = Ho/M, Ye = wy /m, 


where Hy and Jig are the effective masses of the 


electron and hole, respectively; m and R are the 
mass and coordinate of the center of mass of the 
electron and hole; yp and r, the reduced mass and 
relative coordinate of the electron and hole; f, 
E(f) =h @, the wave vector and energy of the 
phonon; the limiting frequency of the longitudinal 
optical oscillations; c = 1/x — 1/e with x the 
square of the index of refraction of the crystal and 
e, the dielectric constant; a,is the Bose operator. 
In zero-order approximation the coordinate R de- 
scribes the free motion of a quasi-particle of mass 
m and momentum ee The energy spectrum of the 


system in this approximation consists of a con- 
tinuum labelled by the quantum states of relative 
motion. 

In calculating the interaction H, it is convenient 
to introduce the total momentum of the system, 
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which is a constant of motion, according to the 
following canonical transformation4~°® 


In the new variables the Hamiltonian of the system 
is 


eee eT (5) 


2m ; 


h2 
= om dif g) NF Ng Ay’ 
& 


=F a) (en, “i nj ey) 


E(f) =E(f) + hf7f?/ 2m — KEP / m. 6) 


To obtain corrections to the total energy of the 
system we use the method of successive diagonali- 
zation of the Hamiltonian by a unitary transforma- 


tion4?®?, 


H’ = U-HU, (7) 


We find the operator U to be 
A mars S: 
U=e ’ S =D) (ang —nzat). (8) 
g 


The quantities « , which are of the same order as 


H, are assumed to depend on the operators i, r. 


For convenience, we expand the unitary operator 
U in powers of the small parameter of the theory 


USES See (9) 


The transformed Hamiltonian will be diagonal to 
second order onlyif S, and consequently « , are de- 


fined from the condition A =[S, Hy |. tien H’ is 
H’ = Hi, +- Ve [H;, S]. 
It is easy to show that a, is defined by the condi- 


tion 


[ap He] + a8 (f) + (h/ m) oP f= A, (10) 


ef 


where Pe =p Oe fin, is part of the total mo- 


mentum belonging to the field. 

If P., is to be viewed as the mean value:of the 
field momentum, then the operators a, can be de- 
finedas matrices in the space of the eigenfunctions 
of the operator H : 


I MONEE 
(“n,m FO E, + 6) 


Ay (@_4)n, m 
E,=£, 47 6' (Ff) ” 


(11) 
(ap)"n, m ae 


6' (f) = E(f) + (h2f?/2m) — (f/m) i (P — Pp). 


The diagonal matrix element of the Hamiltonian 
H’ gives the energy of the system with inclusion of 
second-order corrections 


Corer reich ae i oe) si 


= P'2m +E, + SE (f) ay 


h2 ee Fe 
+ => Dib a) ity (Mp — 3, g), 
fg 


where nm, is the mean Planck value, (edin is 


the matrix element between hydrogen-like functions, 
m is the totality of the three hydrogen quantum 
numbers, E_ is the corresponding energy level. 


For zero phonon field and for small momenta P 
we obtain 


P3 AAMC Ee 13 
E=57-+h-D5 f f/U, ( ) 


f,m Peete he oll or ep 


ayes Apt” | (2), mi” 
Pe time erase Le 
where E08) =tra +h 262/9m. 


The discrete level of the exciton asa result of 
the interaction is lowered by an amount 
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At | CAN m |? 


AN Dee ae Ee 14 
E, 1 DEBE) ( ) 
For the same reason the altered exciton mass 
Hog is equal to 
uaa (15) 
Y ott 


lEm—F, +E, (P| 


=o [sey fehl] 

m 3° m 
f,m 

An approximate evaluation of the sum for the case 

PB) =H, gives 


, 3) ho 7 
B= E, (t+ Sex fey): (16) 


2 h 
ett =m(t+cx te), 


where EF, = —pe*/24 pee 
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1. RECENTLY, correlations between planes of 
production and decay of hyperons have been 

found in a series of experiments!~°, These corre- 

lations consist in the fact that the angle between 


these planes is usually small. A theoretical analy- 
sis of the effect of correlation was carried out? 


and conclusions were drawn about the large spin of 
the A®-particle and about the spin of the 0 °-meson 


being different from zero. It is not without interest 
we believe, to consider another approach to this 
problem in addition to the method of Ref. 4. 

We consider the z-axis to be perpendicular to 
the plane of production of the A°-particle, and the 
direction of motion of the A°-particle is taken as 
the y-axis. Then the angle between the planes of 
production and decay will be equal to the azimuthal 
angle ~. For calculation we now go to the system 
where the A° is at rest. it is not difficult to see 
that the angle ¢ does not change in this transition. 

Let ® = (x, q) be the wave function of the system 
A° + 6° ‘describing the state with total angular 
momentum J and component % M along the z-axis; 
x and q denote dynamical variables of the A° - and 
6°-particles, respectively. 


a 


The A°-particle as a sub-system of the system 
A° + @° is characterized by the density matrix 
p(x x): 


0 (x's x) =) OF" (x", q) OM (x, g) dg. (1) 


The p(x‘ x) can be expanded in the wave functions 
of the A°-particle, which we denote by WA x) 

(in which m can be considered the quantum number 
of the spin projection on the z-axis) 


o(x', x)= Dd} Pangrnaldan, (”) Aang (%)- (2) 
M,, Ms, 

3. We now turn to the calculation of the distribu- 
tion of angles ¢ between the planes of production 
and decay of the A°-particle. 

The total moment of the proton and 7 -mesons 
which are formed in the decay at rest of the ee 
particle, coincides with its spin j. If we designate 
by Y™(@,) the angular (and spin) part of the 
wae function of the stationary state of the system 
p+, then 


Ree 3 
#8, o) = oy? SPP Hs (6) eflm—thve (3) 


as city lt pms (0) elim+ils)e 
2 
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where er 


and c are Clebsch -Gordan coefficients, 
al 4 are the spin wave functions of the proton, 


P” is the spherical harmonic and / = j + % (depend- 
l ’ 0 

ing on the relative parity of the A“). In order to 

obtain the angular distribution, f( 6, 9), of the pro- 

ducts of the A®-decay it is obviously necessary to 


substitute in kKiq. (2) the functions wl, ¢), 
Ls (6,¢~) from Eq. (3) instead of Ae and A ae 


and carry out the summation over spin variables 


(4) 


f(0, 9) = ¥™(8, 9) ¥ (0, g). 


My, Wte——cies +(j—1),..- 


Pmym 


The probability density for angle ~ is W(¢) 


7 
= f f(0,~) sin 0d@. If we substitute here from 
0 
Eqs. (4) and (3), then one can see that W(¢) takes 
the form 
(2j—1)/2 
We) = Dy (aperine + aye *"*), 
k=0 


(5) 


where the coefficients a, for k 4 0 are linear 
combinations of off-diagonal elements only of the 
desnity matrix (p nm: Further, it must be noted 


that angle ¢ in the experiment is always measured 
in such a way that ¢< 90° (that is, the angles 4, 

a + and 27—¢ are considered as equivalent in 
the measurements ). If we designate the probability 
density of the angle ¢, defined in this way, through 
w(¢), then we have o(¢~) = W(¢) + W(7+9) 


+W(r-9)+W( 27-9) or 


(2j/—1) /2 


o(e)= >) b, cos 2ke, 
k=0 


(6) 


by = 8| a4 | c08 (arg ay). 


From Eq. (6) it follows that if the off-diagonal 
elements are zero, then the distribution of angles 
¢ is isotropic and, consequently, there is no corre- 
lation between the planes of production and decay, 
even if j > 3/2. 


Since w(¢) satisfies the normalization condition 
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Tt /2 


| o(@)de=1, 
0 


then, substituting here from Eq. (6), we obtain the 
value ofthe coefficient 5 >: 


Dy = 2/ = 0,637. 


4. We consider in more detail the possible come 
lation effects, assuming that the spin of the A’- 
particle is j = 3/2. In this case 

w (9) = 2/n + 5, cos 29. (7) 
We designate by P (p< a) the probability that » 
takes ona value less than «. From kg. (7) we have 


P(e <n/4) = (1 + 1)/ 2; (8) 


P(n/8<9<3n/8)=0,5. 


On the other hand, we musthave w(¢) > 0 for any 


0< 9 < 7/2. This is possible only in case 6, 

es by = 0.64, i.e, P(y<m/4)< 0.82. Thus, if the 
spin of the A°-particle is equal to 3/2, then the 
probability that p> 45° must be less than 18%, and 
the probability that 22.5° < g< 67.5° should equal 
50%. If this condition is not fulfilled (when corre- 
lation is present), then the spin of the A°-particle 
] is greater than 3/2. 

If we cdlect all experimental data relating to the 
angle ~ given in lefs. 1-3 (including also the data 
of Table 8 in Ref. 3), we can conclude that the 
number of cases in which ~> 45° constitute 26%, and 
the number of cases in which 22.5° < 67.5° is 42%, 
which is comparatively near to 50%. Taking into 
account the fact that the statistics ar still insuffi- 
cient (there are data for only 19 decays ) and that 
the accuracy of measurement is not high (this re- 
lates to the data of Table 8 in Ref. 3), one can 
say that the experimental data to date do not ex- 
clude the possibility that the spin of the A°-parti- 
cle is equal to 3/2. It must be noted that these 
data also do not exclude the possibility j > 3/2. 

5. From the above development it follows simply 
that the spin of the 6°-meson is different from zero. 
In fact, we shall assume the opposite. Then the 
wave function ®”™ of the A° + 9° system defined in 
Sec. 2 can be expressed as 


M M— 
O; pe nhs se 


m 


(9) 
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where ¢~” is the wave function of the Oe eon and 
n = M ~m is the quantum number of the projection 
of its orbital moment. Substituting from Eq. (9) in 
Eq. (1), and taking account of the fact that func- 


tions ~” with different n are orthogonal, we obtain 
an expression of the type Eq. (2), but with the off- 
diagonal elements of p equal to zero. Ac- 

m 


: : es 4 
cording to the preceding, correlation cannot be ob- 


served in this case, which contradicts experiment. 
Consequently, the spin of the 0°-meson is different 


from zero. This result was obtained earlier* in a 
different way. 


1 J. Ballam, A. L. Hodson et al., Phys. Rev. 97, 245 
(1955). 


2 W. B. Fowler, R. P. Shutt et al., Phys. Rev. 93, 861 
(1954). 


3 W. B. Fowler, R. P. Shutt et al., Phys. Rev. 98, 121 
(1955). 


41. D. Puzikov and Ia. A. Smorodinskii, Dokl. Akad. 
Nauk SSSR 104, 843 (1955). 


5 L. Landau and E. Lifshitz, Quantum Mehanics, 
Moscow, 1948. 
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Renormalization in the Equations of the New 


Tamm-Dancoff Method 


V. I. Rirus 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
( Submitted to JETP editor January 28, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 965-967 
(May, 1956) 


l IT is well known (see, for example, Ref. 1) 

* that the equations of the new Tamm-Dancoff 
method for scattering of a meson by a nucleon, in- 
cluding only three virtual particles, contain di- 
vergent self-energy kernels of the meson and the 
nucleon and finite kernels corresponding to scatter- 
ing with the meson being first absorbed (“graph 
with absorption’’ ) and scattering with the meson 
first emitted (‘‘ graph with emission’’). We shall 
not consider renormalization of the self-energy 
kernels of the meson and nucleon and the diffi- 
culties arising with this!, but shall assume that 
these kernels are corrections to the propagator of 
the system, which can be neglected in first ap- 
proximation. We omit also all two-particle ampli- 
tudes containing antiparticles, assuming that in 
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first approximation their influence on the ampli- 


tude ‘‘ +meson, +nucleon’”’ is small. 


As a result, in first approximation an equation for 


one amplitude, ‘* +meson, +nucleon’’ without self- 
energy kernel remains. In the solution of this 
equation, infinities of a vertex and self-energy type 
occur because of the kernel corresponding to the 

*“ graph with absorption.’’ The renormdization of 
these divergences was studied recently by Dalitz 
and Dyson”; they came to the conclusion that the 
removal of these divergences was connected with 
the introduction of two renormalized charges into 
the theory (respectively, for the sy, and p, states 
with isotopic spin 7 = 4) in addition to the funda- 
mental charge ek Renormalization of these diverg- 
ences was studied independently by us by a method 
used in Ref. 3* and it was shown that, contrary to 


the results of Dalitz and Dyson, the removal of di- 
vergences is connected with a finite charge re- 
normalization and does not lead to any new con- 
Stants. 

In this note we give briefly our results and 
clarify the contradiction between them and the re- 
sults of Ref. 2. For brevity of exposition and con- 
venience in making a comparison, the notation of 
Ref. 2 will be used where possible. 

2. The general solution of the integral equation 
for the amplitude ‘‘+meson, +nucleon’’ in state 
a (state a is characterized by angular momentum 
j and the parity of the system) has the form** 


Ca (D1) = 8x (Ps L) (1) 


ee 


8r2 E,® pE (| e — nm — QS, (€) 


oe 


and is connected with the phase 6, by the formula 


tg, =—(nE,a,! «)c, (l,l). 


In Eq. (1) E =Vp2+m2, o, = p2 + p2, 
€= Ey +O), = 1 or -1, respectively, for even and 


odd states, Q = 3 or 0, respectively, for J = 1/2 and 
a Oe i (p, 1) is the solution corresponding to the 


‘* sraph’’with emission.’’ The integral equation for 


g,.(p,/) is obtained from the integral equation for 
c..(p,l) if the term corresponding to the “‘ graph 
with absorption’’ is omitted in the latter. Thus 

ae (p, 1) does not contain divergences. All diverg- 
ences due to the “‘ graph with absorption”’ are con- 
tained in the vertex function V,(p, €) and the self- 
energy of the nucleon ate. The divergence con- 
tained in the vertex function can be separated in 
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the form of a factor Z,, such that V, (p, €) 
= Leak VR(p, €), where VE(p, €) is a finite function, 


defined by some integral equation and falls off with 
large p as pe, where A < 0. The self-energy of the 
nucleon S,(¢) can be written in the form 


Z2.e2[e P, (k)| v, (k) |? Rede (2) 
S,()= 25 ere 
i Q’ g? 
2 Sr2 


2dq pd 
x \ \ EA TEGE ey (P) P, (P) is (<, P; q) lee (q) UV. «| , 


where 


v,(p) =(Ep+m)V3(p,£), %,(p) = pVR (p, «) 


(for the other notation, see Ref. 2). It is not diffi- 
cult to show that both integrals in the brackets fall 
off more slowly than linearly; thus the factor vise 


does not yet separate all divergences in S_ Ce). 
Therefore, we consider the derivative dS_(e)/de 


= Ze A Ce). The function A 6) is given in Ref. 2 
by Eq. (93). The authors of Ref. 2 assert that the 


integrals defining this function diverge. In fact, 
Keq. (93) is in error and 


_elrat |v, (A) [2 ede (3) 
Ay (e) Pre Read le A (®)) E,©; (E, +m) +m) 


co Cc 
y a p?dpq?dq 
ES 
0 0 


dU, 
VU (P) P.(P) Go Pe (9) Va | 
PP a @ 


This formula differs from Eq. (93) in that in the 


denominator of the first term the factor m is changed 


to E, and before the second term % occurs. It is 
easy to see that the first term in A, (¢) converges; 
thus VR (k) A x <0 fork +o. Investigation 
shows that the second integral also converges, 
rather than diverging as asserted in Ref. 2. In 
fact, we consider the integrals 


( pq? dU, 
= ap\ dq Fo Ua (P) Pe(P) Ge Ps (7) UV, (4); 


: dU, 
E,o,E,a, Va (P)P.(P) Ge Pe (9) Va (4) 


where c’>>c >>m. It is possible to show that for 
p >>q, m; dU,/ de oY) (5% ans for p, g >> m: 
dU, /de ~ (pq) * [1 + 2x -(q+x? In (1 +x)], where 


% 
x is the smaller of the ratios q/p, p/q. Substituting 
these expressions in J, and J,, respectively, 


and using also the fact that for large p, VEC p, €) 
~ ps, d <0, we find that hy and I converge. In- 
sofar as the integrand in the second integral in 
Eq.(3)is symmetrical with respect to p and q, the 
convergence of the second integral in Eq. (3) fol- 
lows from the convergence of J, and J,. 
Thus A , (c) is finite, and not infinite as in Ref. 
2. This means that the entire divergence in Sle) 
canbe put. into the first term of the expansion 


Sa (e) = Sy (nm) + 22 | AM(x) dx i 
nm 
= Sq (nm) +(e —nm) Z2A, (nm) + Z2 s Si (e) 


and the factor Ze We substitute kq. (4) and yR 
x (pe) = Z2 VR (p, €) into Eq. (1) and drop S,(qm) 
in connection with the mass renormalization. Then, 


insofar as Z2 = 0, we find that the second term in 


Eq. ()has the form 


ge, / (E,— amyE, — nm) VE (p,e) VE (1, ©) (5) 
Sr? |/ E,w,E,w € 
abe a \ A, (x) dx 
nm 
ee ‘(Ep — nm\YE, — am) 
VR (p) VE (1) 


€ — qm — (Qgz / 8n*) SR (e)’ 
where 
faa = Ze gy, (= Z2QA, (qm)) = —g/QA, (nm), 


because Zz? = oo, and the remaining quantities are 
finite ( it is possible to whos that A, (ym) <0, so 
that go >0). Thus, by virtue of a finite renormali- 
zation of the charge ee a completely determined 
function g” results and no new constants arise in 
the removal of divergences. In particular, for 
small g?: ge = 2/3 g?. 

We mention by the way that the finite expressions 
Eqs. (96a) and (96b) in Ref. 2 are erroneous be- 
cause of an incorrect sign in front of Q in Eqs. 


(55), (64), (67), (70) and(95),and in front of the second 
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term in Eqs. (76) and (92), and also because of in- 
correct factors in front of yR (p) and PET): 


3. The integral equations for g_(p, 1) and 
ye (p, €) have an infinite upper limit of integration. 
The solution of these equations should be taken as 
limits of the solutions of these equations with a 
finite upper limit of integration, p,,,° 25 Pay 
+oo. Then further investigation shows that the 
equations for g, (p, 1) and ee (p, €) have finite 
solutions, behaving for large p as p” and ps re- 
spectively, where v and X are those roots of the 
equations 


— Q’g?/ 16x? — F; (v+1/), — Q’g? /16n2 = F, (a), 


Fry) (A) =m [A(A + 1) sin zal“? — 2-2 
— (A + 1)°? + (A? — 1)-1 + (a? + 2a)-3, 


which for g? + 0 go over into the exponent of the 
first argument in the asymptotic kernel. For 7 

== Y% with g?/4n > 37 (37 - sg)? ~ 6.61, v anddA 
are complex, and it is possible to show that in this 
case the equations for g,(p,/) and VEC, €) do not 
have solutions in the sense that the solutions of 
the equations with a finite upper limit do not have 
a well-defined limit for ps 2 Thus g2/4a 
should be less than 6.61. This limit on g?/4n 
is not connected with the condition of normalization 
of the full solution, as taken in Ref. 2. In fact, 
fron: the integrability of the wave function in x- 
space for x = 0, it follows that the wave function in 
p-space for p > ~ should fall off faster than p Bio 
However, the wave functions in p-space are the 
functions Dee Ge? and not 


> wo, 


v(p)=Vo, >), 4<b_ pa tpg» 


as taken in Ref. 2. Therefore, the functions f(p) 
and gp) in Ref. 2 should fall off faster than const 
and not faster than p~*. But this condition does 
not limit g”. 

I am very thankful to Academician I.E. Tamm and 
his colleagues for discussions and advice. 


Note added in proof: It is necessary to note that the 
removal ofdivergences from the ‘‘ graph with absorp- 
tion’’ are connected with a finite charge renormalization 
not only in the equations of the new Tamm-Dancoff 
method, but also in covariant equationsin the approxima- 
tion considered here. For the finite renormalization it 
is necessary that the renormalized vertex function falls 
off with a negative power of p for large momenta. 


* This method is essentially the same as that of Ref. 


De 
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This equation is obtained from the initial equation 
for the amplitude ‘‘+meson, +nucleon”’ by decomposi- 
tion of angle variables using spherical harmonics (see 


Ref. 1), 


Weecrn 
Silin, Tamm and Fainberg, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 29, 6 (1955); Soviet Phys. JETP 2, 3 (1956). 


2 
R. H. Dalitz and F. J, D son, Phys. R 
(1955). i CaN ee aia 


3M. Levy, Phys. Rev. 94, 460 (1954); S. Chiba, Progr. 
Theor. Phys. 11, 494 (1954). 
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Two @Mesons Detected in Photographic 
Emulsions 


I. M. GRAMENITSKH, FE. A. ZAMCHALOVA, 
M. I. PopGoRETSKII, M. I. TRET’IAKOVA 
AND M. N. SHCHERBAKOVA 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor February 6, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 967-969 
(May, 1956) 


A STACK, consisting of 126 layers of unbacked 
electron--sensitive emulsions of type R, thick- 
ness 450u and diameter 10 cm, were exposed for 7 
hours at a height of 27 km. Two Fmesons were 
found in the scanning; the characteristics of these 
are given in the table. 

One of the 7- mesons was observed by following 
the track of a 7‘-meson which had come to rest. 
All of the prongs of the star in which the 7- meson 
was produced were followed either to their end or 
to the point where they left the stack. No further 
heavy particle decay was found among the prongs 
coming to their end. 

Two 7-mesons (7? and 7) coming from the de- 
cay of the 7- meson stopped; the third left the 
stack. The tracks of these 7-mesons lay in a 
plane; coplanarity was established to an accuracy 
of 3°. The decay energy was Q =(74.2 +2) mev, 
and the mass, determined from the decay scheme, 
m = (965 +4)m,. The second 7-meson was 


found by area-scanning. A microprojection of it 

is shown on the picture. All black and grey tracks 

from the primary star end in the stack; additional 

heavy unstable particles did not appear among them. 
All of the 7- mesons produced in the decay also 

stopped in the stack; two of them were positively 
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charged, the third, negatively. The tracks of the 
m-mesons lay in a plane to an accuracy of 2°. The 
decay energy was* Q = (74.1 +1.4) mev and the 
mass, determined from the decay scheme, m _ 

= (064 +3)m,. The first 7 meson came out at a 
very large angle to the plane of the emulsions, 
which made a direct measurement of its mass im- 
possible. The track of the second 7- meson was 
gently sloping. A direct determination of its 
mass by multiple scattering and range led to the 
‘value m_= (1097 +105)m,. 

The comparatively small energy of one of the 
at-mesons produced in the decay of the second 
T-meson stands out. Such a case supports, as is 
well known ( see Ref. 1), the hypothesis that the 
T-mesons and y-mesons are different particles, 
and not different modes of decay of a single parti- 
cle. Such a conclusion possible follows from the 
analysis of nuclear disintegrations in which heavy 
unstable particles are produced’, 


* In determination of the decay energies of both 7- 
mesons, several differences in the stopping power of 
emulsions of type R and type G-5 were taken into ac- 
count. In order to carry out the corresponding correc- 
tions, we measured the track lengths of 1 1 0u-mesons, 
produced in the decay of 7-mesons which stopped. The 
mean length of track of these .-mesons was (584 
+2.4)p, which differs by 2% from the value in G-5 


emulsions. 


DR: H. Dalitz, Phys. Rev. 94, 1046 (1954). 


2 Gramenitskii, Zamchalova, Podgoretskii, Tret’iakova 
and Shcherbakova, J. Exptl. Theoret. Phys. (U.S.S.R.) 


28, 616 (1955); Soviet Phys. JETP 1, 562 (1955). 
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On Mass Renormalization in the Tamm-Dancoff 


Method 


D. A. KIRZHNITS 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor February 6, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 971-973 
(May, 1956) 


T HE present article is concerned with the con- 
sistent application of the counterterm technique 

for mass renormalization in the Tamm-Dancoff 
method ( abbreviated as the TD method). Be- 
cause of the mathematical difficulties that arise, 
we also consider a renormalization method which 
does not require separation of the counterterms. 

Mass renormalization in the TD method is usually 
accomplished by separation of the counterterms in 
the Hamiltonian! 


H = Hy (My, 4) + H’ = Hy (M, w) + H’ 48H", i 


= ign) (x) Ys T(x) ¥ (x), 
SH’ = BMY (x) b (x) + Bu9 (xX) 9 (x), 


where M, and p, are bare masses, and M and p are 


renormalized masses. The equations of motion for 
the amplitude A are then given by the relationship 


i8A /80=[A, H’] + [A, 8H’). 


The state vector of the system is resolved into 
states with different numbers of free particles (but 
possessing renormalized mass ), and all amplitudes 
with a number of particles smaller than the given 
number are taken into consideration in each ap- 
proximation of the method. 

].E. Tamm has noted that there is usually some 
inconsistency in the manner of application of these 
amplitude selection rules. These rules are strictly 
adhered to in relation to terms arising from 7” in 
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the equation for A, whereas some of the terms as- 
sociated with 5H’ are simply dropped despite the 
fact that they contain terms which should be con- 
sidered in a given approximation. This procedure 
corresponds to the Levy-Klein procedure (the re- 
tention in the integral equation kernels of only the 
lowest order terms in gi) but is, strictly speaking, 
in contradiction with the TD method. Mass re- 
normalization is considered below for the one- 
nucleon problem in the lowest TD approximation 
with the inclusion of all essential amplitudes. 

Without dwelling on the details of the calcula- 
tion (see Ref. 1) we shall present the final re- 
sults (the meson counterterm can be neglected in 
this approximation ): 


Cb) =) Sp —*)Migirst Y(KIEE De (1) 


+ 8M <b (x’)> 4] d4x’, 


Cb (x) 9 = Br |TP 2) EO >y ata’ (2) 


a 


+ 8M \ Sp (% — x‘) U(x’) 9 (x) -d4x’. 


Here 


Sa (x)= — FE) 5 (yy, 


ee . e (x) [St (x) A (— x) — S (x) At (-- x)] vst. 


In the solution of this type of equation the terms 
with 6M in the equations of intermediate ampli- 
tudes [in this case the last term in Eq. (2)] were 
usually dropped. The term with 6M was retained 
only in the equation of the principal amplitude, 
where it compensated the divergence. 

Retaining both terms with 5M in (1) and (2) we 
first solve (2) with respect to < g(x) W(x) >,; this 
is easily accomplished because of the different 
kernel contained in (2). Substituting this solution 
in (1) we obtain 


00>. = | Sets —x9[[ mo — 2) Hey dle”) 
+ BMY (x')>4 | de’ 


where the Fourier representation of the mass opera- 
tor i is 
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a (4) 
M (p) = 3gii \ atkys (1 a aE Mm) 
[(Ste),A,_, ze (Se), Ax pl Ys- 


A transition is easily made from (3) to the equation 
[ where W(p) is the Fourier transform of 


<uy(x) Bank 
[iyp + M+ 3M + (2x)! M (p)}-¥ (p) = 9. (5) 


We now transform to the system in which the 
nucleon is at rest (p=0). For the mass renormal- 
zation 6M must now be chosen to satisfy the re- 
lationship 


3M + (2n)* M (py) =O where po = —iyoM. (6) 


When the term with 6M in (2) and (4) is dropped, 
this gives the usual result (L is the cutoff 
momentun ): 


8M ~ g?M In(L/M). (7) 


When all terms with SV are taken into considera- 
tion (4) becomes 


2G 
14a (3M) pap 


+ 6 (8M) 
0 
where a and b are constants and 6M is given by the 
expression 


3M~ V gL. (8) 


Thus in the simplest case considered above, the 
inclusion of all essential amplitudes in mass re- 
normalization does not give rise to any additional 
difficulties. But it does lead to a change in the 
character of the divergences of the theory; for this 
reason considerable care must be used in perturba- 
tion theory renormalization in the TD method. 

When all amplitudes with 5M are retained in a 
more canplicated problem such as the scatering of 
mesons by nucleons the equations of the inter- 
mediate amplitudes are very complicated and can- 
not be solved explicitly. 

We shall therefore consider another method of 
renormalization which is not associated with 
separation of the counterterms but which is based, 
instead, on the direct use of the relationships be- 
tween the bare and renormalized constants (see 
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Ref. 2). The Hamiltonian remains expressed in 
terms of the bare masses; the state vector will 
therefore be resolved into states with different 
numbers of particles possessing bare masses. For 
this reason the solution of any problem concern- 
ing particle interactions will be expressed in 
terms of bare constants, and, in addition, relation- 
ships will be required between these constants and 
the renormalization constants in order to express 
the solution in terms of observed quantities. For 
this purpose it is essential to solve another prob- 
lem along with the fundamental problem, that is, 
the problem of the “‘ envelopment’”’ of an isolated 
meson and nucleon, i.e., their interaction with 
their own field. 

The latter problem may be reduced to the follow- 
ing equations (in the lowest approximation of the 


TD method): 
(GV +My) <b (x), = — igrst 9 (0) 9, (9a) 


=—\ mux) e'p, ate’, 


(D— 2h) <9 (*)>¢ = it (Ys)yy <Pu (2) Y, (2), 
= \ P(x —x') <9 (x')> yp dix’. 


Transforming to momentum space and using the 
definitions 


YV <y (x)>,= —M<y (x)>,, O<¢ (x), = * <9 (x); 


we obtain equations which enable us to express M, 
and y, in terms of M and p: 


—M+M, + (2x)! M(M, v2, M)=0, (10) 


u2— p? — (2n)*P(Mi, wv”) = 0. 


We note in explanation that the mass operators 
Yi and the polarization operator P in (9) depend on 
bare masses, whereas their Fourier representations 
Yi (p) and P (k) enter into (10), in which we have 
put iyp= —M, k? =-?. The divergent integrals in 
Yi and P are cut off by the substitution 
L2 
(pea May \ (p? + x)~8 dx. 
42 
L 
As aresult of the simultaneous solution of Eqs. 
(10) the following relationships are obtained (A 


= ge / An? ): 


De wP+ AL? 4+ O(n L2); (11) 


My = Moe +9(z)- 


4(4 — a)? + 6-2 (7 —a) Ina L? 


It is important to note that the bare nucleon mass 
and 6M are finite and different from (7). This re- 
sults from the fact that the meson distribution func- 
tion appearing in the mass operator contains in 
its denominator the square of the bare meson mass, 
which increases with L: 

L? 1 
haat a nl 
jroo) BEMEE S| EH L 


Passing now to the scattering of mesons by 
nucleons, we confine ourselves to a state with 
isotopic spin / = 3/2, since in the state with 
| = 1/2 the mass operator is more complicated 
than in (9). The meson-nucleon equation is!: 


<P (1) Y (X2)>4¢ = <9 (441) Y (%2)>_ (12) 
+ | (Ky + Ks) 0 OY Den da! dx” ds, 


where K, represents the self-energy kernels corre- 
sponding to (9), and K, represents the scattering 
kernels; both of these are expressed in terms of 
the bare masses. 

The renormalization of (12) reduces simply to 
the substitution in (12) of M, and Hy expressed in 


terms of M and yp, using the relationships in (11). 
In some of the propagation functions which corre- 
spond to scattering, M, and jt, are simply re- 
placed by M and p due to “‘envelopment”’ of the 
corresponding lines. There will also appear, how- 
ever, the propagation functions of the “undeveloped’’ 
particles to which the bare mass corresponds. To 
the last category belong, for example, the propaga- 
tion function of a nucleon which has already emit- 
ted, but not yet absorbed, a meson; the inclusion 
of four-particle amplitudes would correspond to its 
““envelqment’’, i.e., a higher approximation of the 
TD method. 

As aresult of the use of the above-described re- 
normalization method a solution is obtained which 
does not contain infinities but which is in general 
different from the usual solution’, in which re- 
normalized masses correspond to all propagation 
functions. 

After the mass renormalization in the TD method 
it is still necessary to renormalize the charge; the 
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associated difficulties are also inherent in the 
method here described. This hampers the compari- 
son of the solution of (12) and of the expression 
derived therefrom for the scattering phases, etc., 
with the results obtained by the usual renormaliza- 
tion method?, 

I wish to express my profound gratitude to Acade- 
mician I. E. Tamm and to his collaborators for 
their discussion of this note and for valuable sug- 
gestions. 


1 Silin, Tamm and Fainberg, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 29, 6 (1955); Soviet Phys. JETP 2, 3 (1956). 


2 M. Neumann, Phys. Rev. 85, 129 (1952). 
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Neutrino Induced Deuteron Disintegration 


A. B. GovoRKOV 
(Submitted to JETP editor February 12, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 974-975 
(May, 1956) 


I T has recently been clearly established that the 
B-interaction is a mixture of the scalar and 
tensor types. The scalar interaction constant has 
been determined by measuring f* for the B-decay 
of 0!4 to N'4 2. The nuclear matrix element of 
B*-decay of 0!4 can be obtained by an exact 
theoretical calculation since this is an 0 +>0+ 
transition with identical nucleonic wave functions 
in the initial and final nuclei. 

The tensor interaction constant cannot be de- 
termined directly from B-decay since the matrix 
element for the tensor type cannot be calculated 


exactly. In this case the spin direction of the 
decaying nucleus is changed, and since spin-orbit 
coupling and the relative orientation of nucleonic 
spins play an important part in nuclear interactions 
the nucleonic wave functions of the initial and 
final nuclei will differ. But since we must know 
the form of the initial and final nucleonic wave 
functions in order to calculate the matrix element 
of the nucleus, whereas the exact form of a nucle- 
onic wave function in the nucleus is unknown, the 
matrix element for the tensor type of S-interaction 
cannot be calculated exactly. 

The only nucleus for which the nucleonic wave 


functions are known well is the deuteron, which is 
not B-active. However, it is possible to determine 
the tensor interaction constant directly and inde- 
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pendently of the scalar interaction constant by 
measuring the cross section for the absorption of 
an antineutrons by a deuteron: 

D =n -P net (1) 


~~ 
(v denotes a neutrino and vy an antineutrino). This 
process, as is indicated by an estimate given be- 
low, has a cross section which is smaller by an 
order of magnitude than the p + > n + e* cross 
section; this process has apparently been observed 
by the annihilation radiation of the positrons. The 
cross section is of the order of magnitude 10-44 
cm’. 

The present note deals with the determination 
of the antineutrino absorption cross section for 
deuterons. 

The following simple considerations show that 
the scalar interaction makes a small contribution 
to the cross section as compared with the tensor 
interaction. The neutrons emitted in process (I) 
will possess very small velocities since the 
larger part of the energy evolved in the interaction 
is borne off by the electron. We can therefore as- 
sume that both neutrons are formed in an S-state. 
By the Pauli principle the spin part of the wave 
function for the final state of the neutrons must 
be antisymmetric, i.e., the neutrons spins must 
be antiparallel. The spin part of the deuteron 
wave function is symmetric--the nucleonic spins 
in the deuteron are parallel,. Consequently, the 
relative direction of the spins must be changed. 
This is possibly only by a tensor interaction type 
and is impossible by a scalar type. 

For the purpose of obtaining the differential 
cross section of process (I) the deuteron wave 
function was taken in the usual form; the wave 
function of the final state was made antisymmetrical 
in all variables of the neutrons. 

For the differential cross sections, summed over 
all polarizations of the final states and averaged 
over all polarizations of the initial states of the 
particles, the following expressions are obtained: 


4g DT Ao ( 4 4 } 
= —— £ 
S (2r)5 Ss x2 ie pr ee pe (1) 
“EE — Pebee 8p d0-p ee hGOr db am 
EAE, 1 — (E,p2/p,E2) cos Om 
2m 2 
do, = -——_ G? (aw 
» 3 By 2 (2) 
iad (C0 


a 2 a ( 4 1 ) 
py ae eat 
EES AF 1/3 P, pS 
E,E, 


PiE, do, pF, do, dE, 


1 — (E,ps/p,£2) cos Oi, 
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Here p,, Py» ES ES are the momentum and the total 


energy of the positron and antineutrino, respec- 
tively; P)> Po: E, : E are the momenta and total 


energies of the emitted neutrons; 0, 2 is the angle 
between p, and ppido, and do, are the element of 


solid angle of one of the emitted neutrons and of 
the positron, respectively; G., and G . are the di- 
mensionless tensor and scalar interaction con- 

stants, x is the reciprocal of the deuteron radius 


(units have been chosed to give =¢=m =] ) 
. 0 i 
The following momentum and energy conservation 


laws are satisfied: 


do, G, : 
do, eS 2 (x?/2M, + E, — M,,)* + 2 (x?/2m, + E, — M,,)* + (E, — £,)? ” 


An estimate of the ratio of the integral cross sec- 
tions gives a _/o,, ~ 10°”. Since (as has been 
ae s T : 

indicated above ) the energy evolved in the reac- 
tion is borne off by the electron, it is possible to 
estimate the total cross section of the process 
without an exact integration of (1) and (2). For 
this estimate we can use certain average values 


of the energies and momenta. Then, ~E,~E, 


where £ is the average energy of a nucleon in 
the deuteron and 


Z ~ Bn? (pe aye PE Pe’ 


—373 


G20, c= 6 


By substituting in (5) the calculated values G 
~4x 10°!" (see, forexample, Ref. 2), E ~ 2 


x 10°, p = x~ 87, p, ~ 1 to 2 (the energy of the 
antineutrino must then be E. = 4.2 - 4.6 mev; the 
reaction threshold EY 4.03 mev; the average 
energy of the antineutrinos emitted by a reactor* is 
2.5 mev ) we obtain as an estimate of the total 
cross section 0.1 x 10°45 - 1 x 10°4° em?. 

In conclusion, the author wishes to thank I. S. 
Shapiro for suggesting the problem and for valuable 
comments. 


* For an estimate of the average energy of antineu- 
trinos emitted by a nuclear reactor, see Refs, 3 and 4. 


; Maxson, Allen and Jentschke, Phys. Rev. 97, 109 
(1955). 
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PieiPe=- Pa — p= 0, (3) 
eer 1S = Erie BB eal): 
Here E,=W+M +M ,where M andM are the 
p n p n 


mass of the proton and neutron, respectively, and 
W is the deuteron binding energy. 

In the cross section for process (J) we neglected 
the term resulting fromthe interference of the scalar 
and tensor interactions. As can be shown by a di- 
rect calculation, this term is directly proportional 
to the velocity difference of the initial and final 
states of the nucleon which absorbs the neutrino 
and can therefore be neglected (an error ~ 0.1% 
is thus introduced). 

From (1) and (2) it can be seen that 


E, — E,)? 
(EZ; 2) (4) 


Sta. Gerhart, Phys. Rev. 95, 288 (1954). 


3 F. Reines and C. L. Cowan, Phys. Rev. 92, 830 
(1953). 


4 kK. Way and E. P. Wigner, Phys. Rev. 73, 1318 (1948). 
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Diffraction Scattering of tiigh Energy 
7-MMesons by Nuclei 


S. Z. BELEN’KII 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor February 16, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 983-985 
(May, 1956) 


XPERIMENTAL data indicate that the elastic 

collisions between high energy 7-mesons (1.4 
bev and more) and nucleons are of a markedly dif- 
fractive character, i.e, small angle scattering is 
prevalent‘, In Ref. 3 an attempt was made to 
analyze the diffraction scattering theoretically. 
However, the authors assumed for the nucleonic 
model a sphere with sharp boundaries and certain 
transparency, an assumption which is usually made 
with respect to the nucleus. Inthe case of a 
nucleon, nevertheless, there is no cause to choose 
such a model. In the present note the diffraction 
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scattering is treated on the basis of general theory, 
without any special assumption as to the nucleonic 
model. y 

We shall take the following relations” as the 


basis: 
foo} 


o, = TRE Dy (2 +1) (L—1 Pg |, (1) 


l=0 


co 
o,= 7k? >) (20+ 1)18,—-1 7. 
l=0 
We are neglecting here the spin dependence of 
nuclear forces and the change of the charge of 
m-mesons in collision with protons®, Here o, is 
particle absorption cross section, 0. 1s the elastic 
scattering cross section, * is the wavelength of 
the incident particle, 7/ is the orbital momentum 
and f, = exp { 2in,} where 77, is the phase of 
scattering. 
The differential cross section for elastic scatter- 
ing is given by the following expression: 


do, y, 
da = | f (9) |?, 


ie co 
f(9)=—~> DS) A+ 1) (8) — 1) P; (cos 9). 
l=0 


where ,j isthe scattering angle, dw is the solid 
angle element and P cos#) are the Legendre 
polynomials. 

On the basis of the results of Ref. 6 we assume 
that in high energy region the imaginary part of the 
scattering amplitude is much larger than the real 
part and 8, is therefore real. This fact greatly 
simplifies the phase analysis. If the function 
do ,/dw were known sufficiently well from the ex- 
perimental data, it would be possible to find a 
unique function 6 . In reality the present degree 
of precision of the experiments does not allow for 
unique phase determination. The experimental re- 
sults obtained with high energy accelerators per- 
mit, nevertheless, an approximate phase analysis. 

We shall turn now to the most complete experi- 
mental data available on the scattering of 1.4 bev 
7-mesons oh nucleons®. The other experimental 
results’’?** are in satisfactory agreement with the 
results of Ref. 3. Estimating the cross sections, 
its authors referred a part of the observed elastic 
scattering to processes directly connected with 
the absorption of pions. Indeed, as the result of 
the 7-meson capture and the following decay of the 
compound system a noncoherent, almost isotropic 
elastic scattering should take place, which should 
be regarded as inelastic collision, contrary to the 


oA (mbn/sterad) 


™ 


QT MEY ED GR (ue 
e 


Angular distribution of the diffraction scattering of 
m7-mesons by a nucleon in the center-of-mass system 
according to Ref. 3. The solid theoretical curve cal- 


culated according to Eq. (2) and (6). 


diffraction scattering. This division is not com- 
pletely unambiguous. We shall note, however, 

that the number of elastic nondiffractive collis- 
sions found by the authors of Ref. 3 is in good 
agreement with the value obtained from the statisti- 
cal theory’, According to the predictions of the 
statistical theory, the inelastic scattering prac- 
tically disappears at high energies (4.5 bev). The 
cross section found for the inelastic and elastic 
collisions in Ref. 3 are: o, = 26.7 +1.3 mbn 


and C= 7.3 +1.0 mbn. The ratio a /o, changes 


from 0.33 to 0.23. The angular distribution for the 
diffractive scattering was obtained as well (Fig. 
1). In order to analyze the obtained data, we shall 
proceed as follows: for sufficiently large energies 
it is possible to pass over to integration in Eqs. 


(1) and (2): 


5, = 7k? | 2la, (2 — a,) dl; o, = nh? | 2laidl; (3) 
0 0 
fore ik | layJy (19) dl, (4) 
0 


where a)= 1-8) and J, (J#) is the Bessel func- 


tion of order zero. 
We shall make the simplest assumption, namely, 
we shall put A) = & exp (--717/R2) where the 
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values a and R have to be determined from ex- 


periment. Substituting the function a, into Eq. (3) 
we obtain: : 


le Se ro? (5) 
So Sol Gata = ‘ 

The values of « and R corresponding to the ex- 
perimental results lie within the following limits: 
from R = 0.86 x 10 ~~ cm and a= 0.74 to R = 0.74 


x 10°13 and «= 0.99. The values, corresponding 

to the mean values ofa ando , are R =0.8 

x 10°19 and «= 0.85. Rarthenonre. substituting the 

function a) into Eq. (4), we can calculate the func- 

tion f( ad): 

Lf (9), = HF ey (9) PPV 
0 


(6) 


(ge R 
Seve 71,(9 = y)ydy = 
0 


== (aR?/2k) exp{— 92R? 4x2}. 


The angular distribution do/dw is determined by 
the function | f(#)|*. The angular distribution 
calculated according to the formula (6) using the 
values X= 2.7 x 10°14 cm, R = 0.8 x 10°? cm and 
a= 0.9, which correspond to a, = 28 mbn and a. 
= 81 mbn, is given in Fig. 1. The experimental 
data fit satisfactorily the theoretical curve. 

The value Z,=1 — Wea he the physical meaning 
of which is the ‘ sticking probability ’’ of particle, 
is of interest: 


Teena (2 went), (7) 


where p=x1. We shall note that for p = 0 the 
value of Z is close to unity for a wide interval of 


values of d. Thus, even for a= 0.73 Z o=0 = 0.93. 


The mean square value of the impact parameter 
[averaged over the function (7)] is: 


— oO Yas 1— «/8 (8) 
top = CH= Y/ F— 28 R, 


The values p , satisfying the experimental data are 
Contained in the interval (0.8 — 0.9) x 10°** cm. 
We shall note that, contrary to what is maintained 
in Ref. 3, the fact that the nucleon cannot be re- 
garded as a black body does not imply that the 
statistical theory of multiple production is not 
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applicable. 

The function (7) gives the probability of in- 
elastic scattering taking place for the impact para- 
meter p. The inelastic scattering can be treated on 
the basis of the statistical theory, too®, It is of 


interest to perform a similar analysis for nucleon- 
nucleon collisions. 
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Radiative Disintegration of A°- Particle 


P. V. VAVILOV 
(Submitted to JETP editor February 17, 1956) ! 


J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 985-987 i 
(May, 1956) | 


i Stecerer the normal decay scheme of the ne 


particle 
A°+ ptr, (1) 


the following decay scheme is possible: 


M>ptrnrety. (2) 


It is known from.the experimental data that the 
spin of the 7 -meson is zero and therefore the 
spin of the A°-particle must be half-integral. In 
the present work the influence of the spin of ee 
particle upon the shape of the y- quanta spectrum 
is investigated. 
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SPIN OF A° EQUAL TO % 


We shall use the notation of Ref. 1 and a system of 
units in which h =c = 1. The density of the inter- 
action energy is given by the following expres- 
sion: 


U =ieN Uy ,9p) A, © 


: 0o* + OD 
ie(@ Ox, Fame) a ae 
where w and @ are the wave functions of the pro- 
P 5 : 
ton and of the meson, respectively, A. is the 
electromagnetic potential, V is the nkeraction 
energy of A°, p and the 7 -meson, of the follow- 


ing form: 
V = gN (bpy5¥a0)? (P-coupling) (4, P) 
= aR 09 
V= TERN Gptety ba) Ox, ( A-coupling) (4, A) 


M, A and m are the masses of the proton, A°-particle 
and the meson. (4, P) and (4, A) represent the 
pseudoscalar P-coupling and the pseudovector 
A-coupling. The normalization of the constant of 
(4, A) is chosen so that (4, P) and (4, A) give 
the same result for the probability of decay (1) in 
the first approximation of the perturbation theory. 
The matrix element of the decay (2) is of the 
following form in the first non-vanishing approxi- 
mation of the perturbation theory: 


ry 4 AA . 
io oe (5, P) 
OV Pere este AM mx; 
X ¥5448 (Px, — p—GQi—A), 
ief (2x)* _ Gay Lee 4 @ \ (5-4) 
M= OV Ee YPN” Me my) 


X Ys4a8 (PAP — 7). 


Here uy UA are the Dirac spinors of the proton and 
of the A°-particle; @=e,y,, p,=e,p,, A=M+A, 
M? » = 2(pk), mx, = 2(qk) and p, q, k are the 
4-momenta of the proton, of the meson and of the 

y quantum, respectively. According to general 


rules, we obtain from (5) the probability of the 
decay (2), given by 
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e2f2 ‘aim oie deg (6, A) 
acaba lo) 


x (Ep +e —M +222) — (pk) 


. (pk 
+ 2(E, +m) EP +2 em — (pt) F™) 


A rif 4 : 
+ era? (W*) E,— 


3 3 % 
xo SE, — E, (Ex —®)- (6,4) 


The probability for pseudoscalar interaction will 
be obtained from (6,A) dropping the terms in 1/A 
and putting g instead of f. 


2. SPIN OF A° EQUAL TO 3/2 


The equations for the case of particle with spin 
/9 were studied in Ref. 2. The wave function of 


a particle with spin %2 has mixed transformation 
properties of a usual spinor and of a 4-vector, 
each component of which satisfies the equation 


(ip +M) ¥, =0, (7) 
with the auxiliary conditions: 


For a particle at rest the wave function is?: 


“oo =e), beet. (8) 


GO _ & V 2 2) 
V3 —+- 3 3 ’ 


5) = 0; ep = 2° (4, i, 0), 


€2= 27"? (1,—1,0), es = (0,0, 1): 


(1) 


u») and y? 


are spinors with polarization +%. 
The condition Vn = 0 implies that it is possi- 
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ble to form an invariant combination of the wave 


functions w, W only with the help of vector q,: 


v= (9) 


Pr a 
aN Gy, ) a 
where y = y,; when Cah is a scalar and y = 1 


when it is a veans The matrix element for 
the decay (2) can be written on the basis of Eq. 


(5) by putting 9 > q,, u,>u,, therein. The ex- 


pression for the decay proabability for the case of 


spin “’2 is: 
e2f2 { 


[ q? 2 
* | cpap (Eo + BEM) + cae (Ep ee m)]— 


4 é 2 t 1 \ iS 
x ~ (pay (ge) [2 (a gs ars TE, 


; ; kq? 
(Ey M) + (q* + (qh))] — aa 


dk a3 
x One 8 (E, —E, —E,,—f). 


The signs (+) and (-) correspond to the cases 
y=landy=y,, respectively. For small photon 
frequency (k << 1) we obtain from (6) and (10) 


dw a 1 
bo >on Con = (ak)*) (11) 


(ca — ap) eaesin® a0 
\(pRk) (qk) ; 
where dw, is the probability of decay mode (1) and 
e= 1/137. 

When the particles can be regarded as nonrela- 
tivistic, Eq. (11) simplifies to the well-known 


relation4 


dw/dw, = (2u/3m) (q2/E2) dk/k. (12) 


For small photon frequencies the spin of the A°- 
particle has, therefore, no influence upon the decay 
probability. In the Table below, values are given 
for the ratio of the total probability w, of decay 
with emission of a photon with energy >E to the 
probability w, of decay without emission of radia- 
tion. This ratio is calculated for spin 3 (y=1) 
and for spin 4 (P-interaction). The following 
values are taken for the masses of the particles: 


M = 1837 m.,m = 270 m A = 2180 m 4: 


E (mev) 1 5 10. Spin 
: ip.) AG eaLeos 1/2 
ew) toh ge he ano oe 


It is evident from the above that the spin of A®- 


particle has an influence upon the shape of the 
spectrum. This difference in forms of spectra is 
very substantial at high energies. Comparing 
theory with experiment we can try to determine the 
spin of the A®-particle and the type of coupling 
as well. 

I wish to express my gratitude to I.I. Pomeran- 


chuk for his constant help and advice. 
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3S. Kusaka, Phys. Rev. 60, 61 (1942). 


4 1. 1,.Pomeranchuk and I.M. Shmushkevich, Dokl. 
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